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1 Irish acre : 1 English acre : : 49 : 30.| 102400 « 2560 «* 640 


324 pieds quarrds, 
32400 


s 1 perche jl BW«1 dwcny f. iq.l A«e/crcia 
'100* w I arpentdeParli. «m2,4;}17Eiii]|0ijAijl 

.10» . 
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m wjr.ft.s;! ehittuek. 1 toil quarr.s 3^798744 met. qu. 1 pied qoer.nO» 105521 met qr« 
720 SB 16 Bs 1 eottah. 1 ponce quarrd er0,0007327S metrei qnarr4i. 

^14400 b>320 ss20 bigah, I lieuequar.ssO, 1975309 myriamet. qr* 

'{4|IS60 —96 6,4 ws60,4 ss3,02 =1 Eng, acre, as! 9,75309 myrfarei. 

MEASURES OP CAPACITY. 

2 pint!. Iquart.lThe unit of capacity is the gallon containing lOlbi. Adp* 


8 

» 4 

1 

ss 

1 gallon. jweight of distilled water weighed in air at 62* 

252 

= 126 

= 

31i 

—1 barrel. Fah. thermom., barometer at 30 inches. 

504 

« 252 

= 

63 

—2 =1 hogshead. 1 (Report of the Commissi. 

1008 

s 504 


126 

=1 buttorpipe.|oners,,1823.) 

2016 

=1008 


252 

=1 tun. 

2 gallons 

1 peck.lThe 

gallon of lOlbs. Adp. is likewise the unit of dry measure 

8 

— 4 

1 

bushel. 

for corn or other dry goods not heaped. (Report 

54 

=32 

. 8 

= 

1 quarter. of Commissioners 1823.) 


The old Paris pint equal to 48 cub. inches, (Diet, de I'Acad.)— 58,11 Engliih inch. 

The /rfrt ii a cubic deciwHre, equal to 61.0279 cubic Engliih inches, or 2i wine pints 
nearly. A chilioli(re=z\ tun, 12d winegaiioni. 

1 pfed*=l,2l cub. foot nearly ; 5 6 cub. feet nearly. 1 sfere—1 mefre®=s=35,3171 

cub. feet. 

WEIGHTS. 

1 pound Troy = 12 ounces ss240 dwts. —5760 grains— Imperial standard unit of weight, 
1 — 20 — 480 of which 252,72 grains are equal in 

1 =24 weight to one cubic inch of distilled 

jTdramT ~ I ounce | water in a vacuum, at 62* of Fahren- 

^55 =16 =Mb. Ailp. I heit’s thermometer 7000 such grains 

One cubic foot ordUtilledI 14 — 1 8tone.|= 1 lb. Avoir.du-pois. (Commission. 


(rater weighs 62d lbs. Avoir- 28 =2 

du-pois, or 1000 ounces 112 —8 

nearly. 2240 = 160 


=5 1 qr. cwt. ers’ Report, 1823.) 


2240 =s 160 —80 —20 ~1 ton. 

, f The A voir-du-pois weights are used in commerce 

1 lb. Adp*®! lb. 11 dwts. 20 grains Troy. J of groceries, fruit, tobacco, but- 

11 Of, Adp. =0,91152 ounce Troy. [ ter, cheese, iron, brass, lead, tin, &c. 

rl caratswd grain8-f)4 parts-543,226 grains Troy. 

S lu * . j • fTroy weights are used for gold, silver, diamonds, 

lib. Troy —0,82274 lb. Avoir-du-pois, i 
Of. Twy —1,09707 oz. Avoir-du-pois. 8 drams— 24 8cruple8=480 grains. 

FRENCH WEIGHTS. 

fi grdni*^ ^ denieror|Tbe8e weights are used for* old, silver, and precious commodities. 
72 — 3 icraplei — 1 gros. The livre, or 2 marcs, is equal to 7560 graim Troy, 

676 24 « 8* — 1 once* Thg once ia equal ta‘V72, 5 prptiis TVoy. 

4601 ^ -192 = ® 8 «1 marcT {(Enc y. Britannica.) 

itotif xl28 -16 —2 livre de Paris. 
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The gramme is equal to a centimetre enbe of diatilled water { equal to 18 graina and<]V/i of 
ancient French weight3sl5,440 ffraint Troy English. Otm kilogramme is equal to this 
weight of one litre of waters=2|1133 ids. Troy. ] 

ANCIENT WEIGHTS. 

The Roman Ib.ss^ jounces. TbeRoman ounce was the Adp* OQnee«s7denat$ias8drachiii| 


Egyptian. Enp.prr.j 

mine « 8326 

idem Ptolemaic .. = 8986 
idem Alexandrian — 9992 

Supp. Bnc. Brit. I 


Attic. ti. CM. dwtgn 
[drachma » 0 0 2 lgt 9 

100 Iniina » 1 1 10 10 , 
600u|60|tal. »6; 7 5\ 0, 


ilfieietif Jewiih. lb. ot.dt.gr. 
shekel ~ 0 0 9 2^ c 

60|maneh « 2 3 6 10 f 1 

3000|50|taient »113 10 1 lOf ( 

Crabb't Tecbinohgieal Diction^, 

INDIAN WEIGHTS. 

Calcutta. 

Factory in Aooir^du^poit. 

5,973 drms.l 

1 0*. 13,867 „ 

1 lb. 13 „ 13,867 „ 

74 „ 10 H 10,666 „ 

Thornton*i S. 1. Calculator, 

FOE GOLD, 8ILVEE \ND PBECIOUS STONES. 

1 mohurs=13,28mauas:l 7 annaas 106,25 rn^tiea.|l massa =1,28 anna rtttt.sB32 dani. 
1 tokh =12,5 „ =16 =100 „ =224,588 gr»." f^^.| 1 „ =i6,25 „ “gS 

1 iicca =10 „ =12,32 „ = 80 „ = 179,66gn. Troy=6,5700iira. Adp.| I ,, = 4 „ 

N, B. 1 carat=sl,437 ruttie8=l rutty 1,75 dan. 1 rutty=0,7 carat=45 ports. 

. Thornton' t E. I, Calculator, 


Denominations. 

Isa.ss 

5 = lchittack= .... 

80 sss 1 6 = 1 sr. ==* .. .. 

3200 =640 =50 =1 md. 


Bazar in Avoir’‘du-poi$, 

6,571 drmSk 

.. .. • 2 02. 0,853 „ 

2 lbs. 0 „ 13,653 „ 

82 2 „ 2,133 „ 


Madras. 

40 pol]am8= iTiss.j The candy is equal to 
320 „ » 8 ,, = 1 ma’ind.|lbs. 500Adp.| 

6400 „ =160 ,, =20 ,, =1 candy. 


Bombay. 

!30 pice= 1 seer. I The candy it equal io 
1200 „ » 40 „ =1 maand.|lbi.560 Ad]^. 
|24000„ =s=800 „ =20 „ =1 candy. 

Thornton's B. I. Cahulaiotw 

CHINESE^EIGHTS. 

Ib.OM. drma. X 

10 cash« = 1 candarine | 16 tales =1 catty ^ 1 5 6,3331 

10 caudarlue 1 mace 1 lOO catties =1 pecu? *=133 5 5,333 

10 mace .....= 1 tale =584^64 grs. TroyKB(by a different estimate) 679,84 grs. 

Thornton's Caiculatw,' 


Equatorial Radius of the Earth in English feet, 20023f ; 

Polar Radius, 2085381#' 

Mean Radius, 208^7|^^ 

Difference of Equatorial and Polar Radius, ; 89 

If the Radius is considered ai||i|nity, then the semi- circumference of a cirolei ctudwi 
monly expressed by the letter 

w = 3,141592653589 dec. #o. 
arc of 0,0174532925£0 
' tbe arc Of 1' = 0,000290888209 
the arc of V' ^ 0,000004848137 

Length of the Second Pendulum at London, 39,13939 incbei. 

Length of the Second Pendulmn at CaleaUai. . • « 39,06003 ^ „ 



TABUS Of SBBCIFIC GRAVITIES. 


Solids. 


T.tlTl 

.. 39,000 

Fine Gold, 

Stabdard Gold, 

Lead 

.. 19,400 

.. 17,734 

.. 11,338 

Fine Silver, 

.. 11,091 

Standard Silvei*, 

.. 10i635 


. . 9,000 

Fine Brass, 

.. 8,784 

.. 6,360 

Cast Brass, 

Steel, 

Wrought Iron, 

Ci^ Iron, 

.. 8,000 
.. 7,850 

.. 7,645 

.. 7,425 

Tin, 

. . 7;32i) 

Loadstone, 

Mean of the whole Earth, 

Crude Antimony, 

Diamond, 

.. 4,930 
.. 4,500 
. . 4,000 
.. 3,517 

Granite, 

.. 3,500 

White lead^ 

Marble, 

Pebble stone, 

3,lb0 
.. 3,705 
.. 2,700 

Rock Crystal, 

. . 3,650 

Pearl, 

Green Glass, 

Flint, 

Common stone, 

I^rvstal. 

.. 2,630 

.. 3,600 

.. 2,570 

.. 3,500 

.. 2,310 

Clay 

.. 3,160 

Oyster shells, 

. . 2,093 

Brisk 

Common earth, 

Vitriol, 

^orn, 

.. 2,000 
1,984 

.. 1,860 
1,840 

iwtj, 

.. 1,826 


Solids. 


Sulphur, 1,8J0 

Chalk, j,793 

Fbony, 1,177 ‘ 

Pitch, 1,150 ^ 

Rosiu, 1,100 

Mahogouy, 1,063 

Amber,.. 1,040 

Boxwood, 1,010 

Butter, 0,940 

Oak,.... 0,97S 

Ice 0,903 

Beech, 0,700 

Fir or Deal, 0,660 

Oork, 0,340 


Fluids. 

Pure Mercury, 14,000 

Commou Do 13,600 

Oil of Vitriol, 1,700 

Aquafortis,.. 1,300 

Aqua regis, 1,334 

Humaa blood, 1,054 

Urine, 1,030 

Cow’s milk, 2,^31 

Seawater, 1,030 

Aie, 1,033 

Viocgar, 1,033 

Common water,. 1,000 

Distilled water, 0,993 

Red uiue, 0,990 

Prool spirits, 0,931 

Olive Oil, 0,913 

Pure spit Its of wine, 0,666 

Oil of turpentine, 0,600 

Common air, 0,00i| 
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Alobbra has been defined to be the language of matliematioal 
analysis. Analysis is, generally, the method of resolving mathe- 
matical problems, by reducing them into equations. 

As beginners are frequently disheartened in studying a sci- 
ence by the difficulties presented by a long elementary theory, 
of which they can perceive no practical utility, we shall begin 
by endeavouring to shew, that Algebra is the simplest of all lan- 
guages, by giving a few examples, which we shall solve at first 
without its aid. But if it can be shewn, that by means of the 
Algebraic language we arrive at the true result by a shorter 
and never-failing method, its utility must be evident. 


Of the Method of forming an Equation from a given Problem* 

A father bequeaths to bis three sons the sum of Rg. 1294, on 
these conditions: that the eldest iato have Rs. 197 more than 
the second son, who is to receive Rs. 112 more than the 
youngest. What will be the portion of each ? 

If we knew one of the three portions, that of thp youngest for 
example, we should add Rs. 112 to have the jportion of the 
second son ; to which we should have to add ]^« 197 for the 
share of the eldest, and the sum of all the three shares would 
make up the whole amount bequeathed, viz. Bs. 1294. 

The three conditions may be expressed simply enough by 
saying — 1 st. The share of the youngest plus Rs. 112 , is equal 
to that of the second son ;^Sn.a, The sh^re of the second son 
plus Rs. 197, is equal to that of the eldest ;- 7 * 8 rd. The sum of 
the three shares is equal to Rs. 1294, the amount bequeathed. 

These expressions are termed euuations, which are com- 
posed of two equal members; the share of the youngest plus 
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Rs. 112, being the first member of the Ist equation ; the share 
of the second son being the second member. 

In lieu of the share of the second son in the 2nd and 3rd 
equations, we might substitute that of the youngest plus Rs. 112; 
the 2nd equation would then stand thus 

'fHe share of the youngest plus Rs. 112, plus Rs. 197, — or 
the share of the youngest plus Rs. 809, — is equal to that of the 
eldest son. 

Lastly, the Srd equation may be expressed as follows : 

The share of the youngest son, pins the share of the youngest 
plus Rs. 112, plus the share of the eldest, i. e. twice the share of 
the youngest phis Rs. 112, phis the share of the eldest, are 
equal to Rs. 1294. 

The preceding three equations are thus reduced to two : — If 
in the second we substitute for the share of the eldest that of the 
youngest plus Rs. 309, to which it has been shown to be equal, 
* we obtain one single equation : 

Twice the share of the youngest plus Rs. 112, plus the share 
of the youngest plus Rs. 309, or three times the share of the 
youngest son plus Rs. 421 — are equal to Rs. 1294. 

If from each of the two equations, we take away an equal 
quantity, it is evident that the two remainders will be equal ; 
we may then write : 

Three times the share of the youngest son plus Rs. 421, less 
Rs, 421, arc equal to Rs. 1294, less Rs. 421, or three times the 
share of the youngest son are equal to Rs. 873, or in other 
words, the share oi the youngest son is equal to the third part 
of Rs. 873. 

The problem is now resolved. It is reduced to finding the 
third part of Rs. 873, which is Rs. 291. This number of rupees 
is therefore the share of the youngest son ; adding to this share 
of the youngest sou Rs. 112, we get Rs. 403, for the share of 
the second son ; and augmenting this last by Rs. 197, we obtain 
Rs. 600, for the share of the eldest son ; the sum of these three 
shares make up the whole amount bequeathed Rs. 1294. 

II. The .share of the eldest might have been considered as 
known, instead of that of the youngest, the three preceding 
equations would then stand thus ; 

1st. The share of the eldest less Rs. 197, is equal to that of 
the second son. 

2nd. The share of the second son less Rs. 112, is equal to 
that of the youngest. 

8rd- The sum of these three shares is equal to the whole 
amount Rs. 1291. ^ ^ 

Substituting, in the 2nd and 3rd equations, instead of the 
share of the second son, that of the eldest less Rs. 197, thus — 
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£nd. The share of the eldest less Rs. 197, less Ks. 11^, or 
the share of the eldest less Rs 309, is equal to that of the 
youngest. 

Srd. The share of the eldest, plus the share of the eldest 
less Rs. 197, plus the share of the eldest less Rs. 309, or three 
times the share of the eldest less Rs. 506, are equal to Rs. 1^?94. 
But as it is evident, that if to each of two equal quantities, an 
equal quantity be added, the sums remain equal, we can saj" : 
three times the share of the eldest less Rs. 506, plus Rs. 506, is 
equal to Rs. 1294 + Rs. 506, or three times the share of the 
eldest is equal to Rs. 1800, or the share of the eldest is the third 
part of Rs. 1800, viz. Rs 600 ; the same result as before. 

III. The reasoning in the foregoing problem is very simple ; 
in others, it is sometimes very complex ; but all problems are 
generally composed of a certain number of expressions, such as : 
added to, subtracted from, plus, minus, equal to, &c. which 
are continually repeated, serving to connect the several opera- 
tions; it is evident that by indicating these expressions by signs, 
these operations would be materially abridged, which is done 
as follows : 

Addition is indicated by the sign +, read plus. 

Subtraction is indicated by the sign — , read minus. 

Multiplication is indicated by the sign x, read multiplied by ; 
and to indicate that a quantity is to be divided by another, 
the second is placed under the first, separated by a line, as 
signifying that 3 is to be divided by 4. Lastly, to show that two 
quantities are equal, the sign = Is placed between the two ex- 
pressions, which sign is read equal; and also the sign stands 
for ergo ; viz. consequently. 

These abbreviations, though already considerable, do not 
suffice ; the frequent repetition of the expressions, the number 
to be divided, the given number, the number sought, the smaller 
part, &c. render the operations extremely tedious. With regard 
to the given quantities, the expedient which first offered itself, 
was to represent them, as in arithmetic, by the given numbers 
themselves ; hut as we cannot express in the same manner un- 
known quantities ; a conventional sign, which indeed has varied 
with the times, has been substituted. Lastly, it was agreed to 
make use of the letters of the alphabet, the first, to designate 
known quantities, and the last letters, unknown quantities. 
Algebra arose from the use of these various signs. 

JV. By the substitution of these signs, fortlieir signification, 
in the solution of the problem, to which we have arrived by 
reasoning alone, it will be seen that, the one is hut a translation 
from the common into AJgebraic language.* Taking the same 
example : 



6 


ALGEBRA. 


For the shar6 of the youngest 
son, put iT 

Then the share of the second 
son will be, w + Rs. IIS 

Consequently, the share of the 
eldest son will be, w + Rs. 112 + Rs. 197 

And the sum of the three shares — 

is the whole amount bequeathed, 3 ^ + Rs. 421=Rs. 1294 
And subtracting Rs. 421 from each side, we get, 

Saf=Rs. 1294 — Rs. 421 = Rs. 873 
(thence is derived the generally given rule, that to transpose a 
quantity from one of the members of an equation to the other, 
the sign must be changed, viz : if -f stands before it, it will 
have the sign — when transposed to the other side ; and if — . 
stands before it, it will have the sign + when transposed to the 
other side of the equation) ; or, 3 a? = Rs. 873 and dividing by 
3 (for it is equally evident, that if equal quantities are multiplied, 
or divided by the same quantity, they remain equal) : 

Thence = Rs. 29 1 ; 

And the share of the second son i3= Rs. 291 +R 3 . 112 = 
Rs. 403 : and lastly. 

The share of the eldest is = Rs. 403 + Rs. 197 == Rs. 600. 
The selection of the unknown quantity is sometimes of the 
greatest importance, but in sxich simple problems as the present, 
it matters not which of the three shares be taken for the quan- 
titv sought. 

Let the share of the second son be represent- 
ed by, 

Then the share of the eldest son is expressed 
by a? + Rs. 1 97 

And, consequently, the youngest son’s share 
will be, a? — Rs. 112 

And lastly, the sum of the three shares, 3 a* + Rs. 85 
must be equal to Rs. 1294 : by transposing Rs. 85 we have 
3 a? = Rs. 1209! 

.•. the second son’s share ^ = Rs. 403, as has been heretofore 
found. 


V. To divide a given Number into two partSy having a 
given difference. 

To arrive at the solution, let it be observed that, Ist, the 
lesser part plus the difference is equal to the greater part ; 
consequently, if the lesser part were known, by adding to it the 
given difference, we should know the greater part. 2nd. The 
greater part added to the lesser partf must make up the sum 
to he divided. 
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Substituting in the last phrase for the greater part the equi- 
valent expression, the leaser part plus the difference^ it will 
stand thus : 

The leaser part plus the difference added to the leaser part^ 
must make up4he sum to he divided. 

But this phrase be made shorter, by saying : 

Twice the leaser part added to the difference^ makes up the 
whole sum to he divided. 

Thence the conclusion, that 

Twice the lesser part is equal to the number to be divided^ 
diminished hy the difference ; therefore : 

Once the lesser part is equal to the half of the difference 
between the number to be divided and the given difference. 

Or, what amounts to the same thing— 

The lesser part is equal to the half of the number to be 
divided^ diminished hy half the given difference. 

Let the given number be 40, and the difference — 4. Make 
the lesser number, n 

Then, + 4 will be the greater number, and 

their sum a? + a? + 4 = the given number, thence 

2 «» + 4 = 40, which indicates that, if 4 be added to twice 
the number a?, it will be equal to 40, or 2 a? = 40 — 4, 
or 2 a? = 36; and, finally, a? = 18 or half the difference, or 

40 

w = — 

2 

The number 18, however, the result of the preceding opera- 
tions, agrees only with this particular example ; whilst the rea- 
soning alone, in showing that the lesser number is equal to the 
half of the number to he divided^ less half the difference^ 
teaches how the unknowm number is connected with the given 
numbers, and furnishes a rule by which every particular case 
comprised within the limits of the question, can be solved. 

VI. This advantage derived from reasoning alone, arises from 
the circumstance that no particular number is designated. The 
given numbers pass without alteration from one phrase to the 
next, whilst in considering determinate numbers they undergo 
changes in every step of the operation, and on arriving at the 
result they leave no trace behind. Nothing traces the steps how 
the number 18, which may be derived from an infinity of differ- 
ent operations, has been formed from the numbers 40 and 4. 

VII, These inconveniences are avoided by representing the 
number to be divided, and the given difference by characters, in- 
dependent of any particular value. The letters of tlie alphabet 
answer the purpose very Veil, andihe proposed question can by 
their means be thus enunciated : 
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To divide a known number represented by s, into two parts 
of which the difference is b. 

Let the lesser number as before be denoted by, /f 
T hen the greater number will be, a? .+ b 

And the sum or the number to be divided, will be, .r + <3? + 6? 
or 2 0? + 6, and by the condition of the question 2 ^ + b — s ; 
but to have the tv's only on one side, b is transposed : then 

& a; = s — b^ 

and dividing both sides by 2, because a? and not 2 on is re- 
quired, we get 

s — b _ 5 b 

^ a ““i"' 

The translation of this last result into the ordinary language, 
by the substitution of the words and phrases represented by the 
letters and signs which this equation contains, gives the rule 
already found, according to which: to obtain the lesser of the 
parts sought^ we must deduct from the half of the number to be 
s 

divided (or ^ ) half the difference. 

Kuow’ing the lesser part, the greater part is obtained by add- 
ing the given difference to the lesser. This remark is sufficient 
to obtain the resolution of the proposed question ; but Algebra 
gives more, it furnishes a rule to obtain the greater part, without 

s b 

the help of the lesser, thus : — ^ being the value of the 


lesser, in increasing it by the difference f>, the greater part will be 

s b s 

— — ~ -p 6, which signifies that after 1 aving deducted from — 
2 2 2 

the half of h, we must add to the remainder the whole quantity 
represented by b or two halves of 6, which amounts to increas- 

ing by the half of b or i It is evident, that - — ^ + 6 is 
2 ^ 2 


s b b b s b ^ . 

the same as — “^ + o + o or ^ + 7^1 and translating this 

expression, we learn that : the greater part sought is equal 
to the half offihe number to be divided^ added to half the given 
.40^'t‘ence. 

In the particular question (V.) the number to be divided 
-was 40, and the excess of the one over the other part, 4 ; to solve 
it by the ordinary rules, which we have found above, we must 
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effect on the numbers 40 and 4, the operations which are indi- 
cated to be done on s and b. 

The half of 40 is 20, and the half of 4 is 2, therefore the 
lesser portion is 20 — 2 = 18 and the greater 20 + 2 = 22. 

VIII. We have designated by x the lesser of the two por- 
tions, and thence we have deduced the greater : but should this 
last be directly required, it may be represented by the other 
would then be — 6, since the lesser is equal to the greater dimi- 
nished by the given difference ; the number to be divided will 
thus be expressed by a? + (,r — • 6) or 2 a? — ft, consequently 

2 a? — b = s. 

This result shews, that 2 ai exceeds the quantity s by the 
quantity 6, therefore 2 + 6. But to get a? and not 2 .r, we 

must divide both members by 2 ; thence 

£ ft 

Of = u — 

the 2 

which gives precisely the same rule as was found before for as- 
certaining the greater of the two parts sought. The lesser num- 
ber will be obtained, by deducting the given difference (ft) from 

the greater, viz. : ^ ^ 5“’ before. 

The same relation between the numbers given and sought 
can be enunciated in several very different ways; that which 
has led us to the preceding question is also that wKch results 
from the following enunciation. 

Kvowing s to be the sum of two numbers and d their differ* 
ence^ to find each of these two numbers ; Or, making use of other 
terms, the number to be divided is the sum of the two parts 
sought, and their difference is the excess of the greater above 
the lesser. This alteration in the terms of the enunciation, 
being applied to the rules found before (No. VII.), may be thus 
expressed : 

The lesser of the two parts sought, is equal to half the sum 
less half the difference. 

The greater is equal to half the sum plus half the difference* 

IX. 'I'he following question is analogous to the preceding, 
but a little more complicated. 

To divide a given Number into three parts, so that the dif- 
ference of the middle part and the least shall be one given num- 
ber, and the difference of the middle part and the greatest shall 
be another given number. 

In order to fix the ideas, we shall at first assume for the 
known numbers, determinate values. ’ 

Be then the number to be divided 230, 
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and the difference between the middle and the least part 40, 
that between the middle and the greatest part 60. 

Let X indicate the least part, 

tlien the middle can be expressed by the least part plus the 
difterence between the two numbers, or 
middle =±= .a? + 40, 

and the grccitest part is indicated by the middle plus the differ- 
ence between the two numbers. 

Greatest part = + 40 + 60. 

But the three parts together must make up the number to be 
divided, i. e. 

^ + /r + 40 + + 40 4" 60 — ^30. 

Separating the given numbers from the unknown quantities, 
we get 

3 = 230 — 140 

or 3 a? = 90 



Adding 40 to it we obtain the middle part 

= + 40 = 80 4- 40 = 70, 

and augmenting 70 hyj^ we get the greatest part 
X -f“ 40 -f" 60 = 130. 

X. Should the known numbers be different from those given 
ill this last example, the question might be resolved by follow- 
ing the same method ; but then we should be obliged to repeat 
all the reasonings and all the operations by which we have arriv- 
ed at the number 30, because nothing indicates how this number 
is deduced from the given numbers 230, 40, and 60. In order to 
render the solution independent of any particular value of the 
numbers and to shew how the value of the unknown quantity is 
formed by means of the known quantities, the problem may be 
enunciated, as follows : 

To divide a number s into three 'parts^ so that the difference 
of the middle number and the leasty be a given number b, and 
the difference of the greatest and the middley be another given 
number c. 

Be the least part x 

•The middle x + b 

The greatest + 6 -f- c 

the sum of the three parts 3«i?-l-26 + c= 5; 

then by subtracting from both sides 2 A c, in order that the 

term containing the unknown quantity x should stand alone, 

wp have 3 a* — « — 2 6 — c ; but as the value of x alone is 

required, both sides of the equation^ must be divided by 3 ; 

therefore 
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Af + 7 = 17 — 

' A? + ffl = b — iC. 

2ndly. By addition, subtraction and multiplication, as in 
the equations 

9 A’ 4* SI =98 — 2 A, 
a iV — be = + cd. 

Lastly by addition, subtraction, multiplication and division, 
as in the equations 

2 7 

~ oc + Q X — 38 = — A 4- 36 

o 


^ + hd — hx^ 
c 


ux p 
“9 


The unknown quantity is disengaged from the additions and 
subtractions with the known quantities with which it is com- 
bined, by bringing to one member all the terms in which it is 
found ; to this end, transposing the terms of one member to the 
other must be known. 

XIII. For example, in the equation 

9 a? 4- = 98 — 2 A, 

the term — 2 a? must be transposed from the second to the 
first, and + ^1 from the first to the second. By taking away 
— 2 .r, we withdraw the indicated subtraction of — % x in the 
second member ; consequently to preserve the equality, or the 
equation, the first member must also be augmented by 2 a? ; we 
shall then have, 

9a?4'®A?4-21= 98. 

But ill subtracting 4- 21 from the first member we, diminish* 
ed it by 21 ; to preserve then the equality of the two members 
the second member must also be diminished by 21 : the equation 
will then stand thus, 

9 a? 4- 2 a? = 98 — 21, 

and by effecting the indicated operations, we shall get the equation, 

11 A = 77- 

Or, as we hare learnt from No. 4, a term is transposed from 
one of the members of the equation into the other, by introduc- 
ing it into the other with a contrary sign. 

To reduce this rule to practice, it must first be observed that 
the first term of each member, when it is not preceded by a sign 
is always considered to have the sign + before it ; thus in trans- 
posing the first term of the second member of the literal equation, 
aa}^bc=dw 4 cd, to the first member, we must write, 
ax — dx be = dcy 

then transposing — bo from the first into the second member 
we shall have 


ax ^dx^de^tm ' " 
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XIV. It iB generally an easy operation to disengage the un- 
known quantity when it is involved with known quantities by ad- 
dition or subtraction only, this is done by bringing all the terms 
that contain the unknown quantity to one member of the equa- 
tion, should the unknown quantity, as in the present example, 
have a factor or multiplier, it may always be resolved into two 
factors, of which the one shall contain only given quantities, and 
the other the unknown quantity. 

This simpliGcation presents itself whenever the proposed 
equation is numerical and contains no fraction, for in this case all 
the terms that contain the unknown quantity are reduced to one. 
For example, the equation 12a? + 8a — 8 a — 5 a + 30 — 6. 
In effecting the operations indicated, we shall find successively, 

17^ = 5 a + 24!, 

12 a = 24i ; 

but 12 < 2 ? can be resolved into two factors 12 and a?, the un- 
known factor 0 ?, is obtained by dividing it by the factor 12, and 
dividing also the other member by 12, the equality of the 
two members remains, since by multiplying or dividing equal 
quantities by the same or an equal quantity, they remain equal, 
hence : 

24 

This resolution is effected in the same way in literal equations 
as: 

aa = be ; 

but since the terms aa? signifies the product of a by a, we 
must divide both sides by a, we then have : 



a 


In the preceding equation 

aa ^ da = dc + be 

where a? is a fa^*^or common to a and to 6, it may be w'ritten 
thus : 

a? (a — d) =: c (6 + d), 

as in the numerical example just given ; the first member hav- 
ing two factors, the unknown factor a can be divided by the 
known factor a —> d ; and dividing also the second member by 
the same quantity a d, in order to maintain the equality, 
we find 

c(h + d) 

a — d 


Let there be the equation. 
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Let there be the equation 

a jp — baf + bCiV=:ab — a c 

which has three terms containing the unknown quantity 
,v ; as « a?, 6 a? and hc^ represent the respective products of 
by the quantities o, 6, and the product he, the expression 
aw — 6 r«; + he translated into ordinary language, gives the 
following phrase : 

From X taken as many times as a contains units, subtract 
as many times x as there are units in b, theri add to the 
result the same quantity x, as often as the product of h by e 
contains units^ the whole will be equal to the product of a 
by b diminished by that o/a by c. 

Whence it appears that the unknown quantity w is taken as 
often as there are units, in the difference of the mrmbers a 
and h together with the product of c, viz : as often as is 
indicated by a — h + h c, the two factors of the first member 
are consequently a — h + h c* and w ; whence we have 

ah — ac a (b — c) 

JO — or i—. 

a — h + h 6* a — h + h v 

This reasoning, wlileh may bo applied to any other example, 
shews that after collecting into one member only, the different 
terms containing the unknown quantity; the factor which 
multiplies this unknown quantity is formed of all those quan- 
tities which multiply it separately with the same signs with 
which they are preceded ; and the unknown quantity is 
obtained, by dimding the member composed of known quanti- 
ties alone, by that same factor. 

Agreeably to the preceding rule, the equation aw — 7 = 

a h gives : 

a h 

JO -r:i " - r--. 

a— 7 

For the same reason, the equation ,z‘ + h .r a + r, gives 

a c 

"" ~ TT6 

for it ouglit to be observed, tliat a quantity may always be 
regarded as multiplied or divided by unity. It is obvious that 
in iV -f h w, the unknown quantity is contained once more than 
in h,v, it is therefore multiplied by h + 1, 

XV. Should all the terms of an equation have one common 
factor,' this common factor may be suppressed without affect- 
ing the equality, since it will be the same thing as dividing by 
the same number all the.terms of the two ^juantities which are 
supposed equal to each other* 
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For example, let the equation be, 

S ahw — l^bc = 9 b doe + 6 abd^ 
we observe that the iiiinibers 3, IS, 9, and 6, are all divisible 
by 3, suppressing tlien this factor, the reduction of this equation 
will stand tliiis : 

n be X — 45c = 86da? + 2afed. 

Observing further, that the letter b is combined in all its 
terms by multiplication, indicates, that 6 is a common factor to 
all the terms : it may therefore also be suppressed and we shall 
then obtain : 

a c X — 4 c^SdX’^-^ad, 

In applying to this equation the rule found in No. IS and 
No. 18 we shall have successively, 

a c X — S d X ^ 2a d + 4o 


S a d -f 4 6* 

{V = 1 

a c — 8 d 


XVI. We may now proceed to the equation of which the 
terms have divisors. Tlie preceding rules might be immedi- 
ately applied to it, wlienever the unknown quantity is not con- 
tained in the denominators ; but in this case even it is often 
more simple to bring all the terms to the same denominator 
which may then be expunged. 

Let there be the equation, 


+ + g-o.. 


^ote. As tlie Rule gonei'Hlly ^iven for sulding and subtracting frac- 
tions is by some persons considered operose, it may perliaps not be amiss 
to introduce anotlier mode of arriving at the same end, which some 
learners might adopt as both shorter and easier. A number which is con- 
tained in another any number of times without leaving a remainder is (as 
is well known) called an aliquot part of that numlier, or simply aliquot of 
that number, 'fbus 7 being contained 3 times in 21, without leaving 
a remainder, is called an aliquot part of 21, but the same number 7 is called 
an aliquant j»art of 23, because there is no number which being multiplied 
by 7 will produce 23. A number which is aliquot of another is also aliquot 
of any of its multiples ; as 4 aliquot of 12 is aUo aliquot of 2i, 36, 48, 
&c. Again a number may not be exactly contained in one or more num- 
bers separately, yet it may be aliquot of their product : as for example, 9 is 
not contained in 3 nor is it aliquot of 12, but it is aliquot of their product 
3 X 12 ; nor is the same number 9 exactly contained in 2, 3 or 12 yet 9 
is aliquot of their product 72. With a little attention it may easily be re- 
cognized if a number is aliquot of the product of two or more numbers, 
though it may not be so separately of each, as all of these numbers 
have a common divisor. 

Let it be required to add i ^ + f + 8,+ 5 + S ; draw lines or, 
imagine such to be drawn, through the denonilaatorsofthosefractions which 
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Arithmetic given a rule for the reduction of fractions to the 
eame denominator, and also to convert whole numbers into 
equivalent fractions of any denominator, we shall transform by 
that rule into fractions, havinof the same denominator, all the 
terms of the proposed equation, viz. to inulliply the numerator 
of each term, by all the denominators, except its own, for the 
new numerators, and all the denominators together for a com- 
mon denominator. 

£x 4x8x6 ^ 8x8 X 4x8 x6 8x8x8 x 6 

3x4x8 x6 3x4x8x 6 4 x SlT J X 6 

7 x 3x4x6 ^16x8x4x8x6 5x8x4x8 

« x3 X 4x6**^ 8x4x8x6 6x 3x4x8*^ 

Each fraction having now the same denominator, it may be 
cancelled, since by doing so, we multiply every part of the 
equation by this denominator, which therefore docs not destroy 
the equality of the members. It will then become, 

S x4 x8 x6 + 8>c8x4x8x6 — 3x8x8x 6 
7>c8x4x6>C‘a?4- 16x8x4x8x6 — 5x8x4x8xa? or, 
884 < 1 ? X 4608 — 48S ==: 504 ,r x 9216 — 480 .r 

are aliquot of the denominators of others, or of the product of two or more ; 
ns 2 and 3 are aliquot of 4 and 6 ; and 8 of the product of 4 by 6, thus : 



the least common denominator is the product of the remaining denomi. 
nators, 4x5 x 6~ 120, disposing then of these fractions in a verticid 
line, and writing the common denominator over it, thus : 

120 


v] 

f the deno- J 
minator J ' 

^ is cont. in the 1 / times, wh. mult, '] 

com. denominator j ^ 1 by its numerat. J 

^ 1 = 60 

2 

3 

3, 

. 40 ... , 

10 

II 

QO 

O 

3 

4 

. . 4, 

30 ... . 

3= 90 

3 

6 

5, 

24 ... . 

CO 

il 

to 

5 

6 

6, 

20 ... . 

5= 100 

5 

T 

. . 8, 

15 ... . 

5= 75 



By addition we get, . . . 

. , 477 


having the common denominator 120, viz. 

•477 ^ 117 

• — = 3 

120 120 
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reducing) 860 w — 5040 

d? =17 14 

We may obtain the result by a shorter process. 

Let it be required to find the value of w in the equation. 


4 


2 X 


bw 


7 X 


= 150; 


the denominator 8 being aliquot of 6, and that of 8 of the pro- 
duct of 4 by 6, the least common denominator is the product 
of the remaining two denominators 4x6=^ 24, the eqfuatioii 
can therefore be transformed into the following by multiplying 
every term by 24 : 

72 48 120 168 

^x + ^ x+^^ + -^ = {lS+\6+9>0+%l)x=:l50x^4i or 
4 8 o o 

75 ^ = 8600, and finally 
a? — 48. 

Find the value of x in the equation 

lOi ^ 1 ? -h 26 .92^ + 2g 0 ? — 122, or 

by multi plying every term by 6 

428 X + 156 — 554 tO? + 17 a? — 782. Transposing 
782 + 1 56 = (554 -f 17 — 428) 
and by effecting the operations indicated, 888 = 148 a?, lastly 
dividing by 148 

X = 6. 


Be it required to add 

2 15 3 7 3 

+— + — + ;r + vr l^y rule explained in this note 

3 4 0 7 12 


the common and least denominator, is 

2 

Q 

84 


66 

1 

4 

• «. 

21 

... 

21 

5 

6 

... 

14 

... 

70 

3 

7 

... 

12 

... 

30 

7 

12 


7 

... 

49 

3 

tA. 

... 

6 

... 

18 


SSO 83 41 

.. — -- 2 „ . - 2 

84 “T* 84 r“ 42 ‘ 

Should it be required to add fractions havi\i^ different signs as •(« and — , 
or what is the same thing, to subtract fractions from other fractions, we 
must proceed as is done in the following example : 
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The same process is applicable to literal equations, it should 
however be observed, that the multiplications, divisions, &c. 
which may always be performed in numbers, can sometimes only 
be indicated by letters. For example, let there be the equation 

a cc d cx 
bee eh 

the common and least denominator is visibly hxexh ; whejfe- 
fore, multiplying every term by it, the equation will thus be 
transformed into the following : 

aehoc-^hhd-^hchx + a hf d, or 

OD {a e h — b c h) ^ ah f d + b h d^ and finally 

^ bd (a/+ h) 

h (a e — b v) 



3 5^ ? 1 

4. 15 6 10 12 


the denominators 2, 5 and 3 being aliquot of 4 and 15 ; 6, 10, and 12, of 
the product of 4 by 15, the least common denominator is consequently the 
product of the remaining denominators 4, 7 and 15 =: 420, disposing of 
the fractions in the same manner, as in the preceding example, observing 
only to add first all the + fractions and deducting from it the sum of 
the — fractions, viz : 




420 




1 

T 


^To ^ 

... 


210 

3 

4 


105 



315 

3 

T 


84 

... 


252 

5 

6 


70 



350 






1,127 

5 

7i 


35 


175 ^ 


5 

T" 


60 

... 

300 


3 

10 

... 

42 


126 1 

y 993 

2 

3 

... 

140 


280 


4 

1 k 


28 

... 

112 J 



134 

Remains, 420 
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Of the Addition of Algebraic Quantities. 

XVII. Quantities which contain but one term are called 
monomials^ as : 

+ 3 ft, — 4 fl 6, &c. 

Binomials are those that have two terms, as : 
a + ft ; 2 a — 8 ft ; 7 ft — So?, &c. 

Trinomials arc those which have throe terms, those that have 
more than three terms are generally called polynomials. 

The addition of monomials or commonly called simple quan- 
tities, is performed by writing them one after the other with 
the sign + between them ; thus, a + ft is to express that ft is to 
be added to a. But when it is proposed to add together 
several algebraic expressions, we endeavour at the same time 
to simplify the result, by reducing it to the least possible num- 
ber of terms by uniting several in one. 

This union of terms is done in Nos. 7 and 9, by reducing 
the quantity a? + a? to S a?, and the quantity a? + 07 + tV 
to 3 07. It can take place only with respect to quantities 
which are expressed by the same letters and which are for 
this reason called similar quantities. A literal quantity repeat- 
ed a certain number of times, is regarded as a unit ; thus, 
2 a and 8 a are quantities considered as 2 or 3 units of a par- 
ticular kind, form when added, 5 a, or 5 units of the same kind. 
For the same reason, 4 a ft and 5 a h make 9 a h. 

In this case, the addition is performed on the numerical figures 
which precede the literal quantity indicating how often it is to 
be repeated. These ciphers are called co^effieient. The co-eflii- 
cient then is the multiplier of the quantity before which it is 
placed ; and it should be recollected, that where no co-efficient 
is expressed, unity is understood, for 1 X a is the same thing 
as a. 

XVIII. If it is proposed to add any quantities, as : 

4 a -f- 5 ft and 9t c + 3 

the sum total is evidently to be composed of all the parts joined 
together ; we must write then 

4i a 4“5ft’^^c 4-8 c?. 

If on the other hand, we have to add 

4 rt 4- 5 ft and 2 c — 3 e/, 

the sign -- must be retained in the sum, to indicate as subtrac- 
tive, the quantity 3 d, which, as it is to be taken from 2 c, 
must necessarily diminish by so much the sum formed by unit- 
ing 2 c with the first of the quantity proposed ; we shall then 
have 

4o + 56 + 2c — Srf. 
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It is evident from these two examples, that : in algebra the 
addition of polynomials is performed^ by writing in order one 
after the other^ the several quantities which are to be added^ 
with their respective signs^ observing that the terms which 
have no sign prejiased^ are considered to have the sign 4- before 
them. 

The above operation is in fact aiu indication only, by which 
the union of two compound quantities is reduced to an addition 
and subtraction of a certain number of simple quantities ; but 
if the quantities to be added contained similar terms, these 
terms might be united by performing the operation immediately 
on their co-efficient. 

Let there be for example, the quantities 
4a49h — 2c 
2g — 8c + 4!e/ 

^ c— e 

the sum indicated would be, according to the rule just given, 
4«4-9c — 2c-f2a — 8c + 4rf + 76-Hc — e 
but the terms 4 a + 2 a, being formed of similar quantities, 
can be united into one, equal to 6 cr. Again the terms 9 b and 
7 give 4* 16 b. 

The terras —2c and — 3c being both subtractive, produce 
on the whole the same effect, as the subtraction of a quantity 
equal to their sum or of 5 c ,* but as there remains the term + c 
to be atlded, the result will be — 5 c 4- c, or that there remain 
but 4 c to be subtracted. 

The sum of the proposed expressions, then, will stand thus : 

6a + 16fe — 4c4-4d — c. 

XIX. This last operation, by which all similar terms are 
united into one, whatevei sign they have is called reduction. It 
is performed by summing tip all similar quantities having the 
sign -j- and taking also the sum of similar quantities having 
the — sign ; then subtracting the less of these two sums from 
the greater^ and giving to the remainder the sign of the 
greater. 

It should be remarked that reduction is applicable to all 
algebraic operations. 

To exercise the students, we give some examples of addition 
with their answers. 

] st. To add the following quantities : 

7 m 4 - 3 71 — 14 p + 17 r 4- 15 ^ 

3a-t-9 7i — llm-f 4q+ % r 
op — 4} m + S n 
lln — 26 — m — r + s — 12 q 
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Answer, 7m + 3n — 14p-f“7Ir -f.l59 + Sa-|-9n — 
llf/i-f4y + 52r-}-5p — 4m-f-8w-fll n — 26 — m — 
-j- j? — 12 

Making the reduction, this quantity is changed into the fol- 
lowing : 

— 9 m -f 71 — 9 jo + IS ^ H” 9 "1” 2 ^ — 2 6 ov to 

begin with a ter) a having the sign -(" 

S\ n — 0 m — 9/7-(-18r4“75f + Sa— •26-f'^‘ 

2nd. To add the quantities : 

116c+ 4ad — 8ae'+5cdi-We/ 

Sr/e-f" 76 c — 2 a d "f \ mn — \2 ef 

2 V d — 3 6 -f- 5 a c “1“ 4 « 72 — Sc/* 

9a72 — 2 b c — Sad-f* 5cd + 5 ef 


Answer, 116 c4“7 6c — 2 6c4"4«d — 2 a d — 2 ad 

— 8 fl c 4" S « c ^ a c -)- b c d 2 c d -j- 5 c d 10 c / 

— 12 c /— 3 c/ -f“ 5 c/ -j- 4 77^ 72 — 3 « 6 4 « 72 -|“ 9 a 7i. 

By reduction, this quantity becomes : 

16 6 c -|- 5 a c -(- 12 cc/ -{~ 4 7/2 72 — 3 a b \8 a 72. 

Of the Subtraction of Algebraic Quantities. 

XX. I'he subtraction of a monomial or simple quantity is 
indicated by prefixing the conventional sign — before the 
quantity to be subtracted. 

To subtract 6 from a is indicated by a — 6. 

When the quantities are similar, the subtraction is performed 
directly by means of the co-efficients. 

Thus if from 12 a, we arc to subtract 10 a, we have for 
remainder 2 a. 

With regard to the subtraction of polynomials, we must dis- 
tinguish two cases. 

1st. If the terms of the quantity to be subtracted have the 
sign prefixed before each of the terms, it is obvious that this 
is done by giving to each the sign — , since it is required to de 
duct successively all the parts of the quantity to be subtracted. 
For example, if from 5a-f 126 — 3c were to be taken 
Sd\- 5c-f7/ 

we must write 5a-(- 12 6 — 3c — Sd — be — 7/. 

2nd. Should the quantity to be subtracted contain terms 
having the sign — , we must give them the sign Indeed, 
if from the quantity a ive would take 6 — c, and should first 
write a — 6, we should thus diminish a by the whole quantity 6 ; 
but the subtraction ought to have been performed after having 
first diminished 6 by the quantity c ^ we have taken therefore 
this last quantity too much by a quantity c which must therefore 
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be restored to it with the sign -J* which gives for the true 
result 

u — 6 

This reasoning, which can be applied to all similar cases 
shews, that the sign — of c must be changed into the sign -(- ; 
and connecting tliis result with the preceding, we conclude that 
the subtraction of algebraic quantities is performed, by ivriting 
each term of the quantity to be subtracted^ with the sign 


To aoime readers the following illustration of the generally given rule, 
to change all the signs of* the terms of the quantity to be subtracted, may 
perhaps be more satisfactory ; it is regarding a mercantile account current 
as a collection of all the plus terms on one side under the head of credi- 
tor, and all the minus terms on the other side under that of debtor and ad- 
ding the difference of the sums to that side which gives the lesser amount 
under the name of balance ; for example. 

Cr. A. Dr. 

+ 50 ... — . 105 

+ 65 ... — . 50 

-f 1 05 Balance in A.*s favor, — 65 

220 220 

Every item on the Cr. side can be lepresented, as in this example, by 
the sign + and those on tlie Dr. by that of — . Supposing now the — 50 is 
taken from the Dr. side, the Balance in A.'s favor, would then be increas- 
ed by that quantity, viz. it would be 65 4. 50 = 115; the account would 
then stand thus : 

Cr. A. Dr. 

+ 50 ... 105 

4- 65 Balance in A.’s favor, — Xl5 
4. 105 


220 220 

"i'he same may be shewji by giving a literal example, viz. 

Cr. A, Dr, 

4- ® -—5 

+ 0 ... — a 

4- b Balance in A.'s favor, — c 

a + b + o — (a + fr + c) 

and subtracting the minus quantity a from the account, it would stand 
thus : 

Cr. A. Dr. 

-ho ., — 5 

4 . c Balance in A. 's favor, — + 

04 - 64.0 — ( 04 - 64 . 0 ) 

here again, the quantity — a. which is subtracted^ from the account, in- 
creases the balance ; tiie same*' quantity a must therefore be added to it, 
that is, it must be expressed by 4* a. These examples suffice to shew, why 
a minus quantity becomes plus, when it is to be subtracted. 

E 
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changed from -f- into — and from — into -f- immediately after 
the quantity which is thus to be diminished. 

Having written the result agreeably to this last rule, the 
quantities are to be reduced, when they will admit of it, ac- 
cording to the precept given in art. 18, this may be seen by a 
few examples. 

1st. To subtract from 17a-f-2m — 96 — 
the quantity 51 a — 27 6 ^ — 4 rf 

Result, 

n a -[- 2 m — 9 6 — 4 c + 23 d — 61 a -f- 27 6 — 

By reduction this quantity will become 

2 m — 34 a + 18 6 — 15 c + 27 d. 

2nd. To subtract from 5 a c — 8 « 6 -f- 9 b c 
the quantity ham — 2a64"ll<^c 

Result, 

5 ac — llrtc — 8«6-f-2G6-f96c — 4! a 7n ^ 8 a m -{~ 
'led when reduced it becomes — 6ac — 6a6'|-96c — 12 
a 7n 1 c d 

or writing one of the + terms first 

96c — 6a c — 6a 6 — 12am-|“7cd. 


11 c+4d. 


— 4} a m 

— led 


Of the multiplication of Algebraic quantities. 

XXI. So far as letters are only considered as expressing the 
numerical values of the quantities for which they stand, multipli- 
cation in algebra is to be regarded as multiplication in arithmetic. 
Thus, to multiply a by b is to cornpowid with the quantity 
repi^esefited by a, another quantity b in the same manner as the 
quantity b is compounded with unity. 

In No. 2, it has already been shewn what signs have been 
agreed upon to indicate multiplication ; and that the product of 
a by 6 is expressed by a x 6, or by a.6, or only a6. 

It is most frequently required to indicate several successive 
multiplications, as that of a by 6, then that of the product a 6 
by c, aggiin this last product by d and so on. In this case, it is 
evident, that the last result is a number having the several 
numbers a, 6, c, d, as factors; and to give a general expression 
of this method, the product is indicated by writing the several 
factors composing it in order one after the other without any 
signs between them ; in this manner, we have the expression, 

abed. 

(It is customary to arrange the (etters, according to their 
rank in the alphabet.) 
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Reciprocally, every expression, such as a b c formed of 
several letters written in order one after the other, indicates 
always the product of the number represented by these letters. 

We have already made use of those methods in which the 
immeri'cal coefficients are included, since they are evidently 
factors of the proposed quantity. Indeed, 15 a b c d, signifying 
the quantity abed, taken 15 times, expresses also the product 
of the five factors 

lo, G, 5, c, dm 

XXII. It follows from this that, to indicate the multiplica- 
tion of several simple quantities, such as 4 a 5 c, 5 eZ c /, 3 m 
it is necessary to write these quantities in order one after the 
other without the interposition of any signs, as : 

4^abc5def*6 mn^ 

but as it is indifferent in which order tlie factors of a ]>roduct 
are written, as its value is not altered hy any change of place 
of the factors, we may avail ourselves of this priiieiple, and place 
the numerical factors immediately after each otlier, as : 

5m% ab c d e J m 

and effecting the multiplication indicated by the common arith- 
metical rule, we get simply 

60, a b c d e f 7)1 7i. 

XXIII. The expression of a product is considerably abridg- 
ed when it contains equal factors. Instead of writing several 
times ill succession, the letter which represents one of the fac- 
tors, it is only written once indicating hy a 7iumber how many 
times it ought to have been written as a factor; but as this num- 
ber indicates successive multiplications, it must be carefully 
distinguished from a coefficient which only indicates additions ; 
for this reason, it is placed in smaller figures on the right of 
the letter and a little above it, wdiilst the coefficient is always 
placed to the left of the letter and on the same line. 

Agreeably to this method, the product of a by a which ac- 
cording to No. SO would be indicated by a a, becomes This 
2 raised, indicates that the letter a is twice a factor in the pro- 
posed expression ; it must not be confounded with 2 o, which is 
only an abreviation of a -j- a. I’o render the error more evident 
which would arise from mistaking the oiio for the other, it 
suffices to substitute numbers instead of the letters. For ex- 
ample, if we have a = 6, 2 a would become 2 x 6 = 12, and 
= — 6x6~ 36. 

Extending this method we should denote a product in which 
a is three times a factor by writing instead of a a a, for the 
same reason equivalelit to a a a a a, represents a product 
in which a is five times a factor. 

D 2 
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XXTV. The products thus formed by the successive mul- 
tiplications of the same quantity are generally called powers 
of that quantity. 

The quantity itself as is called the Ist power of a. 

The quantity multiplied by itself as a a or o*; is the second 
power of or, or also called the square of a*. 

The quantity multiplied twice by itself a a a or a’ is the Srd 
power of a and is called also the etihe of a. 

In general, any power whatever is designated by the number 
of equal factors from which it is formed : ox a a a a a aie 

the 6'th power of u. 

To show the application of these denominations, we shall 
take the number 4, and we have 

Ist Power, 4 

J?nd ditto, 4x4 = 16 

8rd ditto, 4x4x4 = 16x4= 64 

4th ditto, 4x4x4x4 = 64x4= 256 

5th ditto, 4x4x4x4x4 = 256 x 4 = J024 

&c. &c. &c. 

The number which indicates the power of another is called 
the eccponent of that number* 

When the exponent is equal to unity, it is not written ; thus 
a is the same thing a\ 

By what precedes it is clear that to form the power of any 
number it is necessary to multiply this number by itself as 
many times less one as there are U7iits in the exponent of the 
power, 

XXV. As the exponent denotes the number of equal factors 
which form the expression of which it is a part, and as the pro- 
duct of two quantities is composed of all the factors which make 
lip each of tlie tw o quantities, it follows that the expression a*, 
in w’liich a. is 5 times a factor, multiplied by in which a is 
4 times a factor, must give a product in wliich a is 9 times a 
factor, expressed therefore by a®, and that in general, the 
product of two poicers of the same number has for its expo* 
nent the sum of those of the muttiplicant and the multiplier. 
For applying the observation in No. 21, to multiply aaaa 
hy aaa a o, is to write these quantities immediately after one 
another as : aaa a. a a a a a or 

XXVI. It follows from this that if two or more simple 
quantities hare common letters^ the expression of the product 
of those quantities can he shortened by adding together the 

* The denominatioriu proceeding from geometrical consi- 

derations breaking the link of iinifoiinity iir the nomonclatnre of the pro- 
ducts formed hy equal factors, are very improperly used in Algebra/ but 
on account of tbeii bbortnesa are frequently employed. 
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i»ponent$ of the similar letters ; for example, the expression of 
the prodacfc of the quantities a* 6® o* d and a® fc* rf, which 
would be a* 6® d a® 5* c® d, is abridged by collecting together 
the factors designated by the same letter which gives a® b’’ c® d* 
by writing a® instead of a® a® 

fe’ 6*6® 

c® c® o* 

d® d' d^ 

XXVIT. As the powers are distinguished by the number 
of equal factors from which 4hey are formed, so also any pro- 
duct whatever is denoted by the number of single factors or 
primes which produce them, we shall give to these expressions 
the name of degrees. The produce of a® 6® c® is of the 9th 
degree, because it contains 9 simple factors, viz : 3 factors a, 

factors 6, and 4 factors c. It is evident that the factors a, 6 
and c, regarded here as prime, are only so with respect to 
Algebra, which does not permit us to decompose them ; they 
may, however, represent compound numbers as well as prime ; 
theirgeneral value only is here considered*. Coefficients, express- 
ed in numbers, are not considered in estimating the degree of 
algebraical quantities ; we have regard only to the letters. 

It is evident (Nos. 21 and 25) that when two or more 
simple quantities are multiplied the one by the other, the 
number which marks the degree of the product, is the .sum of 
those which mark the degree of each of the simple quantities. 

XXVIll. The multiplication of compound quantities is 
reduced to that of simple quantities in considering each term 
of the multiplicand and multiplier by itself ; as in arithmetic, 
we perform the operation upon each figure of the numbers which 
it is proposed to multiply. The union of the partial products 
make up the total product. But Algebra presents a circum- 
stance which is not found in numbers. These contain no terms 
to be taken away, or subtracted ; the units, tens, hundreds, &c* 
of which they consist are always considered as added together, 
and it is very evident that the total product must be composed 
of the sum of the products of each part of ihe multiplicant by 


* In conformity to the analogy pointed out in the note to page 28 the 
term dimensions, is generally applied to what we here call degrees ; the 
expression above cited, will in ordinary language, have 9 dimensions, I’his 
example sufficiently proves the absurdity of the ancient nomenclature, 
borrowed from the circumstance, that the products of 9 or 3 factors, mea- 
sure respectively the areas of the surfaces and of the volumes of bodies, 
the former of which have two, and the latter three dimensions ; hut 
beyond this limit, the cor resplendence between thd algebraic expressions 
and geometrical figures ceases, as extension can only have three din^nsions. 
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each part of the multiplier. The same is true of literal expres* 
sions when all the terms are connected together by the sign +• 
The product of a + h ~ 

multiplied by c 

is a c + b c 

and is obtained by multiplying each part of the multiplicand by 
each part of the multiplier, and then adding together the two 
partial products a c and h c. The operation is the same when 
the multiplicand contains more than two parts. 

If the multiplier is the sum of several terms, it is obvious 
that the product is then made up of the sum of the products of 
the multiplicand by each term of the multiplier. 

The product of a + h 

multiplied by c + d + e 


Cac + hc 

is ^ad + h d 

(^a e + b e 

for multiplying first a + 6 by c, the 1st term of the multiplier, 
we obtain a c + be; tlien multiplying a + b hy the second 
term d, we get ad + b d ; and lastly by multiplying n + 6 by c, 
the 3rd term, we find a e + b e ; and the sum of these three 
results is 

ac + be 4- ud + + ac -f- 6c, or a (^6 + c + + 6 + d + 

for the total product. 

XXIX. When the multiplicand contains parts to be sub- 
tracted, the product of these parts by the multiplier must be 
taken from the other products, viz. they must have the sign 
— prefixed before them. For example, 

the product of a — b 

multiplied by c 


is a e — be 

for each time that we take the entire quantity o, which was to 
have been diminished by b before the multiplication, we take 
the quantit}' b too much ; the product ac, therefore, in which the 
whole of a is taken as many times as is indicated by the num- 
ber c, exceeds the product sought by the quantity b taken as 
many times as is indicated by the number e, that is by the 
product be ; we must therefore subtract be from ac, which gives, 
as above 

a c — be. 


The same reasoning will apply to^' each of the parts of the 
multiplicand that are to be subtracted, whatever may be the 
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number and whatever may be that of the terms of the multi- 
plier, provided they have all the sign +, recollecting that the 
terms that have no signs are considered as positive or having the 
sign + ; we see by these examples, that the terms of the 
multiplicand affected by the sign + give a partial product 
aftected by the sign +, while those which are affected by the 
sign — give a product having the sign — . It follows from this, 
that when the multiplier has the sign + the product has the 
same sign as the corresponding part of the multiplicand, 

XXX. The contrary takes place when the multiplier con- 
tains subtractive or negative parts ; the products arising from 
these parts must be prefixed with a sign contrary to that they 
would have had by the above rule. An example will illustrate 
this. 

Be the multiplicand a — h 
and the multiplier c — d 


the product will be 


{ 


a c — be 
— a d + bd 


for the product of the multiplicand a — ft, by the let term of 
the multiplier c, will be by the last example, a c — ft c, but by 
taking the whole of c for the multiplier, instead of c diminished 
by the quantity d. we take the quantity a — ft so many times 
too nnieh as is denoted by the number d ; so that the product 
a c — ft c exceeds that sought by the product a — ft by d, and 
this last, by what has been said is a d — ft d, and in order to 
subtract it from the first, we must change the signs, (N, 20.) 
We have then for the result required 


ac — he — ad + b d. 


XXXT. As generally only rules without any investigations 
are given to show that minus multiplied by minus produces plus, 
wo shall endeavour to shew the same thing in a different way. 
There was no difficulty in the multiplication of «. + ft by c, the 
product could only be a c + b c ; but it was perhaps not so 
well understood how the product of a — ft multiplied by c is 
a c — h c. Suppose n — ft ~ d, or « = ft + d 
multiplying each number by c 


the product will be ac = ftc + dc 

and subtracting from each side ft c, we get 
a c — h c — d 0 

whence it appears, that ac — ft e is the product of d by r, or 
of a — ft by c, or that a quantity having the sign -h, multiplied 
by a quantity with the — sign, as -f c by — ft, or a ^antity 
with the — sign, multiplied by a quantity having the sign 
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as — 6 by + 0 , must necessarily have the sign — before its pro- 
duct. 

The same equation ac = be + d c may be written thus : 

— d € = — ao+6c 
or — d 0 = — c (a — &) 

From this last equation it appears, that a — b multiplied by 

— 0 , gives the product — a c + b c; we can thence conclude that 

— b multiplied by — c gives a product with the + sign, and in 
geiionil that from the observations in this number when both 
the factors have either the sign + or — before them, the product 
will be positive ; but if one of the two factors, has the sign + 
and the other the sign — the product will be negative ; or which 
may be expressed in different words, saying : the product shall 
have the sign -p when both factors have the same sign^ but the 
sign — when the two factors have unequal signs. 

XXXII. The following example offers the applications of 
all these rules. 

Multiply 5 a* — 2 a* 6 + 4 a* 6* 

by a* — 4} a* 6 + 2 5® 


{ 5 a^ — 2 a* 6 + 4 a® 6* 

— a® 6 + 8 a® 5'* — 16 a* 5* 
+ 100*5®— 4a® 5* + 8a*6* 


Reduced result, 5 a" — 2'^ a® 5 + 12 a® 5® — 6 a* 5* — 4 a® 5* + 8 a® 5® 
the 1st line of partial products contains those of all the terms of 
the multiplicand multiplied by the first terra o* of the multiplier ; 
this term being considered as having the sign -f- before it, the 
products which it gives, have all the same signs as the corre- 
sponding terras of the multiplicand. (N. 31.) 

The first term of the multiplicand 5 a* being considered as 
having the sign +, the sign of the first product is omitted, which 
would necessarily be -f- ; the coefficient 5 of a* being multiplied 
by the coefficient 1 of a® gives 5 for the coefficient of its par- 
tial product ; the sum of the two exponents of the letter a is 4 
+ S or 7, therefore the first partial product is 5a^. (N. 25.) 

'rhe 2nd term — 2 a® 5 of the multiplicand having tlie sign 
— , the product has also the sign — ; the coefficient 2 of a® 5, 
multiplied by the coefficient 1 of a ®, gives 2 for the coefficient 
of the product ; the exponent of the letter a common to both 
the terms which we multiply is, 3 + 8 or 6, and we write after it 
the letter 5, which is found only in the multiplicand, the second 
paittial product is then — 2 a® 5. 

The 3rd term -p^4 a® 6® gives a rprocjuct affected with the 
«ign and by the rules applied to the two preceding terms, 
we find it to be -f 4 a® bi\ 
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The Snd line contains the products of all the terms of the 
multiplicand by the Snd term — 4 a* of the multiplier ; this 
last having the sign — , all the partial products which it gives 
must have the sign contrary to those of the corresponding terms 
of the multiplicand ; the Ietters 9 the coefficients, and the expo- 
nents are determined as in the preceding line. 

The 3rd line contains the products of all the terms of the 
multiplicand by the 3rd term S 6* of the multiplier. This 
term having the sign + all the products which it gives have the 
same sign as the corresponding terms of the multiplicand. 

After having found all the several products which compose 
the total, we examine carefully this last to see whether it does 
not contain similar terms ; if it does, they must be reduced 
according to the rule (19), observing that two terms to be 
similar should not only contain the same letters but they must 
also have the same exponents. In the last example there are 
three reductions, viz : 

— ^ a® 6 and — 20 a® b which gives — 22 a® 6 

4- 4 6* and -f- 8 «® ft* which gives -f 1 2 a® b* 

— 16 a® 6* and + 10 a* 6® which gives — 6 a® fe®. 

These reductions being made, we obtain the result as given 
in the last line of the example. 

In order to exercise the student we shall giye an example of a 
multiplication, which it is easy to perform from the preceding 
rules : 
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XXXIIL By the proeese of multiplication it is evident, that 
if all the terms of the multiplicand are of the same degree 
(27) and those of the multiplier are also of the same degree, all 
the terms of the product will be of a degree denoted by the sum 
of the numbers which indicate the degree of the terms of each of 
the factors. 

In the 1st example, (82) the multiplicand has all its terms 
of the fourth degree fod the multiplier of the third; thepro« 
duct has consequently all its terms of the seventh degree. 

In the 2nd examj^e, the multiplicand is of the 6th degree, 
the multiplier of the 8rd degree, the product is therefore of the 
9th degree. 

Expressions of the kind just referred to, of which all the 
terms are of the same degree, are called homogeneous expres<^ 
sions ; the remark made with respect to their products, is useful 
in preventing any errors which might be committed by for- 
getting some of the factors in the partial multiplications. 

XXXIV . Algebraic operations performed upon literal quan- 
tities, in shewing how the different parts of the quantities concur 
to the formation of the results, lead us frequently to the know- 
ledge of general properties of numbers independent of any 
systems of notation. The following multiplications, lead us to 
conclusions of this kind, they are not only worthy of remark, 
but are of frequent application. ^ 

CL h a h 

a — h a + h 


— ah—h^ 


a*-|-a6 

ah+V 



a* + 2a6 + 6» 

a* + 2 a* +6* 

CL b 


+ 2 a* 6 + a 6* 

+ 2 a 6" + 

a* 4" ^ ^ ^ ® ft* + ^* 

It appears from the 1st of these products, that a quantity 
a -f i multiplied by a — 6 gives — 6% whence it is evident 
that multiplying the sum of two numbers by their difference^ 
the product will be the difference of the squares of these 
numbers. 

In taking for exaipple*the sum 13, of* the two numbers 
8 and 5, and multiplying it by the difference 8, the product 
F 2 
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S X IS or 89, is equal to the difference of 64r {the square of S)» 
and 25 (the square of 5). 

We learn by the Snd exainp]e» in which a -f 6 is twice a 
factor, that the second power^ or the square of a quantUy 
composed of two parts a and b, contains the square of the Is/ 
part plus twice the product of the Is/ part by the second^ 
plus the square of the tecond part. 

The Srd example in which the 2nd power of a + 4 is 
multiplied by the first, shews ; that, the Srd power or cube of 
a quantity composed of two parta^ contains the cube of the Is/ 
part^ pins three times the square of the first part multiplied 
by the 2nd^ plus three times the first by the square of the 
second part^ plus the cube of the second part, 

XXXV. In decomposing a quantity into its factors, we 
dispense with the algebraic operations as long as it can be done, 
in order to exhibit distinctly the formation of the quantities to 
be considered; for this reason it is necessary to fix upon pro- 
per signs to indicate the multiplication between compound 
quantities. 

With this view, we make use of parenthesis to comprehend 
the different factors of the product to be indicated. The ex- 
pression 

(S a’ — 4 c* 4 + 6®) (4a6* — d*) r6* — d*) 
indicates the product of the compound quantities 

S — 4i b + b^\ 4 u 4* — a* c — d* and 4* — d*. 

Some authors, already rather ancient, have drawn lines over 
the several factors as, 

S a* — 4 c* 4 4* « 4* — a* c — d* 4' — 

but as these bars might be drawn too long or not sufficiently so, 
they are liable to great errors ; the parenthesis on the contrary 
never leads into equivocal expressions and has therefore been 
finally adopted. 

Of the Division of Algebraic Quantities. 

XXXVI. Algebraic as well as arithmetical division, is to 
be considered as an operation serving to discover one of the 
factors of a given product, when the other factor is known. 
Agreeably to this definition, the quotient (the factor sought) 
multiplied by the divisor must reproduce the dividend (the 
product of the two factors). 

By applying what is here said, to* simple quantities, we shall 
see by art. (21) that the dividend (called product in multi- 
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plicaiion) is formed by the faotors Ojfdhe divisor multiplied into 
those of the quotient^ whence bp iuppreasing in,the dividend 
every factor which compose the dvviaor^ the result wijll be the 
quotient sought. 

For example, let it be. required to divide the simple quantity 
by the simple quantity 9 a® 6 c*; according to the 
rule above given we must cancel or. strike out in the first of 
these quantities the faclor&ofthe second, which i^re respectively 

9, a®, 6, and o®. 

It is necessary, then, in olrder that the division may be per- 
formed, that these factors should be contained in the dividend. 
Taking them in order, we see that the coefficient 9 of the divisor 
ought to be a factor of the coefficient 72 of the dividend, or 
that 9 must be aliquot of 72, which, in fact is the* case, as 72 
= 9x8; therefore by cancelling the factor 9, there will remain 
the factor 8 for the coefficient of the quotient. 

It follows also from the rules of multiplication (25), that 
the exponent 5 of the letter a in the dividend, is the sum of the 
exponents belonging to that letter in the divisor and quotient; 
this last exponent therefore will be the difference between the 
two exponents, viz. 5 — 3 = 2:* thus the letter a in the quo- 
tient, has 2 for its exponent. For the same reason, the letter 
6 in the quotient, has an exponent equal to 3 — 1=2. Lastly, 
the factor c"' being common to the dividend and divisor must 
be struck out ; consequently we have ; 

8 a^b^d 

which is the quotient sought. 

As the reasoning of any other example will be the same, we 
may conclude that, in order to effect the division of simple 
quantities.^ the coefficient of the dividend must be divided by 
that of the divisors. 

The letters in the dividend which are common to it and the 
divisor^ must be cancelled when they have the same ewponent^ 
a 7 id when they have a different exponent.^ the exponent of the 
divisor must be subtracted from that of the dividend^ the ‘ 
remainder is the exponent which the letter must have in the 
quotient. 

Lastly y we must write in the quotient the letters of the divi^ 
dend which are not in the divisor. 

XXXVII. In applying the rule now given for the forma- 
tion of the exponent of the letters of the quotient, to a letter 
which has the same exponent in* the dividend and the divisor, 
we should find zero to the exponent which it ought to have 
in the quotient fot a® dividend by a* gives a®. To ascertain 
what such an expression can signify, we must go back to its 
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origin, End consider, that representing the <|uotient uxmn^ from 
the division of a quantity divided by itself must produce unity, 
as every quantity is contained once in itself. It follows from 

this that ^=1, or a®, by subtracting the exponent of the 

divisor, from that of the dividend. Hence it appears, that 
the expression a® is a symbol equivalent to unity ^ and may con- 
sequently be represented byl. It is then unnecessary to write 
such letters as have zero for their exponent, since each repre- 
sent nothing but unity. Thus c® divided by a® bo* gives 
a' 6® 0 ® which is the same as a‘ X i X 1 or simply a. 

The proposition, that; Every quantity which has ssero for 
its exponent is equal to 1, is indeed nothing else but the ex- 
planation of a result, deduced from the common manner of 
writing the powers of quantities by exponents. 

In order that Uie division may be performed, it is necessary : 
1® that the divisor should contain no letter which is not found 
in the dividend : S®, that the exponent of any letter in the divi- 
sor should not exceed that of the same letters in the dividend : 
8®, that the coefficient of the divisor be aliquot of that of the 
dividend, 

XXXVIII.-— When these conditions do not exist, the division 
can only be indicated in the form of a fraction, agreeably to 
the manner pointed out (7) ; after which we must endeavour to 
simplify the fraction, by cancelling the factors if there are any 
common both to the dividend and the divisor, for it is evident, 
that the theory of arithmetical fractions rest, upon principles 
which are independent of any particular value of their terms, 
may be applied to fractions represented by letters, as well as 
to those expressed by numbers. 

Agreeably to these principles, we must in the first place 
cancel all the numerical factors^ common to the coefficients of 
the dividend and the divisor^ and then^ the letters which are 
common to the dividend and divisor, having the same expo^ 
nent in each. But when the exponent is not the same in each 
we must subtract the less from the greater, and affix the 
remainder as the exponent to the letter, which is written only 
in that term of the fraction which has the highest exponent. 

The following examples, will illustrate this rule : 

Be 48 a® 6® c* d to be divided by 64 a* h® c® e, the quotient 
can only be indicated in the fractional form ; 

48. a* 6® o* d , 

£ 64. a* 6® (?® e/ 

e coefficient 48 and 64, being both divisible by 16, by 
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caiioelling this common &ctorV the coefficient of the numerator 
becomes 8, and that of the denominator 4s. 

The letter a having the same exponent 3 in both terms of 
the fraction, it follows that a* is a factor common to the 
dividend and divisor, it may consequently be cancelled. 

Proceeding then to the letter we must divide the higher 
power, which is 6*, by bl ithe lower power according to the rule 
given above, and the quotient b showsf that = 6* X 6*. Can* 
celling then the common factor b\ there will remain in the 
numerator the factor fr*. 

As for the letter c, the factor raised to the higher power c* 
being in the denominator, if we divide it by c% we decompose 
it into X c* ; and cancelling the factor c*, common to the 
two terms, this letter will disappear from the numerator and 
remain in the denominator with the exponent 2. 

Finally, the letters d and c will remain in^ their respective 
places, since in the state in which they are they indicate no 
factor common to the two terms of the fraction. 

By these divers operations the proposed fraction is reduced to 

8 . 

4. c* e ’ 

and this is its most simple expression of the quotient, so long as 
no numerical values are assigned to the letters; but if numeri- 
cal values are given to them, then it might be still further 
reduced by cancelling the common factors as before. 

XXXIX. One observation should not be omitted, viz. that 
if all the factors of the dividend were aliquot of the divisor 
which besides contain other factors peculiar to it, it is necessary 
then, after cancelling the factors in the dividend, to substitute 
unity in the place of the dividend as the numerator of the frac- 
tion. In this case indeed, we may suppress in both terms of the 
fraction all the factors of the numerator, that is, we may divide 
the two terms of the fraction by the numerator, but this being 
divided by itself must give unity for the quotient, which be- 
comes the new numerator. 

Let there be, for example, the fraction 

4 o* b c* 

12 o* 6» c* d’ 

the factors 12, a*, 6% and c% of the denominator being re- 
spectively divisible by the factors 4, a* 5 and c*, we can 
divide both terms of the. fraction by the numerator 4 a” 6 c’ ; 
but the quantity 4 c* beipg divided by itself, gives 1 for 



40 BIVI8ION OF ALGEBKAtt: aiTAK'I'ITIBA. 

the quotient, aud the quantity 13 o’ 6* o* d divi<|edhy the first, 
is reduced to 3 h’ d : jiew fraction is therefiHre 

.1 

3 <>* d' 

XL. It follows froia the rules of multiplication^ that if a com- 
pound quantity is multiplied by %,^simple quantity, this last 
becomes a factor common to all the terms of the first. We avail 
ourselves of this observation by simplifying the fractions of 
which the numerator and the denominator are polynomials, 
having some factors Ci6mm(rn to all their terms. 

Be the expression 

6 a* — 8 o* b c + g* 

Q a* b — 15 c 4" ^4 a® 

in examining the quantity 6 a* ~ 3 a® 6 c -(- 12 a* c* we see 
that the factor a® is common to all the terms, since a‘ =r a® x 
a® and that moreover the numbers 6, 3 and 12, are all divisible 
by 3, therefore 

6 a* — 8 a® 6 c 4“ 12 a® c® =r 2 o® X 8 a® — 6 c X 3 a® 4“ 4 c* x 8 a®. 

The denominator has also 3 a® as a factor common to all the 
terms, consequently 

9 a* 6 — 15 a® c 4" 24 a* = 3 6 X 8 a® — 6 c x 8 a® 4* 8 a x 8 a* 
cancelling the factor 3 a®, common to all the terms both of tlxe 
numerator and the denominator, the proposed fraction will 
be changed into 

2 a ~ 6 c 4" 4 c®^ 

3 6 — 6 c + 8 a 

XLI. Proceeding now to the case when both the dividend 
and the divisor are compound, when we can no longer see, at 
first sight at least, whether the divisor is or is not a factor of 
the dividend. 

As the divisor multiplied by the quotient must reproduce 
the dividend, this last should consequently contain all the par- 
tial products of each term of the divisor, by each term of the 
quotient ; and if we could find again the products arising from 
each individual term of the divisor, we should only have to 
divide them by this known term (of the divisor), in the same way 
as ill Arithmetic, where all the figures of the quotient are 
discovered in dividing successively by the divisor, such numbei-s 
of ifio' dividend as are considered the several partial products of 
divisor, by the diiferent figuree of , the quotient. But in 
tiumbers these partial products present themselves in order by 
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beginBiBg liriib tho units placed on the laiit rank on the l^ft, on 
account of the subordination established -between the units of 
each figure of the dividend agre^bly to the rank which they 
occupy. not the case in Algebra, but we supply the want 

of such an anangOlnent by disposing of all the terms, both of 
the dividend ai)d the divisor, so that the exponents of the powers 
of the same letter, beginning with the highest, diminish in each 
term counting from the left to the rig1|t hand, as will be seen 
with reference to the letter a in the quantities 

6 a’' — 22 a* 6 + 12 6* — 6 V o* ft" + 8 a* 

6 a" — 2 a» 6 + 4 o* 6* 

of which the 1st is the product, the second the multiplicand in 
the example given in art. 32 : this is termed arranging the pro- 
posed quantities with reference to one of the letters, of the letter 
a in the present example. 

When they are so arranged, it is evident, that whatever be 
the factor by which it is necessary to multiply the 2nd quan- 
tity in order to obtain the first, the Ist term 5 a’, results from 
the multiplication of the 1st term 6 a* of the 2iid quantity by 
the 1st term of the factor sought, in which a has the highest 
exponent, and which takes the first place in this factor when 
the terms of it are arranged with reference to the letter a. By 
dividing then the simple quantity 5 a? by the simple quantity 

5 a*, the quotient a® will be the first term of the fiictor sought. 
But by the rules of multiplication, the total product ought to 
contain the divers partial products resulting from the nuiltipli- 
cation of the whole multiplicand by each term of the multi- 
plier ; it follows that the quantity considered here as dividend 
ought to contain the products of all the terms of the divisor, 

6 a* — 2 a* 6 + 4 6** by the 1st term of the quotient a® ; 

and consequently, if we subtract from the dividend these pro- 
ducts, which are 

5 a' — 2 a® 6 + 4 a' 6* 

the remainder — 20 a* 6 -f 8 6* — 6 a* 6* — 4 a* 6* + 8 a® 

will contain only those, which result from the muliplication 
of the divisor, by the 2nd, Srd, 4th, &c. term of the 
quotient. 

Considering the remainder as a new dividend, its first 
term — 20 o® b in which a has the highest exponent, can only 
be obtained by the multiplication of the 1st term of the divi- 
sor by the 2nd term of the quotient. But the Ist iejrm of 
this partial dividend having the sign — before it, we must as- 
certain that which is*to* be prefixed to* the corresponding 
term of the quotient ; this may easily be done by the last 
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ntle of art* 81, for tbe quantit5^--«99 ait a 
tial product, having a sign contrar}^ to that of tno^ multiplioand 
6 a^ it follows that the multiplier must neOessaril]^ have the 
sign — . I’he division being then |>etforined upon the frimple 
quantities — 20 o® 6 and 5 a® gived — 4 a* for the 2nd term 
of the quotient. If thifii last term be multiplied by all the terms 
of the divisor, and the product!^ subtracted from the partial 
dividend, the remainder 10 a® 6* — 4 a* 6^ + 8 o* can only 
contain the products of the divisor by the 8rd, &c* terras of the 
quotient. 

Regarding this remainder as a new dividend, its first term 
10 // must be the product of the 1st term of tbe divisor by 

the 3rd of the quotient ; consequently, this last is obtained by 
dividing the simple quantities 10 a® 6* and 5 a*' the one by the 
other. The quotient 2b\ being multiplied by all the terms of the 
divisor, gives products, which being subtracted from this last 
dividends leaves no remainder, and shews that the quotient 
has only three terms. 

If the nature of the question had been such as to require a 
greater number of terms, they might evidently have been found 
like the preceding, and if, as we have supposed, the dividend 
contained the divisor for a factor, the subtraction of the pro- 
duct of the divisor by the last term of the quotient, must always 
e^Ehaust this last partial dividend. 

XLII. lu order to facilitate the practice of the rules found 
above ; — 

1®. T/ie dividend as well as the divisor are disposed in the 
same way as for the division of numbers^ by arranging them 
with reference to some letter ; viz. by writing their terms in 
the order of the exponents of this letter^ beginning with the 
highest. 

2®. We divide the first term of the dividend by the 1st term 
of the divisor^ and write the result in the ptace of the quotient. 

8®. We multiply all the terms of the divisor by the term of 
the quotient just founds subtract it from the dividend^ arid 
then we i educe the similar terms., 

4®. We consider this remainder as a new dividend^ of which 
we divide the first term by the first term of the divisor^ and write 
the result as the second term of the quotient^ and continue 
the operation until all the terms of the dividend are exhausted. 

Observing that when a product has the same sign as the 
multiplicand, tbe multiplier has the sign -f, and that when a 
product has a sign contrary to that of the multiplicand, the 
multiplier has the sign — (31), we G(vv>qlude ; that when the 
partial dividend and the first term of the divisor have the same 
sign^ the quotient must have the sign -|- ; but if they have 
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c»i$trat^^l0t»f^He qmtiimLmiinA>,kaioe^ sign ; this isihe 
raid ^ the Algos.* . 

;<Thfr<‘|MttiaT divisioBS ore peiformed by the rales giireQ for 
the dividdR of ample .qomUties. ; 

We write in the quotient the tettere common to the dividend 
and the divieor,*'. with on exponent' egttol to the difference of 
the wponente of i^eee letHore in the two terme, and finally ^ 
eueh letters as are in the^dividend only ; these are the rales for 
the letters and exponents* . . > . 

XLIII. Applying these rules to the quantities 
6 o' — 28 «• 6 f la a* 6* — 6 o* 6» — 4 a* 6* + 8 o* 5‘ 

5 o*--go‘6 + 4a*6* 

which have been employed as an example above, we arrange 
them as we place the divideud and the divisor in arithmetic. 



44 


DIVISION or ALossfiAM '4ttiiitmrtat. 


•I % 

^ 

I 


1 + 

5 ^ 2 ^ 

+ 1 

•«1 
§ f. 

I •*• 
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The rign of the let traair of the dividend 5 a' being the tame 
as that of the Ist term 5 a* of the divisor, the.quotient must 
have the sign -f; bat as this jpartiai quotient forms the first 
term of the total quotient# the sign is omitted. 

By dividing 5 o' by 6 a*, the result o' is written in the quo- 
tient. Multiplying suooessively the three terms of the divisor, 
by the Ist term o*, of the quotient, and writing the products 
under the corresponding terms of the dividend, and after having 
changed the signs of these products, to denote subtraction, 
we have the quantity j 

— 5 o' + 2 0*6 — 4 0 * 6 *, 

making then with the dividend the reduction, we obtain for a 
remainder, 

— 20 o* 6 -H 8 a‘ 6 * — 6 o* 6 ' — 4 o' 5* -|- 8 o' b*. 

In continuing the division with this remainder, the Ist term 
— 20 o* 6 , divided by 5 o', gives — 4 o'A for the quotient, 
with the sign — before it, the divisor and dividend having con- 
trary signs. Multiplying this quotient — 4 o' 6 , by all the 
terms of the divisor, and changing the signs, we form the fol- 
lowing quantity : , 

20o*5 — 8o‘5*+ 16 0 * 6 ' 

which, taken with the dividend and reduced, gives for a remain- 
der 

10 o* 6 ' — 4 o’ 6 *'+ 8 o* 6 ‘. 

Dividing the Ist term of this new dividend, 10 o* 6 ', by the 
1 st term 6 o* of the dividend, dtad multiplying the result 2 6 ' 
by the whole divisor, placing the products under the partial 
dividend, observing to change the signs, then making the redac- 
tion, there remains nothing, shewmg that ^ 5' is the last 
term of the quotient sought, the expression of which is 

o' — 4 o* 6 + 2 6 *. 

XLIV. It is proper to observe here, that in division, the 
multiplication of the different terms of the quotient by the 
divisor, often produces terms that are not to be found in the 
dividend, and which must afterwards be divided by the 1 st 
term of the divisor. These are the same terms that cancel 
each other, since the dividend has been formed by the multiplica- 
tion of the two factors, ^e divisor and the quotient. The fol- 
lowing is a rexnarkabl^%mple of these reductions : 
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Be a* — 6® to be divided by a — ^ 6 


Division. 

l.’+.a+y 

MuUiptCeaHm. 

a*+ab+b* 

-f*u®6-'*— 6* 

a* — a*b 


+a^— fflB* ' 


6* 

+a6*— 6* 


— a6* +6* 

Result a* — 6* 


0 

The let term a® of the dividend, divided by the 1st term a 
of the divisor, gives for the quotient n®; multiplying this quo- 
tient by the divisor, nnd changing the signs of the products, 
we find* — a* -f a® 6 ; the first term — a®, destroys the first 
term of the dividend; but there remains the term a® 6, which is 
not found at first in the dividend. But as this term contains 
the letter u, it can be divided by the 1st term of the divisor; 
we thus obtain + a b. Multiplying this quotient by the divi- 
sor, and changing the signs of the products, we get > a® 6 + g 6®; 
the term — G® 6 of the product cancels the 1st term of the 
dividend, but there remains the term a 6® which is not in 
the dividend. Dividing it by it gives for the quotient + 
multiplying this partial quotient, by the divisor, we get, after 
having changed the signs of the products, — - a 6® "h the 1st 
term — a 6® destroys the first term of the dividend, and the 
Snd -f 6® cancels the last term — - £®« 

The mechanical part of the operation will be better under- 
stood, if we look for a moment at the multiplication of the 
quotient a® -H a 6 + 6® by the divisor a — 6, placed in 
juxta-position of the division ; we see that all the terms repro- 
duced in the process of dividing, are those which destroy each 
other in the result of the multiplication. 

XLV. It happens sometimes that the quantity, with reference 
to which the arrangement is made, has the same power in several 
terms both of the dividend and divisor. In this case the terms 
should be placed in the same column, that is written immediately 
the one under the other, observing to arrange the remaining 
ones with reference to another letter. Let there be ' 

5® -h 5® c® — a® c* — a® 2 a® c* + 6® -I- 2 6® c* + o® 6® 
to be divided by a® — 6* — c®. 

Arranging the Ist of these quantiti^^ v^ith reference to the 
letter a, the terms — a® 6® and 2 a® c®, should then be placed 
in the same column, in another, the terms + a® 6® and — a®o® 
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and in the lest column, the threeierms 4% + 2 6* c* and 4* 4* 
disposing them with r^^ucaio the letter ft, as may be seen in 
the next page. 

The Ist term — a* of the dividend being divided by the 1st 
term a* of the divisor, rives ~ a* fpt the first term of the 
quotient forming then, the products of this (quotient by all the 
terms of the divisor, land ehanribg the siras of their products 
in order to subtraot them from me dividen^j and writing in the 
same column the terms containing the^same power of n, w'e 
obtain, after the reduction of similar terms, the 1st remainder, 
which is now to be considered as the 2nd partial dividend. 

The first term — 2 o* 6* of this new dividend being divided 
by a*, gives the second term of the quotient — a* 6% theii form- 
ing the products of this quotient hy all the terms of the divisor, 
changing their signs to indicate their subtraction from the 
partial dividend, and placing ih Ihe same column, the terms 
containing the same power of a, we get, after the reduction of 
similar terms, the 2nd remainder, vmich we take for the Srd 
partial dividend. 

The operation being continued in the same manner with this 
2nd remainder and the following ones, we shall have three 
terms in the quotient; the last or which being multiplied by 
all the terms of the divisor, furnishes products which, being 
subtracted from the 4th remainder, exhaust it entirely. The 
division being thus exactly performed, it follows that the divisor 
is a factor of the dividend. 

Changing the signs of the products of the quotient by the 
divisor; and then adding them to the dividend, amounts indeed 
to the same thing as leaving their signs unchanged and sub* 
tracting them from the dividend, but the process here adopted 
makes in many cases the operation more clear and easy. 
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DMwr, Dividend. 

0*6* + 6* 
0 * 0 * + 26 * 0 * 
+ 6 * 0 * 


Ist Remainder, — 2o*6*+ a*6* + 6* 
+ a^o*— 0 * 0 * + 26 * 0 * 
+ 6V 

+2a*6’--2o*6‘ 

—2aW 


2 nd Remainder, + o*c*— >, 0 * 6 * + 6* 

— ^*6’c*+26*c* 

— 0 * 0 * + 6’c* 

— o*c*+ 0 * 6 * 0 * 

+ 0 * 0 * 

Srd Remainder, — o* 6 * + 6 * 

— 20*6*0* +2/>‘c‘ 

' + 6 * 0 * 

+ 0 * 6 * _ 6 * 

— 6 * 0 * 

4th Remainder, — 2o*6*c* + 6 *o* 

+ 6*0* 

+2o’6*c*— 6*0* 

— 6 * 0 * 

No Remainder, 0 

XLVIII. The form under which a quantity appears will 
sometimes immediately suggest the factors into which it may 
be decomposed. Suppose for example, we have, 

8 o* — 4 o’ 6 * -I- 4 o* + 2 o* — 6 ’ + 1 

to he divided by 2 o’ — 6 * + 1 f this divisor forming the three 
last terms of the dividend, it is only necessary to see if it 
is a factor of the' three first terms, but these have evidently 
4 o* for a common factor, for 

So* — 4 o* 6 ’ -f 4 o* =5: 4 o* (2 o’ — 6 ’+ 1 ). 

'^Tbe dividend thus may be represented by 

4o’(2o* — 6 ’ + l)+*to* — 6 ’ + 1 
« (2o’ — 6 ’ + l)(4o’ + 1) 


II*— •6*— C* I m^d^rnemmd ft ^ 

+gaV— 
+a^^aV 


QuoiienL 

+ aV — 6*c* 
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ilie division then is done by inspection, by cancelling the factor 
2 a* — 6* + I, common to the dividend and the divisor, and 
the quotient will be: 

After some practice, methods of this kind will readily occur ‘ 
by which algebraic operations are abridged. 

By frequent exercise in examples of this kind, the student 
will easily learn to resolve a quantity into its factors. These 
resolutions are often rendered evident by indicating only, instead 
of performing the operations that present themselves. 

Examples in Division or Multiplication of 
Compound Quantities. 


Divisor and Quotient, or Multiplicand and Multiplier, Dividend, or Product, 

1. (o.r/y — (ih+z)4ta ^ ^Qnooy — 

2. ( — (2+4)s+‘<?) ( — 16o5f) ~ 40a.«* — i^axz, 

3. = — 9xy^, 

4. f ^ : 2/“- 

5- ('/*— y+1) = j/'+i- 

6. (x* — aj?+fl) = "J?* — (ff — d)x^ — {ad — c).v\-cd, 

7. .i'y+®y)( = .. .v\x'—;vY-\-ie'—y^). 


9. [— M7»(2a?’— ~aY J (a»y — <^ax>y) ~ ( ~ —x* 

* a* 

being a common factor) (-^ x*) 8y’)x2ajf] 

= ay (6a'y — — 3ay’). 

10. {^x*+Sax — «®) (2a/* — 3«raf+a’) —ix* — 9a*.®*-|-6a*a?— n*. 


11. («’+«') — a/’— »’+y. 

12. (a/'+a/’j^+a/y +a?y’+y*) (a/— y) — a/‘— y’. 

IS. a/*y fa/y*— y’) (a/+y) = a/‘— y‘. 

14. (.r,.*— -a/'y+a/’y’— .ry'+y*) (a/+y) = a?'+y’. 

15. (.®“+a?’y+a/y’+y’) (az—y) = y*. 


Hence we may conclude, that a/" + y» is divisible by the sum 
of the roots a/ + y, and <»" — jT by their difference when the 
exponent is an odd number. Hut a/" — y" is divisible by the 
sum and also by the di^’-'uice when n is an even number. 

H 
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. 16. (2**+6«— 7) (ar— 8) = ... 4<»*+4»*— 29«+21. 

17. (6a — 8»m6 — 5c) (6a — 8m6 — 5c) or (6a — 8 mb — 6c)* = 

8 6a‘+9m ’5*+25c* — S6abm — 60acHh805cm. 

18. (4<r*— ~8y+7a) (4di*+8y — Ha) = 16a*^—4i2ay — 490* — 9y*. 

19. (3®+%)* (a»-T2y)* = 248»‘— 16S»V— 2l6«’y’+144af*y* 
+48V— 

20. (5a*—4fc’+8c») (6i»’— l) = 25aV— 6o*— 206*d?’— 46* ' 
+ 15c*®’-— 8c*. 

21. (®*-(-8®’-|-4)(®’ — 16) = ®* — 8®* — 124®* — 64. 

22. (3a— .26+8c)(6a+156— 2c— 4rf) =s 18o*+88a54-42ac 
— 12a<i— 306’-|-1245c -f- 8M— 16c*— 32cd. 

28. (16a®— 8a — 106®-|-5»w® — 26 — m) (Sbar — 6) = 

b (75a®* — 3aar-f-8a — 506®’ — 25iw®* — 10m®-t-26+m). 


24. (11® — lly-j-11 .^)(2ay — 2o®) = ]la®(4^ — ^2®— a) 
4-1 lay (a — 2y). 

25. (4a*®’ — y6*+®*)(5®*— 20a*) = 20a*(6*y — 4a*®*) — 
6®*(6*y — ®*). 

26. (IM __ (10c*6+5ac) = o6(116c+18a) — 30c*6*. 

5c 2 

18a-*6’ ^ 4a*6-* _ 8a 

7c-*d-* 9c‘d* 76‘cd*’ 


11 a.’"+*6’»-’ 

8a~*6~”cd 5a~'*6’ * * J5cd 

29. (a”‘+6'’— 2c")(2a’”— 36) = 2o**+2o"5»’ — 4a"c" 

__ Sa’"6— 86»’+*+66c“ . 

80. (2a®~®”6’*+®4-3a"+'6*+®-)-c’’ ) (a’"~’6'“*"— co'’ ) 

_ _2o*^***+®6*+*C— ... 


8a»+“+*6"+*c — a^ c*"^* . 

81. (®^48o”'®~^— lOa*"®-*) (a*®«-f-5a“+*®«+»’ — ^2a**+*®»4%') 
=ft*®«-®'+8a”+*®«-^+3a*"+»®M— 56a**+*®«+20a**+*®»+«. 

82. (8o*-®"6c”*-«+17a-»6’*+') (8o*^*6*"c’--*"— 8) 

= 9a®*+*6**+V“*"-|-61®^6’^‘c*~‘*' ^24a*^6c**"* — 

186o-«6*<-‘. 

88. (2a5’-i-5a*6’— ]7o’6) (-~a*6*4v^|-a*6) =* 8a^b'*—iaV 
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^ ^a'T— -5-o'V^ Ila“b* = ^ (126**— 28o’6*— 10*0*6* 

2 4 4 4 

— 5o*6’— 17o*.) 


84. («oW— 2aW— 3o6V— 76c*) (a'6c’-.4o6c‘) = 
6oVc’— 22o‘6'c*+5o*6V+ 1 2o*6V— 7a*6 V+28o6V = 
«6'c‘(5a*6— 22o*6c+5a‘6c*+12a6c’— 7ac*+28c*.) 


, 2 a’ 6 ‘ 3 


oV/ 


35. ^ o«6‘+6o6*) _2«-6) = ^ 

5 4 X 5 


tL 

40 


f ^ 0 * 6 *— 12 o* 6 ’ = ^ (8a*— 47o’6+180«6’— 4806*.) 


86. (2o-V— 3o*‘) ( — o-*«’+7o-V+8a V,) — ...— go"*.®’ 
+170-V— 5a>'— 24o*«* = a?*(— 2o-®+17o-*af— 5a>*— 24a‘a-*.) 

2a*c » V / o . So* 


/ a C , 4 \ / 

+ l “■’Xj- 


+c’) = 


o’c , a*c 
“ 6 ^ 


7o'c 

6 ’ 


3o*c , o’c* 2oV 

6 ’ T" T“ 


38. (a’d* — 2ocd’ + c’d* -(- ac*d)(ad — cd) =: a’d’— 3a‘cd’+. 
Sac’d’— c*d*+a’c’d*— ac’d’ = d’(a’d— 3o'cd+3ac’d— c’d 
+aV — ac*.) 

39. (o®"*-"6*’»+'c— o*”‘+*"-'6*c’*+6'c’") («-"6-^'+6c*-') = ... 

a*“-"6®’’c— o**^'*“'6i“'’c“+ a~"6~'c”+ o^~"6''p+*c" — 

40. (o"’+3a"-’6*— 6o“-*6®") (a"6"— 7a”-’6*’‘) = a’"+"6'*— 
4o'^"-'6*" — 27o”’^"“*6*"+42a"*^”~*6*". 

2^-«m^*fi-3 8o6"-y _ 86"-*y»"+®or’"-* 

7o'"6*c 14a"'“'c 

2c*(l+»’)’ 7d»»’ _ <^(1+2’)* 

dW* 'l4c‘/(l +«’)-« c'/V ' 

43 ~5o*a~"fe“ . 3 

6 eaFb~*cd* 8 o*’+’"d* ’ 


8 o" 6 * _ go*”-**-* 

7(»+wi)~* T 6*”*^ 
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0/‘ Algebraic Fractions. 

XLVI. By applying the process of algebraic division to 
two quantities of which the one is not a factor of the other, the 
impossibility of performing it, becomes evident, since we arrive 
in the course of the operation at a remainder, of which the first 
term is not divisible by that of the divisor. To give an ex- 
ample : 

4- a+d 

ab‘ 

1st Remainder, — ab* -f- ^b* 

b^ 


^nd Remainder, 6“ 

The first term, — a A*, of this $?nd remainder cannot be 
divided by o*, the 1st term of the divisor ; so that the process of 
division is arrested at this point. We mii>ht, however, as in 
Arithmetic, add to the quotient a 4- A, the fraction 

— 


having the remainder for the nmnerator, and the divisor for the 
denominator; the quotient will consequently have the expres- 
sion, 


« 4" ^ + 


— ab^ 
a* 4- 


It is evident that the division must cease when we arrive at 
a remainder^ of which the first term contains the tetter with 
rejerence to which the terms are arranged in an inferior power 
to that of the same letter in the \8t term of the divisor. 

XL VII. When the algebraic division of two quantities 
can not be performed, the expression of the quotient remains 
indicated under a fractional form, having the dividend as 
numerator and the divisor for denominator ; to carry it to the 
highest degree of simplicity, we must see if the dividend and 
divisor contain some common factors, which might then be 
cancelled. Rut when the terms of the fraction are polynomials, 
the common factors are not so easily discovered as when they are 
simple quantities, they are generally found by a method ana- 
logous to that which is given in arithmetic for finding the 
greatest common divisor of two proposed quantities. 

, As no relative magnitudes of algebraic expressions can be 
assigned so long as we do not give values to the letters whicli 
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they contain, the denomination of greatest common divi- 
sor therefore, applied to these expressions, ought not to be taken 
altogether in the same sense as in arithmetic. 

In algebra, we are to understand by the greatest common 
divisor of two expressions, that which contains the greatest 
number of factors in all its terms, or that which is of the high- 
est degree, (27.) Its determination rests, as in arithmetic, 
upon this principle: Every divisor common to two quantities^ 
must divide the remainder after their division. 

The demonstnilion given in arithmetic is rendered clearer by 
employing algebraic symbols. Indeed, let A and B be the two 
proposed quajitities, D their common divisor, Q the quotient 
of the division of A by /i, and R the remainder, we have : 

A = BQ+R; 

dividing then both members of the equation by the common 
divisor D, we get 

A BQ It 

D I) D'' 


and making ^ ^ ^ = b, quotients wbieli are exact by 


bypotliesis, the above equation will be changed into 

a = JQ -j- whence a — .* 

but since the first member, which in this case is composed of 
the same terras as the second, is now a whole ninyber, li must 
necessarily be divisible by D. ' 

Reciprocally, every divisor common to the quantities 13 and 

R must divide A; for making -^=6 and ^ ~ 

A BQ ^ R 

J 

becomes '^ = bQ + r : 


thence it follows that A is necessarily divisible by Z) if d and r 
are whole numbers. 

Agreeably to these principles, we begin^ as in Arithmetic, 
byJrying whether one of the quantities is not itself the divi- 
s^^of the other ; if the division cannot he exactly performed^ 
we divide the first divisor by the. remainder a7id so on ; and 
that remainder^ which will exactly divide the preceding^ will he 
the greatest common^ divisor of the two proposed quantities. 
It will however be necessary, in the divisions indicated, to have 
regard to what appertains to the nature of algebraic quantities. 
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-We are not, in the first place, to seek a divisor common to 
the two algebraic expressions, unless they contain common let- 
ters ; and we must select from them a letter, with reference to 
which the proposed expressions are to be arranged, and take as 
dividend that expression in which this letter has the highest 
exponent, the other being the divisor. 

Let there be the two quantities 

Sa* _3a*6 + o5* — 6* 

4a*6 — 5ab* + 6* 

which are already arranged with reference to the letter a ; the 
Ist is taken for the dividend and the 12nd for the divisor. From 
the very beginning a difficulty presents itself which we never 
meet with in numbers, and this is, that the 1st term of the divi- 
sor will not exactly divide the 1st term of the dividend, on 
account of the factors 4 and b in the one, which are not to be 
found in the other. But the letter b being common to all the 
terms of the divisor, but not to those of the dividend, it follows 
(40) that b is a factor of the divisor, and that it is not of the 
dividend. Now every divisor common to two quantities, can 
only be composed of factors which arc common to both ; if 
then there be such a divisor with respect to the two quantities 
proposed, it is to be looked for amongst the factors of the quan- 
tity 4 — 5 ah -j- which remains after having cancelled b 

of the quantity 4 a*b — 5 aV -f- 6’, so that the question re- 
duces itself to finding the greatest common divisor of the two 
quantities, 

3a’ — 8a"6 + aV — 6* 

— 5a6 -f b\ 

For the same reason that we may cancel in one of the pro- 
posed quantities the factor 6, which is not contained in the other, 
we may likewise introduce in this last a new factor, provided 
it be not a factor of the first. By this step, the greatest com- 
mon divisor of these quantities, wdiich is composed of those 
factors only Avhicli are common to both, will not be aifected. 
Taking advantage of this principle, we must multiply tlie quan- 
tity 3 a® — 3 a'6 -t- a6® — 6® by 4, which is not a factor of the 
quantity 4 a® — 5 a6 -f- bi\ in order to render the 1st term of 
the one divisible by the 1st term of the other. 

In this manner we shall get as dividend, the quantity 
12a® — 12a’6 + 4a5® — 46®, 
and for divisor the quantity 

• 4a* — 5a6 +-6’, , 

and the partial quotient will be 8a. 
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Multiplying the divisor by this quotient, and subtracting the 
product from *he dividend, we shall get for remainder 
8g*6 + g6* — 45' 

a quantity which, according to the principle stated at the com* 
menccment of the present article, must have with 4 a’ — * 5 a6 
-j* 6% the same common divisor as the first. 

Availing ourselves of the remark made above, we suppress 
the factor 5, common to all the terms of tbis last remainder, 
and multiply it by 4, in order to render the first term divisi- 
ble by that of the divisor. 

The dividend will then be, 

12o' + iak — I6b\ 
and the divisor, the quantity 

4o* — 5ab + 

and the quotient thence arising is 3. 

Multiplying the divisor by this quotient, and subtracting the 
product from the dividend, we get the remainder, 

19a5 — 195*; 

the question is now reduced to finding the greatest common 
divisor to this quantity, and 

W — Sab + 5*. 

But the letter a, with reference to which the division is made, 
being contained in the remainder in the 1st degree only, while 
it is of the second degree in this divisor, it is this we must take 
for the dividend and the remainder for the divisor. 

Before beginning this new division, we expunge the factor 
19 5 common to both the terms 19 a5 — 19 5' of the divisor, 
and not being a factor of the dividend, we have then for divi- 
dend the quantity 

4a* — Bab + 5*, 

and for a divisor a — 5. 

The division leaving no remainder, shews that a — - 5 is the 
greatest common divisor required. 

By retracing these steps, it may be proved a posteriori^ that 
the quantity a — 5 must exactly divide the two proposed quan- 
tities, and that it is the most compounded quantity of those 
that will divide the proposed quantities. Dividing then the two 
proposed quantities by a — 5, we obtain, 

3a* — 8a*6 + aV — 5*, and 4a*5 — 6a6* + 6*, 
which can be resolved as follows; 

(So* + 6*) (a — 5), and (4a5 — 5*) (o — 5) 
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XLIX. When the quantity, which is taken for a divisor, 
hag several terms containing the letter, with reference to which 
the arrangement is made, of the same degree, great attention 
is required, without which the operation Would not terminate. 
For example: 

Be the given quantities; 

a*6 + ac* — d\ and ab — ac + d\ 

Preparing the operation as for a common division : 
nb — oc + d® I + oc* — 

I — a^b + — ad* 


Remainder, aV + oc* — — d* 

1)V dividing, first, a* b bv a 6, we find for the quotient a ; mul- 
tiplying the divisor by this quotient, and subtracting the pro- 
ducts from tlie dividend, the remainder will contain a new term, 
in wliid; o will be of the'^second degree, viz. c, arising from 
tbe product of — rr c by a. Thus no progress has been made ; 
for by taking the remainder, 

o * c -f- a t‘* — «d* — d* 

fur a dividend, and multiplying by 6, to render the division by ab 
possible, w'e have ^ 

ab — 00 + d* I a^bc + ofcc* — abd^ — fed* I etc 

\^^bc + o V — o rd* I 

Remainder, + a6c* — oed* — abd^ — bd^ 

and the term — a c produces still a term a* o*, in which a is of 

the second degree. 

To avoid this inconvenience, w’^e must observe, that the divi- 
sor a 6 — a c + d' a (J) — c) + d\ by uniting the terms 
ah^a c into one ; and, for the sake of simplifying the calcu- 
lations, we make h — c =: m ; the divisor will be a m + d*; 
but then we must multiply the whole dividend a* 6 a c* — d^ 
by the factor ni, in order to obtain a new dividend, of which 
the first term be divisible by the quantity a wi, forming the Ist 
term of the divisor: the operation then becomes 

am + d* I a^bm -|- ac^m d*/?i I ab^c* 

1 — a*bm — gfed* | 

Ist Remainder, — a6d* -f ac*m — d^m 

— <rc*m — c*d* 

2nd Remainder, — abef ^ — d^m. 

The terms involving a* now disappear from the dividend, 
and there only remain the terms which have the first power of 
a. To make these disappear, we divide, the term by awi, 
and we get for a quotient c* ; multiplying the divisor by this 
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quotient, and gul)tracting the products from the dividend, we 
obtain the Snd remainder. TaKing this second remainder for a 
new dividend, the factor d*, which is not a factor of the divisor, 
can then be cancelled, we then have 

— •— c* — dw, 

whicl), being multiplied anew by m, becomes 

am + dM •— ohm — — dm* I — b 

I + abm + 5d* | 

Srd Remainder, bd* — 6*m — dm*. 

The remainder fed* — of this last division, contain- 
ing a no longer, it follows, that if in the proposed quantities 
there exist a common divisor, that divisor must be independent 
of the letter a. 

Arrived at this point, the division can no longer be continued 
with reference to the letter a ; but obfierving that if there be a 
common divisor, independent of a, to tbe two quantities fed* — c*m 
— dm* and am -[- d*, it must divide separately the two parts 
am and d* of the divisor ; for in general, if a quantity is arrang- 
ed with reference to the powers of the letter a, every divisor of 
this quantity, independent of a, must divide separately the 
quantities multiplied by the different powers of this letter. 

To be convinced of tbe truth of this observatian, it is suffici- 
ent to observe, that in this case each of the quantities proposed 
must be the product of a quantity dependent on a ainl of the 
common divisor, which does not depend on it. Now if we have 
for example, the expvessioii 

Aa^ + + C«* + />a + JB, 

in which the letters A, C, Z>, E designate any quantity 
whatever, independent of a, and if it he multiplied by a quanti- 
ty J/, also independent of a, the product 

MAa^ + MBa^ + AfCa* + MDa + ME 

arranged with reference to the letter a, will contain still the 
same powers of a as before ; but the coefficient of each of these 
powers will be a multiple of ilf. 

This being premised, if we restore for m its value fe — c, which 
this letter represents, we have the quantities 

— c* (6 — c) — d (fe — <?)* and a (b — a) +d* ; 

and it is evident, that fe •— c and d* have no common factor ; the 
two proposed quantities then have no common divisor. Were 
it not evident by the mere inspection that there is no common 
divisor between fe — c and d*, it would be ne(;e8sary to seek their 
greatest common divisor, by arranging the several terms with 
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reference to the same letter, and then to see if it would not also 
divide the quantity 

bd^ — c^ (b — c)^d(h — c)\ 

L. Instead of deferring’ to the end of the operation, the 
investigation of the greatest common divisor, independent of 
the letter with reference to which the quantities are arrai)gpd, 
it is less troublesome to seek it at first, because, as it frequently 
happens, the remainders of each partial operation become with 
eacli new step more and more complicated, and the process 
more difficult as we advance. 

Let there be, for example, the quantities, 

aV/ + — a V — a^hc^ — 

a^b + + 6^ — a'c — a be — 

After having arranged them witli reference to the letter <7, and 
uniting such terms as have the same factor, we have 
(h^ _ c^) -f. (h^ _ be^) 

(/> _ c) + {(/ — be) a + b^ — b^a 

observing, in the first place, that if these quantities have a com- 
mon divisor independent of it must divide each of the quanti- 
ties multiplied by the different powers of « (41)) , as well as the 
quantities 6V — ftVandft’* — which do not contain this 
letter. 

The question is reduced then to finding the divisors common 
to the two quantities b^ — o* and h — c, and verifying afterwards 
whether amongst these divisors tliere is one that will divide at 
the same time 

b^ — bc^ and 6* — 6c, 5*c* — 6V and 6* — 6*c. 

Dividing b^ — o* by 6 — c, we find an exact quotient 6 -f- c ; 
b — c is therefore a common divisor of the two quantities b^ — c* 
b — c, Avhicli can evidently admit of no other, since the quan- 
tity 6 — c is divisible only by itself ajid by unity. We must now 
ascertain whether 6 — c will divide the other quantities referred 
to above, or whether it will divide in the same time the two 
proposed quantities ; this is found to be the case ; we have thus, 

(6 + c) a* + (6 + 6c) «® + bV -f- 6'‘c®. 

+ 6a + 6" 

In order to reduce these two last expressions to the greatest 
degree of simplicity, we must try if the first is not divisible by 
6 -b c ,* we find upon trial that it is. and there only remains to 
find the greatest commop divisor of the very simple quantities 

+ 6a* + 6V 

a* + 6a + 6*. 
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Proceeding with these as the rule prescribes, we arrive, after 
the second division 

a* + 6a + 6* a" + 6a* + 6*c* a* — 6* 

_ _ ba* — 

— «^6* + 6V 

+ a*6* + a6* + 6^ 

at the remainder 4* a6* -f* 5V -f- 6* 

containing the letter a of the first power only ; and as this re- 
mainder is not a common divisor, we conclude that the letter 
a does not make a part of the greatest common divisor sought, 
which therefore can be composed only of the factor 6 — c*. 

If, besides this common divisor, we had found another con- 
taining the quantit>’ cr, it would have been necessary to multiply 
together these two divisors la order to obtain the greatest com- 
mon divisor sougfit. 

After having acquired some practice in analysis, these remarks 
will enable the student to find in every case the greatest com- 
mou divisor; we shall find without difficulty that the quantities 

6a* + 15aV> — 4a V — 10a^6c% 

Qa^b — 27 a’' 6 c — Qahc^ + 1866 *% 
have for their greatest common divisor the quantity 

3a« _ 

LI. The four fundamental operations^ viz. addition, sub* 
traction, iiiultiplica-tioii an<l division are performed on algebraic 
fractions as in arithmetical fractions, observing only to proceed 
in the operations prescribed by the rules of arithmetic, accord- 
ing to the methods given for algebraic quantities. In referring 
here to tliose rules, we give an example of the application of 
each. 

The sum of the fractions 

a h c 

d " IT 

which have the same denominator, or 

a I a + b + 0 

^d^ ^ d d ~ 

The difference of the fractions 


which have the same denominator is 

a h a— h 
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do 


The whole number a being joined to the fraction 
pression becomes 


the ez« 


, o 

d — ass 

C 

Agaia the expression 
c 


a — 


ac 

c 

ac 

c 


c c 

Reciprocally the expression 
oc -|- 6 


the expression 


ac 

0 

ac 


c 

h 


ac^ 


^ h 
=a + — 

c 


LII. The fractions being brought to the same deno-^ 

minator become respectively 

ad be 
bd ’ bd 

when the proposed fractions are equal, we find ad = be ; divid- 
ing the two numbers by cd and calling q the quotient, we have 

ad a be u , r j 

== — =s q ; — - — ~ — q^ whence a cq^b — dq 

cd c cd d 

whence It appears that the two terras of one of the fractions are 
precisely these of the other multiplied by a common factor. 

The fractious 

a c e g 

d”' 7*’ T 

by the same reduction become respectively 
adfh vbfh ebdh ghdf 
6^’ bdffi 6^’ b^[ 

In the note to pages 19, ^0 and 21, we have given a method 
to arrive, in most cases, to a more simple denominator than that 
which results from the general rule. The algebraic symbols, faci- 
litate in a great measure its application, as we shall see. 

If, for example, we have the two fractions , it is ob- 

bc hf 

vions, that if f were a factor of the 1st fraction and c of the 
second, the two denominators would be the same ; therefore 
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multiplying the two terms of the first fraction by /, and the two 

terms of the second by c, we obtain the fractions and 

bcf bcf 

which are more simple than and which would 

^ ^ bbof bbcf 

have been obtained by the i^iitiplication of each fraction by 
the denominators of all the other fractions. 

It follows from this, that if the numerator and the denomi- 
nator of a fraction contain the same letter, it can be cancelled 
without altering the value of the fraction. 

Ill general, to form the epmmon denominator^ we collect into 
one product all the different factors raised to the highest pow^ 
er found in the denomintkors of the proposed fractions ; and 
it remains only to multiply the numerator of each fraction 
by the factors of this product^ which are wanting in the deno» 
minator of the fraction. 

Having for example the fractions 


4/’ ^cg 

we form the product b’^cfg^ and then multiply the numerator of 
the first fraction by fg^ that of the second by bcg^ and that of 
the third by ty, and we obtain : 

nfg bcdg b^ef 

LIII. For multiplication, we have 

a ac a c ac 

__ X c „ X 

For division, 

be — to be divided by c, then or X — , 

6 be b c 

be to be divided by then ^ x — 

b d b c be 

Tlie terms of the preceding fractions were simple quantities, 
bnt if we had fractions, the terms of which were polynomials, 
we should have to perform by the rules given for compound 
quantities, the operations indicated to be done upon simple 
quantities; thus we have; 

.. » — 4 ^ Aa^ -f 6*) (a — 6) _ a® + u6* — a*b — 6* 

c qTd " ^ d **(c + d)'(c — d) d*’ 
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The quotient of the fraction, 


a* + 6* 


divided by 


c + d 

"" + d) (a — b) 

and so of other operations 


b a* -f» 6* c d 

d c + d a — 5 

aV + b^c — a^d — b^d 
ad — be — fed 


LIV. Understanding what precedes, we can resolve any 
equation of the Ist degree, however complicated. 

If we have, for example, the equafJoii 

+ 4 6 »fe * _ „ JL1_ 
a — fe J 3 a + fe 

we should begin by making the denominators disappear, indi- 
cating only the o])erations; we shall then have 

(a + fe) (.77 — c) (3 o + fe) + 4 fe (3 a + fe) (a — fe) = 

2 tj? (a — fe) (3 a + fe) —»a c {a — fe) 

performing then the multiplications indicated, we shall find 

8a’'<j? + 4afe«:p+fe\t?~3 a*o — 4 a fe c — fe* o + 1 2 a® fe — 
Safe* — 4fe* = 6a*^ — 4a6a? — 2fe*a7 — a*c + ofec 

and transposing into one member, all the terms involving a?, we 
shall obtain 

— 3a*a7-|-8afea?-f-3fe*a7 = 

2a*c-l-5afec-[-6*c — 12a*fe-|-8afe*-j- 4fe*, whence we 
conclude 

, 2a*c+5a6c-|-fe*c — 12a*fe-j-8o6*-}"'^^* 

— 3a*^8afe-{"8fe^ 


Examples in Division in which the Divisor is not 
an aliquot part of the Dividend 

1 , — — = 1 + a + a* + a* 4 * 

1 — a 

2 . ^ = 1 — a 4 4" 

1 + a 


= 1—141 — 1 4 1 ?*- &c. 



REDUCTION OF FRACTIONS. 


. C c he . ,b*c Vc , • 

a + 6 ^ a or a* 

- . e r , 6c , 6*c , 6V' . * 

Jft ;,jV; — - = — 4- . + — 4 . _ -j- &c. 

^ : h — 6 a a or 

1+.T 

6 . 14^ = Irf + 2 a?* + 2 a?* + 2 a?‘ &c. 

1 — j' ' 


Examples inli^liction of Fractions. 


7 . 

7 


4 Sai 


^r-"T 


tn;>R£Fa!«Cfi( 

1 - J.-l = 


82(ia?— 42c6 -h287rf — 56rf 
564 


ab ac , e ^ m 


‘ ** 

^ah^dn — 2 a 6 Vw 4 - 2 cdcn — h^cdpir- Wedn 
Wedn *♦ 

. 3,1 1 . i 664 4- 2c4 — c 6 4 8«64 

’■ T + iM 


7ffl + 3cd , 9a — 3cd _ 

10. ; + 3a =» a, 

4 4 

11 . 5a — 56 — 10c+ ~ + -’”- = ... 

2 e ' 3 m 


SOcT? (rt — 6 — 2c) 4 3rfn + 2cw. 

6c/z 

12a ~ 7c 7a^7c , . 

12. 6 = a — 0 , 

5 5 

13. a + Sbc-Sbd + ^IZ^^Lzl^.^ 

' ^ he — m 

2o6c — 11^ 6W -z3abd 4- ^6*rf'*-— 

~9«’6 — Serf **130*6^^6 cd , 6 — 6^a 

lx. ”-7 ' "' '’■" ^ 4 -ITT 1 - ^ ^ 


13. a -{- 36c — 564 4 


7 14 

1 — m 1 — m 
15. ' — "" -■■ — — ^ —■■■'— — - — 

a — 0? a + X 

1 f 5 ( 1 + my , (1 — «»)* 

• 1 _ m' 1 + m‘ 

jiy a h 

o + 6 0 — 6 


. i 37 <J' 
gar ( 1 —m). 
a* — ar‘ 

2(1 + m’) 

1 — wi‘ 


a* + 6‘ 
o‘ — 6 '‘ 
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18. 


O* + 6* 



ab 


10. r j. 8c^ + w 

^ (a — !?df)* (a -(- ») (a — 

p 1). 

a — ScT* 


,] (2a + Zw) 


20. ac* (» + ^ ) + (26* + 5a) (c’« — ey*) 
c 

6c\aa — JL by) — Wc*ai =» 0 . ^ 


Simple Eqimtiom. 

LV, Although no general precise rule can be given for 
forming the equation of any question whatever; there is not- 
withstanding a precept, the application of which, if well under- 
stood, will not fail to lead to the proposed end. This is it : 

To indicate by the aid of algebraic signs^ upon the known 
quantities^ represented either by numbers or letters^ and upon 
the unknown quantities^ represented always by letters^ the 
same reasonings and the same operations^ which it would have 
been necessary to perform in order to verify the values of 
the unknown quantities^ if these had been known, 

^ In making use of this precept, we must in the first place 
determine with care, what are the operations which are con- 
tained in the enunciation of the question either directly or by 
implication ; but this is the very thing which constitutes the 
difficulty of putting a question into an equation. 

We shall now give examples to illustrate the application of 
the above precept. 

1. There are two fountains^ the first of which running 
for hours i fills' a certain cister^ru; the second fills the same 
cistern in 3| hours ; in what time will^they fill it when both 
fountains run into the cistern in the same time ? 

If the time were given, we should verify it by calculating the 
quantities of water discharged by each fountain during that 
time, and then adding the results, we should be certain that 
they compose the totality of water that the cistern can contain. 

To form the equation we express the unknown time by a?, 
and we indicate upon 07 the operations iinmlied by the question ; 
but in order to render the solution indAendent of the given 
numbers, and in the same time to abri(^; the expressions of 
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those quantities where fractions are concerned, we will re* 
present them also by letters; a being written instead of 
And 6 instead of 3Jh. This being supposed, by putting 
the capacity of the cistern equal to unity, it is evident, 
that the first fountain, which will fill it in a number of hours 
denoted by o, will discharge in one hour a quantity of water 

expressed by the fraction — , ( for were the fountain to fill 

a 

the cistern in 4 h. it would fill in one hoar the i part of it) and 
that consequently it would furnish in a number of w hours, the 

1 /V 

quantity X — or — • 

d a 


The second fountain, which will fill the same cistern in b 
hours, will discharge in one hour a quantity of water expressed 

by the fraction ; consequently in a number of a? hours it 
b 

• \ w 

will furnish the quantity a? X -7“ -v-* 

o b 


The total quantity of water then furnished by the two foun- 
tains will be 



But as this quantity of water must be equal to the quantity 
that the cistern is cai)able of containing which has been taken 
for unity, we have the equation 



This equation reduced by the preceding rules, becomes 
6 0? -b a a? » a6 
ah 

a? 

a 5 

This last formula, gives this simple rule for resolving every 
case of the proposed question. 

Divide the product of the numbers which denote the times 
employed by each fountain individually in filling the cistern 
by the stm of these numbers ,* the quotient eivpresses the time 
required by the two fountains running together to fill the 
cistern. 

Applying this rule to the particular case given in enunciat- 
ing the present problem, we have 
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2»+3J_-|-+ ^ 

2 8 

75 

thence .r = — == or hour. 


12 . 

8 


50 

8 


2. Let it be required to divide a number a into three parts 
having amongst themselves the proportions of the given num- 
bers^ m, n, and p. 

It is evident that the verification of the question would be as 
follows : 

Expressing by <r the Ist part, we shall get 


m \ n \ \ as \ the second part 


nx 

m 


m p :: 00 : the third part = — 

m 

these three parts added together must make the number to be 
divided. 

We have then the equation 


07 + 


noo 


poo 


m m 

and by reducing all the terms to the same denominator //i, the 
equation will be : 

mx 4- nx + joo? == ma, or x (fn n + == »na 

and we deduce 


am 

00 

in + n + p 

This result is only the algebraic translation of the Rule of 
Fellowship given in Arithmetic; for by regarding the num- 
bers m, n and p as representing the stocks of several merchants 
trading in company, m + n + p indicates the total capital, and 
a the gain to be divided, and the equation 

am 

X == 

m + « -f- p 

indicates that a share is obtained by multiplying the corre- 
sponding stock by the total gain^ arid dividing the product by 
the sum of the stocks ; which reduced to a proportion becomes 
the total capital : a particular stock : : as the total gam : to 
the particular gain. 
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LVL The formation of the equation from the following pro- 
blem requires an attention to some things which have not yet 
been considered. 

S, Jn archer^ in order to encourage his son promises to 
give him 5 annas for every shot that should hit the dial^ hut 
requires that the son should forfeit 3 annas for every arrow 
that should pass beside it, Ajfter 40 shots the father and 
son settling their accounts,, the former is found to owe the 
latter lls, 8, 8 ans. How many of his shots hit the mark and 
how many missed it ? 

If we represent the number of successful shots by the 
number of the unsuccessful ones will be, 40 — .v ; if these num- 
bers were given, we should verify them by multiplying the first 
by 5 annas, to ascertain how much the father hns to pay the 
son, and the second by 3 annas, to obtain the number of annas 
which the son engaged to return to the father. The first sum 
must exceed the last by rupees 85 or 136 annas which the father 
owes the son. 

The first sum then, is 5 x of 
the second 3 (40 — a?). 

The condition that the first sum must exceed the second by 
136 annas, is expressed by the equation 

ho! — * 3 (40 — ,v) ==136 annas, 
or 5.1 — JSO + 136, 

or 8cr = 256 
a? = 32 

the number of unsiicvessful shots are consequently 

40 — 32 = 8. 

Indeed, 5 X 32 — 3 x 8 = 160 — 24 = 136 ans. = Rs. 8|. 

To render the solution general, we may represent the sum 
which the father pays his son for every successful shot by a, 
and that which the son has to return the father, for every lui- 
siiccessful shot by b ; by c the total number of shots, and lastly 
by </, the balance due by the father to the son, after the total 
number of shots. Representing, as before, hy cV, the number of 
successful shots, c — iV will be that of unsuccessful ones ; every 
shot of the first kind being worth to the son the sum a, .r shots 
would be worth a x or and the unsuccessful shots would 
be worth to the father the sum b ; c — w shots Would be worth 
b (c — 0?) ; which last sum subtracted from aw will give 

aw — b (c — w) ^ d or 
aw — be + bw == d 


K 2 
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As tins general formula indicates what operations must be 
performed on the given numbers a, c and iu order to obtain 
the unknown quantity it may be translated into the form of a 
rule, or we may w'rite, instead of the letters a, 6, e, d, the given 
numbers ; this last process is called substituting the values of the 
given quantities or putting the formula in numbers. Applying 
those of the foregoing problem, we obtain 

186 + 3 X 40 
5 + S 


by performing the operations indicated we get, as before 
186 + 120 256 


w — 


:S2. 


4. A town being seized with the plague^ part of its 

8 


inhabitants and 120 persons fell sick^ of which 


part and 


145 died ; on which S times as many persons as had died and 
1100 more, abandoned the town. After which a census being 
madCf it was founds that the number of the inhabitants was 


reduced to 840 souls less than the th part^ previous to the 

8 


calamity. How many persons remained ? 

Let w stand for the number of inhabitants, the number of sick 
is then expressed by 

-i ® + 120 

and those that died 


^ ^ + 120) + 145 or -L (-Lot + 656) 

and the inhabitants leaving the place, is denoted by 

— a? + 555 + 1100, or-^ a? + 1655, 

8 o 


after which, the number of inhabitants is reduced to 


4--- 340 
8 

which quantity must also express, the number of inhabitants 
remaining in town, after deducting the dead and those that left 
the place, we have then the equation 

« 4- (4- ® + 555) — (i- 0? + 1656) = 4- — 340 

3 8 8 o 
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multiplying by 8 and then by 8, or at once by 24, and simpli- 
fying, the result of the equation becomes 

w = 86000. 

5. A trader gives Rs- 1200 per annum for the expencea of 
his family^ after the first year he finds that he had increased 
his remaining fortune by one-fourth part ; the 2nd year after 
defraying the same expences^ he gained one^third of what he 
has remaining^ and the 3rd year, he gained one-fifth of what 
remained after paying the usual domestic expenves. He then 
found he had increased his primitive stock by 50 per cent. 
How much had he at first ? 

Let liis fortune be expressed by cT, 

then X — 1200 + — (a? — 1200) ot ~ x — 1500 
4 4 

= Remainder after the 1st year. 

— X — 1500 — 1200 + 4- (_ a? — 2700) == — a? 

4 3 ^^4 ^12 

— 3600 == Remainder after 2nd year. 

— tv — 3600 — 1200 + J- (A a? — 4800) = — x 
8 5 3 ^3 

— 4800 ■— 9C0 = — 5760 = l-A x. 

2 

OX ~ 576’OOand x — 11520 
his first stock of trade, 

6. A cask capable o f holding 146 gallons^ was filled with a 
mixture^ of wine^ brandy and water. There were 15 gallons 
of wine more than there were of brandy^ and as much water 
as both wine and brandy. What quantity teas there of each ? 

Let X represent the number of gallons of brandy, 
tT + 15 will represent that of wine, 
and 2 a? + 15 = number of gallons of water, 

+ a? + 15 + 2x + 15 = 146 
.*. 4 a? -{- SO = 146 or 4a? = 116 

a? = 29 

consequently there were 29 gallons of bvandy, 44 of wine, and 
73 of water, 

7. To remove four articles of furniture^ I required for 
the 1,9^ article two coolies, for the 2nd three, for the 2rd four 
and for the ^th five. After giving the first set of men one 
pile of pice and one pice more ; to the 2nd*set, one pile and 
four pice more ; to the Srd one pile and five pice more, and 
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to the ^th one •pile and nine pice more^ I found that each 
man of the ^rd and ^th set had received the same number of 
pice. How many pice were in each pile ; how many pice 
did each man receive^ and how many pice did I distribute f 
Let tV represent the number of pice in one pile ; 
then the 3rd set of men received, w + 5, and as four men were 


engaged, each received the fourth part 


0? + 5 


by the same reasoning, each man of the 4th set received, 


^ + 9 


but since each cooly of the 3rd and 4th set received the same 
number of pice, vve have 

a’ -J- 5 ^ -f- 9 

4 5 

whence .r = 11, the number of pice in a pile 


each man of 

the 1st set received 

JS + \ 

0 

== 6 

pice ; 

ditto of the 

2nd set 

received 

X + ^ 

3 

= 5 

pico; 

ditto 

3rd 

do. 

X + 5 

= 4 

pice 

ditto 

4tli 

do. 

. 1 ? + 9 
5 

= 4 

pice 

and I distributed 2 x ^ 

3 + 3x5 

+ 4 X 

: 4 + 

5 X 4 = 63 pice. 


8. J Baboo, one-third part of whose property consisted of 
cash, and the remaining two-thirds of bad debts, bequeathed 
his estate to his four sons under the following conditions : that 
the eldest should come in for a quarter more than the share of 
the second son^ who was to receive a third more than the share 
of the third so7i ; to his fourth son, who was a merchant, he left 
the whole of his bad debts., of which by dint of perseverance, he 
recovered all but the ^th part; had he got Hs. 15,600 more^ he 
would have cleared a sum equal to three times the share of the 
second son. How much did each son receive f 

The operation will be facilitated by taking the property left 
to his third son as the unknown quantity, or w, 

1 4 

then the second son will have received x 4- — w or w 

8 3 

and the eldest + — x — w or — co 
3 4 3 3 

his whole property in cash was therefore the sum of these three 


shares v + 


4 5 12 
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The bad debts amounted to double that sum or 8 a?, of which 

he recovered 8 a? x or — a? 

7 7 

04 4 

— a? + 15600 = 3 X — a?, multiplying by 7 

24 cv + 109S00 == ^8 .V 

ti* = ^7300, is the number of rupees the 3rd son 
received ; consequently the Snd received 

27300 + —— = 36400. 

3 

^ 64.00 

The eldest received 36400 + = 45500. 

4 

The cash amounted therefore to 


27S00 + 36400 -f 45500 = 109200, 
and the bad debts to twice that sum, or 218400 ; 

3 

and the share of the 4th son is the — th of that amount 

7 

~ (218400) = 93600; 

but had he received 15,600 more or 109,200, his share would 
have amounted to thrice the share of the second son, or 
3 X 36,400 = 109,200 ; this solution agrees with the condi- 
tions of the question. 

9. j 4 Gambler playing at cards ^ won four times as much 
money as he brought with him ; he then lost Its. 5, afterwards 
he had to pay for his ewpenses one rupee less than, two-thirds 
of what he had remaining. On the next night.^ he brought 
07ily half the money he brought on the preceding nighty 
and began by losing Us. 7, ^ as. less than secen times what he 
had ; after ivhich he won by betting Rs. 225, 8 as. Paying 
then for his expenses^ which amounted to half of what he had 
remaining : he found that he had as many rupees remaining 
as he brought home on the preceding night. How much did 
he bring with him on the first night f 

Supposing X was that number of rupees, then x + 4x — 5 or 
5 X — 5 is the sum he liad after gambling, of which he spent one 


rupee less than the |rd, viz. 


— 5— [A(5a? — 5)— 1] = 
5x — ! 


15,1? — 15— 10a?+10+3 


3 

the sum he brought home on the first night. 
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^ As gains are treated as positive quantities, losses must be oon* 
sidered as negative quantities, therefore on the second night, 

when he brought with him only — , his losses and gains should 

be expressed 

— (7x i — 7, 8 -|” 225, 8 as. which added to—, the sum he 

2 

brought with him, is -f L .® + 7 , g as. + 225, 8 as. « th« 


sum remaining, and paying one-half of it, he had the other half 
equal to 


J1 — _!L a? 7 , 8 as. -f 225, 8 as. 


— 6cV + 466 - 
; but this remain- 


der is the same as that of the preceding night, viz* ~ ~ ■ — we 


have then the equation 


5<v — 2 466 — 6^ 

—j j 

whence =x 37* 


10. J woman was carrying eggs to market^ to defray the 
CiVpences on her way thither^ she gave three eggs less than ^rd 
part of the total number of her eggs. On her return from 
market^ where she had sold the remaining of her eggs at the 
same price of one pice a piece ^ she spent ^th part of the pro^ 
ceeds for her evpences home^ which amounted only to the half 
of her precedmg expences. How many eggs had she on setting 
out ? 

If X be the number of eggs she had, her expences on her way 
to the market, are then denoted by 



Subtracting 


this quantity from < 1 ?, we get 


2.t? 

¥ 


+ 3 


a remainder 


the ^th part of which, being the half of what she had spent at 
first, we obtain the equation, 


2 

2 


(iL_8) = i- (i."’ + 8) 

8 ^ 5 S 

or 5a? — 45 = 407-}- 18 
/. a = 63. 
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11. A gentleman unacquainted with numhera^ bequeaths 
his estate^ vafued at Rs. 62,260, to his three friends B and 
C ; to A he bequeathed the half of his property plus Ra. 1,000, 
to B the i part plus Rs. 2,000, and to C, the i plus Rs. 4,000, 
How much was each to receive agreeably to the testator^s will f 

It is ovident that the sum of the three shares must make up 
the whole property, and as the sum of the three fractions alone 
surpasses unity, we must look for a number, of which the three 
shares, agreeably to the testator’s will, amount to Rs. 62,260. 
Be that number ai 

then + 1000 will be A’s share, 

2 

^ 4. 2000 B’s share, 

o 

and — + 4000 C’s share, 

4 

... 6a? + 4-® + 3a? + 7000 x 12 = 62250 x 12 
or 13 a? == 663000 ,v == 51000 

Substituting this value of x in the 3 shares of J, B and C 

A’s share = 25500 + 1000 = 26500 

B’s share = 17000 + 2000 = J9000 

C’s share == 12750 + 4000 == 16750 

Sum of the three shares or the amount bequeathed == 62250. 

12. A man when he married was three times as old as his 
wife ; but 18 years after, he was only twice as old ; what 
were their ages on their wedding day f 

Suppose the woman’s age was x years, 
then that of the man was Sx 

hut 18 years after, each was 18 years older, and then his age 
was double that of the woman’s, which, translated into algebraic 
language, is indicated by the equation, 

2 (a? + 18) == Sa? + 18 or 

2 iP .j. 36 = 3 a? + 18 a? = 18, the woman’s age, and 
8 X 18 = 64 years, was the man’s age. 

13. When a boy was asked how many geese he had, he 
replied : If J had as many mwe, plus a third part as many 
more, and nine and one-third geese, I should have 308 geese. 
How many geese had he ? 

Suppose he had x geese ; then by the nature of the question 

a? + T + -g- + = S08, multiplying by 3 

Sx + Sx+x-^- 28 = 924 or 
7 a? = 896 .-. X = 128. 
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14. A Baboo bought a horse at an auction^ hut finding 
it to be unsound^ he sent it to a Veterinary Surgeon^ to whomy 
as it was only apparently curedy he agreed to pay per cent 
of the dear produce of a resale by AuctioHy viz: after deduct* 
ingthe Auctioneer'* s commission of 8 per cent, which amounted 
to Rs, 3<S. The Baboo then found he had lost 20 per cent, on 
his bargain. How much did he pay for the horse ? 

Let 00 represent the number of rupees the horse was sold 
for on th^. Baboo’s account, of which 8 Rupees in a hundred, 
amounted to Rs. 38 : we have then the equation 

100 

or 8 ^ = 3800 and or = 476 the resale 

the clear produce of which was 476 — 38 — Rs 437 
of which sum the veterinary’s, charges of 12 per cent, must be 


deducted, viz. 437 — or 487 — 


44=:rRs. 384,56, 


the sum the Baboo received after deducting all charges, but 
this is 20 per cent, less than what he paid for the horse ; sup- 
posing he paid y Rupees for it, we may then form the equation: 


or 


384, 56 


— y 
^ 100 

100 jr — 20 y = 38456 

... y » Rs. 480, 7 


the price he paid for the horse. 

15. A sailor in a tavern borrowed half as much money 
as he had about him and then spent Rs. 3 : 8 ans. Going to a 
second tavern he borrowed twice as much money as he had 
remaining and then spent Rs, 1 : 8 ans. From thencOy he 
went to a third taverny and after borrowing as much money 
as he then had and paying for his eoopenceSy which amounted 
to Rs, 2:8, he proceeded to a fourth taveruy but finding no 
one there who would lend him money y he spent only his last 
eight anas remaining. How much money had he at first f 
how much did he borrowy and what did he sp^nd? 

Supposing he had w Rupees, then 

ill Ist tavern, a+ _ — 3: 8 = —a? — 8 : 8 is what he had 
2 2 

remaining. 

9 OP 

12, the remainder on leaving the second tavern. 
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In Srd tavern, — 12 4--^ -12— 2: 8^:9.47 — 26: 8 

2 2 

is ivhat he had remaining. 

In 4th ditto, we get the equation 9 <v — 26 : 8 ■= 8 annas, 
or 9 4J = 27 /. <e — 8. 

The sum he borrowed was then as follows : in the first tavern 

1? Q 

in the 2nd, 8 » — 7; and in 8rd, -^47 — 12, as|^ substitute 

ing Rs. 3 for we get jt 

1 : 8 -|- 9 — 7 + 13: 8 — • 12 = Rs. 6, the sum hffborrow- 
ecl, and having nothing leflb on leaving the 4th tavern, the 
sum Rs. 5 which he borrowed, plus the sum he brought with 
him, Rs. 3, make together Rs. 8, which ought to be equal to 
the sums he spent in the four taverns, viz. 

3: 8 + 1 : 8 -h 2 : 8 + 0 ; 8 = Rs. 8. 

1 6. Eighteen pupils of the 1^/ a7id %nd Classes obtained 
prizes; the mine of a prize of each scholar of the 1st Class 
is Rs. 4 : 8, and that of a prize of each scholar of the %nd Class 
Rs. 3:8: the value of ail the 18 prizes is Rs. 70. How many 
pupils were there of each class? 

Let the number of pupils of the 1st Class be a?. 

Then the number of pupils of the 2nd Class will be expressed by 
18 — 07, we then have the equation. 

4:8x.v + 3:8(18 — a?) = 70 
or 4 : 8 X cv -f 63 — 3:8 ^0 

the number of pupils in 1st Class ; 

then 18 — 7, or 11, is the number in the 2nd class. 

17. A boy being asked how many geese he had^ replied: 
if / had as many more and one third as many more and 9^ 
geese^ I then^ should have 308 geese. How many had he ? 

Supposli^ftl^had w geese, then we get the equation 

8 8 
7 4> = 924 — 28 

/, 47 = 128. 


1 2 
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Equations of the First degree ^with one unknown 


To find the value of ai. 

1. 6a? — 7 + 19 = 87 Ans. » »» 6. 


2. 10 


ojp. 


^ 1 2 “I" ^ 40 Sco "f* 86 Ans. w 48. 

*^3. f + -1 + 2^ =:± 9 — 5a> + 21+10 Ans. « — 5. 
8 8 


^ S<i? •*“ 11 ^<2? tV 

“F “ T 


1147—13 . , 13 . 

Ads. 0? =3 4 ~ 

2 14 


6 47, 8 — 247 , 10 

0. ^ a • O • O 


— 10 . 247 — 8 

~ A • o 


, 1 ? — 6 
2 


, 4 ? 47 _ 7 

+ T “ 4 10 


7 ^ ^ + ^=»4 — - 

2^8 


8 . v^l 2 + a? ==~\/ ® + 6 


» — 5 


Ans. /p cas 4. 


Ans. a? !=» 1 

5 

. Ans. » so* 8-|* 

18 , 

... Ans. » =- 4. 



14 . 


!-[-?» 1 — a> 


Ans. « «= 

^ b 
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16. 


16. 



20 . 


21 . 


22 . 


2S. 


25. 


26. 

27 . 


6* 


Ans. o) ■= o. 

4a 


« + ® “ V^®* -f ® v^6‘ + ii 
i + 3®’ ““ i \/4»* — 3a* = x a 

s. .== ;yiZ 
^ 4— 4a. 


Ans. 


\/a+d? "I- .^a — a? 

3 r~ 


6 Ans. w= —y'ia — 96*. 

% 






ts/aA^\/ijG — y/a^ Ans. 9o — j —, — — 

{^/o, — 


^ — ax — a — ^ a ~ ax Ans. 


4a — 1 


X 


4a 


\/ tr 4“ a = c — ^0? + 6 

Ans. O' = 

/ & I /_£_ ^ ^ / 46c 
^ a -f- 0? ^ a — X ^o* — 0?* 


^c* + ft — 


2c 


f-‘- 


An.. n, = !L<*-±f) 
6 — c 


_ 5 ?! An.. »,-■•’-* 


a + 6 <» a -f cx 

a/* + — \/» — v'®- = 4- /— 

* V A? 


•c* — aft 


+ V'a? 


Ans. « 


26 

16* 


~ ■? An.. » = *n. 

y-s—; — i \/ft* + ®* , ^4/a* — ft*. 

a “I" iP ss® "* y ' '^ ' Ans. *r — ^ , 

a ^ " 
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28. V^27 + a> + = 


Alts. « ss 9> 


ft. ^ iW + 2>if \/ s + ^ 

‘v'.v + i ^® + 86 

SO. — 

s/l» SO 


c,. fl'o? — fc* ji/aso — b 

»l. — = c+ ? ■ ^ — 




Adb. at 


1 —a 


n ''^r 


+ & 


s. ip= ji/d+ -_£l V 
a( ^ c~i; 


Qo 8<r -—1 — 1 ^ 

82 . -^ 7 =::.--— - = 1 + ^ r .. Alls. ^ = 3. 

V 8a? +1 a 


r^a? + v^a? + a? _ 

88. 19 ^ 

A LT-^tV = a? — 4 J v^a? 

18. / ham 80 seers of coffee^ of a quality I sell at 1»S anas 
the seer, and a large quantity of an inferior sort, which I sell 
at 8 anas per seer ; how many seers of this last quality must 
1 mix with the first to sell it at 9 anas the seer ? 

Ajis, 8S0. 

19. Strewing a rectangular place, whose sides are in the 
proportion of^\ 5, with^ebhles, if stood me at the rate o/ 15 
anas the cubit, and Ith^^enclosing it with an iron railing at 
Rs, 2 per cubit, cojst me thThse times as much. What was the 
length and breadth of the place ? 

Ans. 3^ and 2—. 

75 51 

20. Tfic coat of paving with marble apath of 4 feet breadth 
round my rectangular garden, which is 8 feet longer than 
broad, amounted to Rs 2,800> at the rate of R. 1 ; 12 the 
square foot. How long is the garden ? 

Ans. 108 feet. 

21. A person has a certatn number of rupees in his right 
hand, and another number in his left hand, in taking out one 
rupee from his right hand and putting it in his left,he flmds the 
number of rupeei in his right hand equal to that in his left ; 
but if he takes out one from his left hand and puts it in his 
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rights he finds the sum in his right hand just double that in 
his left. Required the number of rupees he had in each 
handt * 

Ans. B and 7- 

22. A person went to a market with 50 rupees and bought 
BO yards of muslin and jean together^ for muslin he paid 2 
rupees a yard^ and for each yard of jean he paid 8 anas. 
Required the number of yards of each sort ? 

Ans. 16| and SSJ. 

23. There are three numbers in arithmetical progression 
whose sum is equal to 2] ; and the product of the sum of the 
first and third by the common difference^ ts equal to four times 
the second term. Required the ^lumbers ? 

Ans. 5, 7^ and 9.. 

24. Four brothers A, B, C and D, occupy a piece of ground 
measuring \%\biggahs : the portion which A occupies is worth 
1500 rupees per btggah^ that of B, 900 rupees^ that of C, 600 
rupees^ and that of D, 500 rupees ; but the portion of ground of 
each being of the same value^ it ts required to ascertain the 
number of biggahs each of the four brothers possesses. 

A’s share 

B ,, H 

C „ 8^ 

andD „ 4^. 


25. Find out two numbers^ such that if 8 be added to the 
second^ the sum will he twice the first number ^ hut if 8 be sub- 
tracted from the firsts the difference will be one fourth of the 
second ? 


Ana. 12 and 16. 

26. There are two numbers in the proportion of two to three 
and the sum of their squares is eqvhal to 468. "'^Required the 
numbers f 

Ans. 18 and 12. 

certain number of trees in the form of 
6r, hut increasing every row by 5, I want- 
square. Required the number of trees ? 

Ans. 10,500. 

by B stealing apples^ who insisted on 
he had and slv apples more^ the same 
from C, D, and E, the last leaving him 
many had he at first f 

Ans. 872. 

, their strength throwing the discus^ 
their throws sidded together were S^ifeet ; A, threw a certain 
number of feety B o^^^any as A and 16 overy but C, missing 


27. On planti^ 
a square I had ^ 
ed 949 to eompb 

28. A was Ci 
having half of 
treatment he me\ 
only 12 applesy 


29. A, B, imd 
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hh thrown reached only a fifth part of their throws added to- 
gether. What distance did eaeh throw f 

A 127i, B mh and 0 54. 

80. J woman went to market with fowls and ducks^ oggs^ 
of which the number of the last exceeded that of the first by 
SIO. She gave two of the first for three pice^ and sold the 
whole of her eggs of both sorts for Rs* 5 : 8 ans- 9 p. ; but 20 
eggs of the first sort bring her in 10 pice more than 80 of the 
latter sort. How many fowls and how many ducks'" eggs 
had she^ and at what rate were the latter sold ? 

Ans. 90 'and 800, 3 ducks" eggs for 2 pice. 

81. Ofn fishing rod consisting of two parts^ the upper part 
is to the lower as 5 to 7, and § times the upper part together 
with 8 times the lower^ exceeds the whole length of the rod by 
fO® inches. Required the length of the rod. 

Ans. upper 45, lower 63. 

82. A steamer to go down the river from A to a dis- 
tance of c miles., through the middle of the stream.^ takes a 
hours ; in returning H moves nearer the bank., where the 
stream loses ^ of its strength., it requires h hours. What is 
the velocity of the stream per hour., and at what rate would 
the steamer ply in smooth watei ? 

Sc(b — a) ^ , c(Sa + &b) 

Ans. — == velocity of the stream., and 


^rate per hour, of the steamer. 

. 83. To divide a number into 4 shares, so that the first share 
is increased by 3, the second diminished by 8, the third muU 
tiphed by 8, and the fourth divided by 8, the four shares shall 
be equal. The sum of thi^ four shares bemg equal to seven 
times the \st share tag^^thsi^ tmih the Srd share increased by 

Ans, 18, 19, 5J, 48. 

84. I bought four empty casks, and found on trial, that to 
fill the first cask from the second, required 1 § the contents of 
the second, and filling the second cask from the third, it leaves 
the third one-twenty-fifth full, hut filling the third cask from 
the fourths leaves it one-fifth full ; lastly, emptying the 4ith cask 
into the there wanted 61 gallons to fill it. Horn many 
gallons does each cask hold ? 

Ans. 176, 96, 100, 125. 


85. A quantity of rupees were to be distributed as prices to 
siou boys, the Ist priae was half the whole "sum and half a ru- 
pee more, the 2nd was half the remainder and half a rupee 
more, and so on for the Srd, 4tth and 5th prizes ; the 5th was 
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one rupee which wae all that was left. Hew many rupees 
were distributed^ each prixe consisting of a whole number of 
rupees f 

Ans. 63. 

36. The ingredients of a loaf of bread wmghing ] 6 lbs* were 
floury salt and water. Adding ft lbs, to the quantity of salt 
will make it equal to the weight hf the flour ; and the weight 
of the water together with that of the salt is the 3rd part of 
the weight of the flour. What were the weights of the three 
ingredients f 

Flour l%lbs.^ water 3 Ibs.^salt 1 lb, 

37. A packet sailing from Dooer with a fair wind^ arrives 
at Calais in two hours^ and on its return^ the wind being con- 
trary ^ it proceeds six miles an hour slower than it went ; now 
when it is half way over^ the wind changing^ it sails two miles 
an hour faster^ and reaches Dover sooner than it would have 
done had the wind not changed^ in the proportion of 6: 7. 
Required the rates of sailing^ and the distance between Dover 
and Calais. 

Ana, The distance is 22 miles, and in returning it sails 
5 and 7 miles an hour. 

38. Six hundred persons voted uppn a disputed question, 
which was lost by a certain number. The same number of 
persons having voted again upon the same question, it was, 
from some change in circumstances, carried by twice as many 
as it was before lost. Hqw many changed their tntnds ? 

Ans. 160. 

89. The gas contractors engage to light a shop with 5 large 
and 8 small burners, but having by them only one large burn- 
er, supply the deficiency with five small ones. The shopkeeper 
not finding this light sufficient, procures two metre small burn^ 
ers, and at the same time agrees for the light to burn double 
the usual time on Saturday nights, for which additional gas 
he was required to pay £\. 11^. How much did he pay alto- 
gether. 

Ans. 6 guineas. 

40. A and B set out from two places, C and D, at the same 
time towards E ; the road from C to E being through D. A 
tmwls 7 miles an hour, and at that rate of travelling would 
have overtaken B 6 miles before he got to Es but after arriv- 
ing at D, he travels 6§ miles an hour, in consequence of 
which he overtakes just as he enters E. Supposing B to 
traoel 6 miles an hour, what are the distances between C, D, 
and E. 

Ans. From C to D 14 miles, and from D to E 40. 

M 
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41. A ae nli^ an wishing his two daughters to receive equal 
portions whmthey became of age^ bequeathed to the elder the 
accumulated interest of a certain sum of money y bought at the 
time of his death into the 4 per cent stock at 88 ; and to the 
youfiger the accumulated interest of a sum less than the for- 
mer by £3y500i bought at the same time into the 3 per cent at 
68. Supposing their ages at the time of their father’' s death to 
have been 17) and 14» what would he the sum bought into the 
stocks in each qaecy and what would be the fortune ofeaoh^ 

Ans, The sums would be and «£’4,S00 ; and fof- 

tune ^1,400. 

42. Two persons A and B, start at the same time for a 
race which lasted sir minutes. Now after galloping four mi- 
nutes at the same uniform pace at which each startedy the 


distance between them is 


1 

440 


th part of the whole length 




the course. They continue to run for one minute more at the 
same speed as at first ; and then B, who is lasty quickens the 
speed of his horse 20 yards a minutCy and comes in emactlytwo 
yards before A, whose horse had run at the same uniform pace 
throughout. It is required to find the length of the course f 
. Ans. 3 miles. 


43. Out of a common pack of cardsy a certain number in- 
cluding the 10 o/ diamondSy was dealt equally amongst four 
personsy the dealer turning up the last cardy which was the ten 
of spadesy which he gave himself Ifow if twice the number 
of cards had been dealt to each, the ten of spades being turn- 
ed up by the dealevy and the ten of diamonds being still dealt 
outy the chance of the dealer^s having the ten of diamonds 
would be tc the chance against him as 3 10. Required the 

number of cards dealt to each the second time. 

Ans. 10. 


44. Two companies of soldiers consisting of equal numbers 
were sent out under A and B, from two hostile camps, to re- 
connoitre. Falling in with each other, a skirmish ensued in 
which A lost 50, killed and prisoners, and B had 20 killed. A 
however having been reinforced by a party equsU to five- 
sevenths of the number which B had remaining, and B having 
been reinforced by a number greater by 46 than three-fifths of 
the number which A had remaining, they renewed the engage^ 
menty when A was forced to retire with the additional loss of 
SO men. When the returns were made, ^ found he had agmn 
lost 20 meny but that he hud then twice as many men remain- 
ing as A had. Hjow many had each at first? 


Ans. 90. 
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46. A sportsman^ who kept an account of the number of 
birds which he killed^ found that each snccd$ding season 
he wanted 50» in order that the number killed might bear the 
proportion of 8:2 to the number killed in the preceding year. 
In the fourth year he found that he had killed fewer than 
three times the number killed in the first year. How many did 
he kill the first year f 

• . Ans. 180. 

46. Several detachments of Artillery divided a certain 
number of cannon balls. The first took 72, and one-ninth of the 
remainder; the necot 144, and one-ninth of the remainder; the 
third 216 and one-ninth of the remainder; the fourth 288 
and one-ninth of those that were left^ and so on, when it 
was found that the balls had been equally divided. Deter- 
mine the number of detachments and balls. 

Ans. 4608 balh^ and 8 detachments. 

47. A entered into a canal speculation with 14 others^ and 
the profits of this concern amounted in all to £595 more than 
five times the price of an original share^ seven of his former 
partners in this affair^ joined with him in a scheme for navi- 
gating the said canals with steam-boats^ each venturing a 
sum of money less than his former gains by riP178. But the 
steam^boats unewpeotedly blowing up^ A found he had lost 
jP419 by themy for the company not only never recovered the 
money advanced^ but had lost all they had gained by digging 
the canals and £888 besides. What were the prices of shares 
in the two concerns originally f 

Ans. £^00 in the first speculation^ and dPlOO in the second. 

48. A merchant wishing to buy a certain quantity of pimen- 
ta^ the price of which he calculates at the rate of 5 bags for 
£89 transmits to his foreign agent the requisite sum of money. 
Before the order arrives^ pimenta has risen in value ; and the 
money is stifilcient only to buy a quantity less by 18 bags than 
that which the merchant intended. It appears also that as 
many bags as exceed one-third of the intended quantity by 5^, 
will now cost : 7«. more than they would have done^ had 
the price not varied. What is the quantity purchased ? 

Ans. ^82 bags. 

49. Four men walking abroad found a purse containing 
shillings only 9 out of which every one of them took a number 
at a venture. Afterwards comparing their numbers together 9 
they found that if the first took 25 shillings from the secondy 
it would make Aio number equal to what the second had left. 
If the second took SO shillings from the thirds his money would 
then be triple what the third had left. And if the third took 
40 shillings from the fourth 9 his money would then be double 
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what the fourth had left. Lastly^ the fourth talcing 60 
ehillinga from the fir at ^ he would then have three times as 
much as the firH had lefU ttnd five shillings over. What had 
each. 


Ans. 100, 150, do, and 106 shilling respectively. 

50. Fifteen current guineas should weigh 4 ounces ; hut a 
parcel of light gold being weighed and counted^ was found to 
contain 9 more guineas than was supposed from the weight ; 
and a part of the whole^ esfceeding the half ^ 10 guineas and 
a half was found to be l^osr. deficient in weight. What was 
the number of guineas? 

Ans. 189. 

51. A merchant bought a quantity of wheat for ^SOO, half 
of which he reserved for his private use. He then sold 5 bush- 
els more than | of the remaining quantity at such a price as 
to gain 40 per cent. But the price of wheat having advanced^ 
he sold the remainder at such a price as to gain 67 per cent, 
by what he sold. And had the whole been sold at this latter 
price he would have gained 160 per cen\. How much did he 
buy 9 and how did he sell it f 

Ans. He bought 400 bushels ; and sold the first portion at 
14 shillings i and the second at S6 shillings per bushel. 

5%. Four jolly companions A, B, C and D began to drink 
a hogshead of beer ; A, B and C, to finish a hogshead m 


63 3 

19 days ; A, B and D emptied the same quantity in 17 yjj 

44 

days ; B, C and D took 16 days;' and to A, C and D a 

1 


hogshead lasted only 15 


15 

29 


days. 


In what time will each 


•alone finish a hogshead, and how many days will the same 
guanttty last, if all four drink in company f 

Ans. A 60 daySi B in 70, C in 50, and D in 36 
A + B -}- C + D i« 12 days. 


S3. A boy took a minutes to eat up an apple pie % himself 
alone, another finished a similar pie in b minutes, a third in 
0 minutes, and a fourth tn d minutes. Happening to have 
only one pie amongst them four, each eat with double avidUy, 
In what tima wtU they finish, it ? 

jns. 

2 {pbo -f oM + acd + 6cd)* 
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54. Engaging a number of cooliea to remove my furmture, 
I found that by giving each b picOt J should empend e pice leas 
than I assigned for that purpose, but that*! should be losing d 
pice in giving each cooly a pice. How many cooliea were em- 
ployed ; and bfw much did each get f 

Ana. The number of cooliea employed, was ■ ^ 


The number of pice to each cooly, 

a — b 

55. Which is that number, whose product by 1 is as much 
above 30, as the quotient of that number by 1, is under 30 f 

Ana. 8—. 

5 

56. In order to meet my eoapencesy / ought to have a monthly 
income of Ra. ^l5--^ut it wants consi^robly of that sum. 
Were my income 4^ times as great as it realty isy then I should 
be able^ not only to meet my expenses^ but even to save as much 
above my income^ as I am now deficientv What was my 
income ? 

Ans. Rsr S60. 


67. A wine merchant has 80 cases of gin^ each containing 15 
square bottles^ which he sells for Rs. 18. Sinccy however y he 
deems this price too high for his customersy he wishesy as he 
intends to deal fairlyy to add at much water to ity as will ena^ 
ble him to sell the case of mixed gin for Rs. 11. How many 
square bottles of water must he add to it f 

8 

Ans. 768 — square bottles^ 

18 


< 

58. My purse contains 471 pieces of Sicca and Company's 
Rupees, the joint value amounts to 491 Company's Rupees. 
How many of each eort are there in it f 

Ana. 300 Sicca and 171 Company's Rupees. 


LVI. The questions trhich we have hitherto considered, 
involve only one unknown quantity, by means of which, with the 
known quantities, all the conditions of the question have been 
expresses. It is often found mord convenient, in some ques- 
tions, to employ two unknown quantities ; but then there must 
be, dther expressed or implied, two conditions, in order to 
ibrm two equations, without which Um two unknown quan- 
tities cannot be determined independently of each other, viz. 
the values of the unknown quantities cannot be expressed in 
known quantities alone. 
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Tbd qneslion in art. 5, especially as it is enunciated in art. 7, 
presents itself more naturally when expressed with two unknown 
quantities, viz. with^both the numbers sought. 

Indeed if we denote 

the lesser number by w ^ 

the greater by y 

their sum by a 

their difference by b 

we shall have agreeably to the enunciation of the question 

y + w =: a 
y — 

Each of these two equations being considered by itself, we 
cannot determine one of the unknown quantities. If, for exam- 
ple, we deduce the value of a? from the 1st equation, we get 


^ ^ =S8 a y 

a value which seems at first to teach us nothing with regard 
to what we are seeking, since it contains the quantity y which 
is unknown as well as co ; but if, in lieu of the unknown quan- 
tity (T, in the second equation, we substitute this value, the 
second equation containing now only one single unknown quan- 
tity y, will give the value of y by the same way as in the preced- 
ing examples. 

Indeed, by this substitution we have 

y — («.■— = * 

or 2 y — a = b 


and substituting this value of y in the first cqnatiou, then 


0 + 6 
~T~ 


+ ® 


or 2af + « + 6==2o 



which are the same expressions for the unknown quantities as 
in art. (7). 

It is easy to see, that the above solution does not 'differ in 
reality from that of (7) only we have supposed and resolved, 
the second equation y — b, which we contented ourselves 
with enunciating in common language in the article cited, and 
concluding, without any algebraic .calculation, that the greater 
number was w + b. 

Let 08 take other questions. 
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69. A journeyman working at a baboons house^ 12 days^ 
and hnmng with him during the first 7 days^ hia two aona^ 
received Rs* 4 : 10 ; being afterwards employed for eight 
days on the same conditions^ and having his sons with him 
during Jive days^ he received only Rs. 8 : 2 for this time. It 
is required to know how much he earned per day for himself 
alone^ and how much in the same time did hia two so7is earn f 
Let a be the daily wages of the man, 
y^ that of his two sons ; 

12 days" work of the man will amount to 12 
7 days" ditto, his two sons, 7 y ; 

then by the first conditions of the question 

12 + 7 y = Rs. 4 : 10 =« 74 anas. 

Again, 8 days’ work of the man will give 8 

6 ditto, of his two sons, 5 y ; 

then by the second conditions of the prt^blem 

8 ^ + 5 y = Rs. 3 „ 2 = 60 anas 
and by a similar reasoning as in the preceding question, we 
take the value of y from the 1st equation, which is 

74 — 12 . 

y 

substituting this value of y, in the second equation, we get 

8, + 5 2i=iM_50, 

which contains but one unknown quantity x. 

By reducing it we have * 

66 « + 370 — 60 a? = 360 
or 870— 4 a? = 360, 

and transposing — 4 a; into the 2nd member, and 850 to the 
first, we get 

370 — 350 = 4 « 

20 = 4 w 
or 6 = «. 

Knowing the value of w, which we have just found equal to 
6, we^substitne this value in the form^a 

74 — 12 « * 

y= , 

the second member will be determined, for we haye 
74 — 12>t5 74 — 60 14 « 
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The man then earned 5 anas a day, whilst the two children 
together only 3 anas. 


LVII. The reader must have observed, that in resolving the 
above equation 370 — 4 a? = 860, we have transposed 4 a? to 
the second member : we have done so in order to avoid a slight 
difficulty, that would otherwise have occurred, and which we 
will now explain. 

By leaving 4^ in the 1st member, and transposing 370 to 
the second we have 

— 4^=860 — 870, 

and reducing it according to the rule in art. 19 there will result 
— 4 = — 20. 


But as in the preceding article the sign — which affects the 
quantity 4 has been i^voided, by transposing this quantity 
to the other member, and that in like manner, the quantity 
S50 — 870 becomes by transposition 370 — 860 ; and since a 
quantity, by being thus transferred from one member to the 
other changes its sign (Nos. 4 and 18), it is evident, that we 
may come to the same result, by simply changing the signs of 
the quantities — 4 ^ + 360 — 370, which gives 
4 a: = — 350 + 870 
or 4 a? = 370 — 360 

which equation is the same as 

870 — 360 = 4 a? 


or we might change the signs after reduction, the equation 


becomes as above 


— 4} X = — 20 
4 0? = 20. 


Hence it follows, that may transpose indifferently^ to one 
member or to the other ^ all the terms involving the unknown 
quantity^ observing only to change the signs of all the terms 
in both members in the result^ when the unknown quantity 
has the sign — . 


LVIII. Before giving by means of letters, a general solution 
of the 18th problem, we will examine a particular case. Sup- 
posing that the first sum received by the journeyman to be 
Rs. 2 : 14, or 46 anas, and the second Rs. 1 : 14, or 80 anas, the 
other circumstances of the question remaining the same ; the 
equation will then be 

12 iP + 7 y = 46 

8 0? + 5 y = 80 
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the 1st gives 


y = 


46 1 2 X » 


siibi^tituting this value of y in the second equation 

j, , _.46 — 12x*v g 

8 ® + 5 ( )=30 


or 


8,+ !21=.«i£ =so 


and the denominator being made to disappear, by multiplying 
every term by 7, 

56 + 230 — 60 a? = 210 

or 56 a? — 60 r = 210 — 230 

or — 4 0 ? = — 20 

and the signs being changed agreeably to what has just been 
remarked, 

4 0? = 20 


X — 5. 


Substituting this value of x in the expression of we obtain 


y === 


46 — 60 


7 


and by reduction 


y= — 


14 
7 ' 


Now how is the slpn — , which affects the insulated quantity 
14 to be interpreted.'* We may easily conceive \\liat signifies 
the assemblage of two quantities separated fioin each otlier by 
the sign — , and when the quantity to be subtracted is less than 
that tiom which it is to be taken; but how can ue subtract a 
quantity when it is not connected with another in the member 
in which it is found ? To explain this kind of paradox, it is best 
to go back to the equations, which express the conditions of 
the question ; for the nearer we approach to the enunciation, 
the closer shall we bring the circumstances which have given 
rise to the present uncertainty. 

Resuming the equation 

12x + 7y = 46 

substituting for x its value 5, and it becomes 
60 + 7 y = 46. 

The sole inspection of this equation presents an absurdity. 
Indeed, it is impossible to form the number 46 by adding some- 
thing to the number 60 which exceeds it already. 

N 
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Taking the gecond equation 

8 0? + 5 y = 30 

and substituting 5 for jp, we find 

40 + 6 y = SO 

the same absurdity as before, since agreeably to this equation, 
the number 80 is formed by adding something to the number 
40 which is already greater. 

But the quantities 12 ti? or 60, iirthe first equation, and 8 ^ or 
40, in the second, express what the laborer earned by his own 
work, tlie quantities 7y and By represent the earnings attri- 
buted to his children ; whilst the sum 46 and 80 indicate the 
sums given for the common wages of the three ; we can now see 
in what consists the absurdity. 

Agreeably to the question, the man earned more by himself 
alone than he did when aided by his two boys ; the money 
therefore attributed to the work of his two boys cannot possi- 
bly augment the pay of the man. 

But if, instead of considering the allowance made to his two 
sons as a gain, we regard it as a charge placed on account of 
the laborer, then we must subtract that charge from the wage^ 
of the man and the equations would no longer involve a contra- 
diction, as they would become 

60 — 7 y = 46 
40 — 5 y = 80. 

We deduce from each of these two equations 

y == 2 

whence we conclude, that if the man earned 5 anas per day, 
his two sons occasioned him an expence of 2 anas, which may 
thus be verified. 

For 12 days of work, the man receives 
5 anas x 12 = 60 anas; 
the expence of his two children for 7 days, is 
2 anas x 7 == 14 anas; 

or 60 — - 14 == 46 anas, which remain. 

For 8 days work, the man gets 
5 anas x 8 = 40 anas 

the expence of his two boys during 6 days, is 
2 anas x 5 =» 10 anas 
40 — 10 = 80 anas, remaining. 

It is very clear then that in order to render the proposed 
problem in No. 56 with its conditions possible, we must substi- 
tute the following : 
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A laborer u'^orking at a Baboons house during 12 days^ 
having with him during the first 7 days his two sonSy who 
occasioned him an eapenccy received Rs. 2 ; 14, being afterwards 
employed during eight days on the same conditions^ having 
his sons with him during 5 daySy of whom he had again to 
hear the ea^pencesy he received /?. 1 : 1 4. It ts required to know 
how much he earned per day and what was the sum charged 
him for the daily expenses of his two sons? 

Calling X the daily wages of the laborer and y ther dailv 
expence of his two boys, the equations of the problem will 
evidently be 

12cr-^7y = 46 
8 4^,— 5 y = SO 

which being resolved aftef the manner of those in art. 56, these 
equations will give 

X = 5 anas, ' y = 2 anas. 


LIX. In every case,’ where w^e find for the value of the 
unknown quantity, a number affected with the sign — , the enun- 
ciation of the question may be rectified in a manner analogous 
to the preceding, by examining, with care, what that (juautity 
is, amongst tho&e which are additive in the first equation, which 
must be subtractive jii the second ; but algebra supersedes the 
use of every inquiry of tl^i^ kind^ when ue have learnt to make 
a proper use of expressions affected by the sign — ; for these 
expiession>, being deduced fiom the equations of the problem, 
must satisfy those equations ; viz. in subjecting tliem to the 
operations indicated in the equation, the first number of the equa- 
tion must be found to have the same value as the second. Thus 


the expression 


— 14 
7 ^ 


drawn from the equations 


la® + 7y = 46 
8 0 ? -1- 5 y = 30 

must conjointly with the value of a? = 5, as deduced from these 
same equations, verify them botli. 

The substitution of the value of a?, gives iu the first place, 

60 + 7 y = 46 
40 + 5 y = 30 

14 

There remains to make the substitution of — == — 2 in- 

7 

stead of y, having regard to the sign — - prefi|:ed to the numera- 
tor of the fraction, we find, 

N 2 
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7xy — 7x — 2 = — 14 

5xy = 5 X — S=« — 10 
Hence the equations 

60 + 7 y = 46 and 40 + 5 5 ^ «= 30 
become respectively 

60 — 14 = 46 and 40 — 10 = 30 

are now verified, not by adding the two parts of the first mem- 
ber, but in reality by subtracting tlie second from the first, as 
was done above, after considering the proper import of the 
equations. 

LX. The data in the problem of No. 58, do not admit of a 
solution in the sense in which it -is fir^t enunciated, viz. by 
addition or regarding the presence of the two boys an accession 
to the wages of the laborer ; neither does the second enunciation 
consist with the data of the problem in art. 56; indeed, if 
in this case y is considered as expressing a deduction, the equa- 
tions thus obtained 

12c 17 — 7 y = 74 
S CO — b y — oO 

would give 

14 

w = 5 and y 

7 

and the substitution of the value of <r, will immediately change 
these equations to 

60 — 7 y = 74 
40 — 5 2 / == 50. 

The absurdity of these results i» precisely contrary to that of 
the results in art. 58, since it relates to remainders greater than 
the number 60 and 40, from which the quantities 7 y and 5 y 
are to be subtracted. 

The sign — , which belongs to the expression of y, does not 
only imply an absurdity, it also rectifies it; for, agreeably to the 
rules for the signs, 



and — 7 x — ^= + 14 

_5x — 2= + 10. 

By this means, the equations 

60 —•7 y = 74, and 40 — 6 y =. 50 

60 + 14 = 74, 40 + 10 y = 50 


become 
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and are verified by addition; and consequently the quantities 
— 7y and — 6y transformed into + 14 and + 10, instead of 
expressing expenses, incurred by the laborer, are regarde<l as a 
real gain : we are brought back again then in this case, to the 
true enunciation of the question. 

LXI. From the preceding examples we learn, that in the 
enunciations of problems of the degree^ there may be certain 
contradictions^ which algebra does not only indicate^ but points 
out also how they may be reconciled^ by rendering subtractive 
certain quantities which had been regarded as additive^ or 
additive certain quantities which had been regarded as sub- 
tractive^ or by giving the unknown quantities values affected 
with the sign — . 

It is this we are to understand, by the common expression, that 
the values aftected by the sign — , which are called negative 
solutions^ resolve the question in which they are found in a 
contrary sense to its enunciation. 

It follows fiLom this, that we ought to regard as but one sin- 
gle question, those of which the enunciations are connected 
together in such a manner, that the solutions, which satisfy one 
of the enunciations will, by a mere change of sign, satisfy the 
other. 

LXII. Since negative quantities re^solve in a certain sense 
the problems from uhich they are derived, it is proper to inquito 
a little more particularly into the use of these quantities, and to 
ascertain once for all, the manner of performing operations in 
which they are concerned. 

We have already made use of the rule for the signs, wdiich 
had been previously determfued for each of the fundamental 
operations ; but the rules have not been demonstrated for insu- 
lated quantities. In the case of subtraction, for example, we 
have supposed that from a, the expression b — c, was to be 
subtracted, in which the negative quantity — c, was preceded 
by a positive quantity b (^0.) 

It would be simple enough to reduce h — c to — c by making 
fc = 0, which would change the result into a+ c; but the rea- 
soning employed in art. 20 supposes the existence of the quan- 
tity 6, does therefore not seem to embrace this case. The theory 
of negative quantities being at the same time oije of the most 
important and most dilheult in algebra, it should be established 
upon a sure basis. To arrive at this it is necessary to go back 
to the origin of negative quantities. 

The greatest subtraction, that can be made from a quantity, 
is to subtract it from itself ; in this case we have zero for a 
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remainder; thus a — a — 0» But when the quantity to be 
fiubtracte<l exceeds that from which it is to be taken* we cannot 
subtract it entirely ; we can only make a reduction of the 
quantity to be subtracted, equal to the quantity from winch 
it was to be taken. When, for example, it is required to sub- 
tract 5 from 3, or when we have the quantity 3 — 5, we 
decompo«e 6 into two parts, 3 and S, of which the succes- 
sive subtraction will amount to that of 5, we may write 
then instead of 3 — 5, the expression 3 — 3 — 2, which is 
reduced to •— 2. The sign — , which precedes % shews what is 
necessary to complete the subtraction ; so that, if we liad add- 
ed 2 to the first of the quantities, we should have had 3 + 2 — 
6 or zero. We express then, with the help of algebraic signs, the 
idea that is to be attached to a negative quantity — n, by forming 
the equation a — // — 0, or by regarding the expressions a — a, 
b — b Sib symbols signifying zero. 

This being supposed, it will easily be understood that if we 
add to any quantity whatever, as a, the symbol 6 — 6, which in 
reality is but zero, the value of that quantity a, is not in the 
least altered, so that the expression ft + 6 — 6 is only another 
way of writing tlie quantity a ; which is however evident, since 
the terms + /> and — h destroy eacli otlier. 

But by this change of form, the quantities + b and — b have 
entered into tlie composition off/, it ib obvious then that to sub- 
tract any one of these quantities, it siiifices to ellace it. If it 
\fere + h that is to be subtracted from this quantity, there 
remains a — b ; if on the other hand it were — 6, that is to be 
subtracted, we have only to efface this last quantity, and there 
will remain a + 6 as may be inferred from art. 20. 

With regard to multiplication we obaerve, that the product 
of a — ahy + b mint be ab f//>, becau&e the multi])licaiHl 
a — a being equal to zero, the product must also be equal to 
zero, the first term being ah the second must necessarily be 

— ab III order to destroy the first. 

We infer from this, that — o, multiplied by -f- b^ must pro- 
duce — ab. By multiplying a by 6 — />, we have still ab — 
because the multiplier b — b being equal to zero, the product 
muot also be zero ; the second term must consequently be — ab 
in order to destroy the first + ab. Whence + a, multiplied by 

— 6, must produce — ab. 

Lastly, if we have to multiply — • a by 6 — 6, the first term of 
the product being, from what has just been proved — r/fe, the 
second term must necessarily be + ab^ since the product must 
be nothing when the multiplier is nothing. 

Whence — a multiplied by — 6, must give + ab. By collect- 
ing these results together, we may deduce from them the same 
rules as those in art. 31. 
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Af* the sign of the quotient, comhinerl with that of the divisor 
according to the rales for multiplication, must re-produce the 
sign of the dividend, we infer from what has just been said, that 
the rule for the signs given in art. 42 corresponds with the pre- 
sent case, and that consequentir, simple quantities when they 
are found insulated^ are combined with respect to their signs^ 
in the same manner^ as when they form a part of polynomials. 

LXIIL Agreeably to these remarks, we may always, wlien 
we meet with negative values, go back to the true enunciation 
of the question resolved, by seeking in what inaiiiier these 
values will satisfy the equations of the proposed problem ; this 
\\ ill be confirmed by the following example, which relates to 
numbers of a different kind from those of the question in art. 56. 

LX IV. Two couriers set out at the same time to meet 
each other front two towns, of which the distance is given ; 
we liYtOw also hoiv many miles each courier travels per hour. 
It IS Kquired to find at what point of the loute between the 
two cities they tv ill meet ? 

In order to render the circumotances of the question more 
evident, we draw a line 

j R B 

in which the points A and B represent the places of departure 
of the two couriers. 

We shall express as usual the given and sought quantities of 
the problem by small letters. 

а, the number of miles, per hour, which the courier 

from A travels. 

б, the number of mile# per hour, which the courier 

from B travels. 

r, the distance in miles of the points of departure A and B. 

The letter R represents the point where the two couriers 
meet. 

Lei be the distance A R passed over by the first courier, 

and be the distance B R passed over by the second, and 
seeing that 

AR + BR = AB 

we have the equation 

at + y = c. 

Considering that the distances .v and y are gone over in the 
same time, it is evident that the first courier who travels a 
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number of a miles in an hour, will employ to pass over the dis- 
tance a time expressed by — 

The .second courier who travels 6 miles in an hour, will 

employ in passing over the distance y, a time expressed by — . 

b 

We have then the equation 


The two equations of the question will consequently be, 


Multiplying both members of the second equation by «, to have 
w alone on one side, 

ay 

m == ^ 


substituting this value of x into the first equation, it will become 
from which we deduce 

ox y {a + b) = be 
be 

whence y 

Substituting this value of y ii^o the expression for the value of 
cT, we obtain ‘ ^ 

a _ be abe 


or lastly 


a + b b [a b) 


a + b 

As no — sign enters into the values of w and y, it is evident 
that whatever numbers are taken for a, b and c, we shall always 

* Supposing, to fix the ideas, that a courier travels at the rate of 12 
miles an hour, theo the time he will require to go over any space, say 48 

48 

miles for example, must be expressed by — s 4. Here 48 stands for 

e 12 

and 12 for a. 
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—A- -B 

find X and y with the si^ii -f-, and consequently the proposed 
problem \^ill be resolved in the precise sense of the enunciation. 
Indeed it \^ill easily be perceived, that in every case where the 
two couriers set oft* in the same time and travel toward each 
other, they must necessarily meet. 

LXV. Let us suppose now, that the two rnuriers settbig 
out of the same time proceedin the same direction^ the courier 
who sets 07it from A is running after the one that sets out from 
J?, who is travelling toivards a point C, beyond B with respect 
to A. 


-A- 

It is evident that in this case the courier who starts from A 
can onlv meet the courier who sets off from A, unless he travels 
faster tliaii the last, the point of meeting, 72, can no longer be 
betuecn A and 77, but must be beyond A, with respect to 
Having the same data as before, and observing that in this caa»e 

AR — BR = AB 

we have the equation 

x—y = r. 

The second equation 

X y 

a b 

expressing only the equality of the times employed by the cou- 
riers 111 passing over the distances AR and 777?, undergoes no 
alteration. ^ 

The two above equations, being resolved like the preceding 
ones give, 



y == c, or ay — by = be 
be 


a ^ be nbe 

b a ^b b (a — b) 
ac 



lastly 


X = 


a — b 
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Here the values of x and y will only be positive if a is taken 
greater than b ; viz. in supposing the courier from A travelling 
at a greater speed than the other. 

If for example, we make 

a a= 20 and b s=10 

then 

20.C 


X ' 




20 — 10 
lO.c 


20.O 

10 

lO.c 

10 


2c 


20—10 

Whence it follows, that the point of their meeting I?, is at 
twice the distance from than from B, or that Alt — ^ AB. 
Let us now suppose a smaller than 6, and take for example, 

a = 10 and 6 = 20 


we find 

lO.c 

lO.c 


10 — ^0 = 

-10~ ® 

and for 

„ - 20.e _ 

ge 


0 

1 

o 

1 

— 10 


These values being affected with the — sign, make it obvious 
that the question cannot be resolved in the sense in which it is 
enunciated ; indeed it is absurd to suppose that the courier 
starting from the point A^ travelling only at the rate of 10 
miles an hour, should ever overtake the courier setting out 
from /?, travelliug at the rate of 20 miles, and who is in advance 
of the first/ ^ ' 

. LXVI, 7’hcse same values resolve nevertheless the question 
in a certain sense ; for, by substituting them in the equations 

— y = c 
a b 

wc have by the rule for the signs 
— c + 2 c = c 

and Zlf = _ 

10 20 

equations which are satisfied ; for by making the reductions 
that present themselves, the Ist member becomes equal to 
that ot the second, and observing the sign of the terms u inch 
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compose the we shall see how the enunci«ation of the ques- 
tion ought to be modified to do away the absurdity. 

Indeed, it is the distance c corresponding to passed over 
by the first courier, wliich is in reality subtracted from the dis- 
tance 2 r, corresponding to y, and passed over by the second 
courier ; it is then just as if we had changed x into y and y into if, 
and had supposed that the courier setting off* from the point B 
had run after the other. 

This change, in the enunciation produces also a change in 
the direction of the routes of the couriers ; they are no longer 
travelling towards the point C, but in an opposite manner 
towards the point as represented in the following diagram : 


B li C 

and their point of meeting is in if'. Thence results 
BR^ — JR' == AB 


which gives 

and we have as before 


y — x=^c 


— = J?. 

a b 


or 




ay 


and 



c or by — ay — be y = 


be 


and by substituting the numelTcal value y — 


20 c 
10 


X 




ac 


b 


a 


and by the same substitution 


lO.c 


20 — 10 


c 


positive values, which resolve the question in the precise sense 
in wliich it is enunciated. 

LXVII. The question presents a case in which it is in 
every sense absnnl. This happens when we suppose the two 
couriers to travel at the same rate ; it is evident, that they can 
never meet in whatever direction we suppose *them to go, since 
they preserve constantly the distance of their points of depar- 

o 2 
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ture. This absurdity, which no modification in the enunciation 
can remove, is very conspicuous in the equation 

a b 

and since a — by becomes 

== JL 

a a 

which gives x = y. 

Thus the equation x — y = c reduces itself into 
X — X = c or o == c 

a very absurd result, since it supposes a given positive quantity 
c, to be nothing. 


LXVIJI. This absurdity shews itself in a very singular way 
in the values of the unknown quantities, 


ar 


y = 


be 


a — I) a — 6 

their denominator a — h becoming o when a — b ; 


X = 


ae 

o 


y = 


he 


AVe do not easily perceive what may be the quotient of a 
division when the divisor is zero ; we sec merely that if we 
consider b very nearly equal to a, the values of ti? and of y would 
become very great*. To be convinced of this, we need only take 


a = 10 miles 

then X 


10. r 


b — 9.5 miles 
= 20 6 * 


* To ^ive another example, let the niimher .*^6 be successively divided 
by 36, 18, 9, 6, 3, 2, I, 0.1, 0.01, 0.001, &c. as: 

4 . 3 ^ ^36 ,^ 36 36 

Ms *9 ' 6 ^ ^ 3 ^^' 2 — ^ Y — ' 


36 


6 


36 36 ^ 3C 

gY — > Q (jY — 3600 ; — 1 = 36000, &c. from this it is also very ob- 


vious, that the less the value of the divisor, the greater the quotient. 
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let b become greater or nearer to a, a remaining constant* 
^^ = 9.9 

then X = “T— = c 

0.1 


let 6 approach still nearer, as 6 = 9.95 

then X = 500 c, 

.05 

Let h become 9.99999999 


then X — 


10 c 

0.00000001 


= 1000000000 c; 


it is then evident that the divisor diminishes in proportion as the 
diftcronce of the uninbers a and 6 decreases, and that we obtain 
values more and more increased in magnitude. 

But as a quantity, however minute, can never be taken for zero, 
it follows that however small we make the difference of the two 
numbers represented by n and 1 ) 3 ’ 5, and liowe\er great may be 
tlie consequent values of x and of y, w^c can never attain to 
those which answer to the case where a — />. 

'J'hese last winch cannot be represented hy any numher, 
however great w^e suppose it, are termed mjuiite ; and e\ery 

expression of tlie foim, — of which the denominator is zero, 


is regaided as the sMuhol of hifinify. 

This example shew^^^, that mathematical infinHy is a negative 
idea, since we onl) can attain it hy the impossibility of assign- 
ing a quantity that can solve the question. 

We ina}^ ask here, how the values 


can satisf}^ the proposed equation ; for it is an essential cha- 
racteristic of algebra, that the symbols of the values of the un- 
know n quantities whatever they may be, when subjected to the 
operatioiiH indicated ujioii these unknown quantities, shall satisfy 
the equations of tlie problem. 

Substituting them in the equations 
* X — y = c 


and 


X y 

a b 


answering to the case where a — by 

ac be 


we obtain by the first, 

ay 


o 


o 
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ac ~ he r w 

or —a or ab — be = a x o 

and lastly o — o since a X o = o. 

The second equation -1- = -|L gives under the same circum- 
a b 

stances, always suppoMiig a =* b^ 

ac . 

ox (I o X a 

the two members of each equation becoming equal, the equa- 
tions are satinfied. 

ac 

It remains still to be explained how the expression — — , re- 
moves the absurdity of the result found in art. 67. For this 
purpose. let both members of the equation 

be divided by a? »r — y = c 

then 1 

iV CD 

and since the equation 

JL :=:JL 

a a 

gives CD = y, the first will become 

, T 6* c 

1 — 1 = — or o — — 

CD CD 

• • c 

The error lies here in the quantity — y by which the second 

CD 

member exceeds the first ; but this error diminishes in propor- 
tion to the assumed magnitude of cd. It is then with reason that 
algebra assigns for a an expression, which cannot be repre- 
sented by any number, however great, but which, proceeding 
in the order of numbers continually increasing, indicates in 
what manner we may reduce the error of the su])position. 

LX IX. If the couriers Avere travelling at the same rate, and 
in the same direction, bad started from the same point, their 
junction would not take place, at any particular point since 
they would be together through the whole extent of tlieir journey. 
It may be uorth while to examine how this circumstance is re- 
presented by the values which the unknown quantities of w and 
y assume in this case. 
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B 

A 


C 


the points A ami B being coincident, we obtain on this suppo- 
sition c = o and as before a = b ; hy this substitution into 
the values of tV and y, we obtain 


X 


0 X a 
o 


o X h 
o 


— = o. 


In order to interpret these values, wliich indicate a division, 
in which the dividend, and the divisor are each nothing, it is 
necessary to go back to the equations of the question. The 
first becoming 

w — y — 0 gives x = y 

and substituting this value in the second equation, which is in 
this case 

^ =JL becomes — = — . 
a a a a 


The last equation having both its members identivnU viz ; 
both composed of the same terms, with the same sign, is verified, 
wliatever value be assigned to y^ but \ve can never determine 
it from this unknown quantity. Besides it is evident that the 
equation 

X y 

— — ^ gives X = y^ 
a ft 


and consequently nothing more than the first equation*. The 
only result from either the one or the other, is that the couriers 
are always together, since the distances x and y from the point 
A are equal ; their value in other respects remains indetermi- 
nate. The expression — then, is here a symbol of an indeter- 
o 

minate quantity ; we say here, for there are cases where it is 
not ; but then, the expression has not the same origin as the 
preceding. 


* For the sake of conciseness, analysts apply the epithet identic even 

to equations. — = — is an identical equation, 5 — 3^ = 5 — S a ia 

another ; and when two equations express only the same thing, we say that 
these equation also are identical. 
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LXX. This will be better understpod by an example, let 
there be, 

a(a^—b*) 

b(a—by 

This quantity becomes — in its present form, when a=b; 

but if we reduce it first to its most simple expression, by siip- 
pre&Rin| 2 ^ the factor a — 6, common to the numerator and the 
denominator, we find 

(a + 6) 

6 

which gives 2 <7, when a = b. 

This is not the case with the values of .r and //, found In the 
preceding article, for they are not susceptible of being reduced 
to a more simple expression. 

It follows, from what we have just said, that when \ve meet 

with an expression that becomes — , it is necessary, before pro- 

o 

nouiicing on its value, to examine if the numerator and denomi- 
nator have not some common factor, which becoming nothing 
(as ^ — 6 when a — 6), renders the twM> terms equal at tlie 
same time to zero, and by suppressing this common factor, the 
true value of the proposed equation is obtained. There are not- 
withstanding some cases which elude this method, but the 
limits of the present work, do not jiermit to note this analytical 
fact^ which cannot well be rendered intelligible by any elemen- 
tary pail of algebra, the general processes to obtain the true 

value of the quantities that become — , are satisfactorily demoii- 

o 

strated by the dUFerential calculus*. 

LXXI. It is evident from wdiat precedes, that algebraic 
sohiftons either an.siver completely to the condition of a pro^ 
blenu when possible, ot they indicate a modijlcntion to he made 
in the enunciation^ when the thinqs given imply contradictions 
which cannot be reconciled ; or lastly^ they make known an 
absolute impossibility^ when there is no method of resolving 
with the same dafn^ a question analogous in, a particular 
sense to the one proposed, 

* See Lacroix’s Treatise of the Differential and Integrate Calculus, 
3 volb., quarto, or in the octavo vol. Elementary Treatise, page 34i. 
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LXXII. In the solution of the different cases of the pre- 
ceding question it is necessary to remark, that the change of the 
signs of the unknown quantities ac and y corresponds to a change 
in the direction of the routes represented by the unknown 
quantities. When the unknown quantity y was counted from 
B towards it had in the equation 

the sign -f-, it takes the sign — for the second case, when the 
motion is in the opposite direction, from B towards C, (65) 
where we had for the first equation 

X — y = c. 

By changing the sign in the second equation, 

^ y 

a h 


we have 


X 

a 


— y 


h 


a result \vhich differs from that given in art. CS ; but it should 
be observed that the journey y, being composed of multiples of 
the space h which the courier from B passes o\er in one hour, 
which space having the same direction as the space y, must be 
supposed to have the same sign, and consequently assinrie the 
sign — , when — is ap])lied to y ; we consequently have 


X 


a 



or 



y_ 

b 


A simple change of sign then is sufficient to comprehend the 
second case of the question in that of the first ; it is thus that 
alg(3bra gives in the same time the solution of several analogous 
questions. 

The proldem in art. 56, offers a very striking example of 
this. It was supposed in that article^ that the father owed the 
son a 811 rn d ; if wc could solve the question on the contrary 
hypothe&is, that is, by supposing that the son owed the father 
the sum fZ, it would be sufficient to change the sign of d, in the 
value of 07, we shall thus have ; 

be — d 

x= P 

a -h ^ 

if, lastly, we suppose father and son to be quit towards each 
other, we have but to consider d =» o, the equation would then 
be 


X 


be 

rTT' 


p 
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Nothing can be simpler than to verify tbese two solutions 
by putting again the problem into equation for each of the 
cases, which we have enunciated. 

* 

LXXIII. It was only to preserve an analogy between the 
problems of Nos. 66 and 649 that we have employed in the 
second, two unknown quantities. The one as well as the other 
might have been resolved with one unknown quantity; for when 
we say that the laborer received Rs. 4 : 10 anas for 12 days" 
work performed by himself, including the 7 days" work by his 
two sons, it follows that if we denote by y the daily wages of 
his two sons and subtract from 74 anas, 7 y, there remains 
74 — 7 y for 1 2 days" labour of the man ; whence we infer that 

he earned ^ per day. 

By a similar calculation for the 8 days" service, we find that 
he earned 

Equalizing the two quantities, we form the equation 
'74 — 7y_ 50 — 5y 
12 “ 8 ‘ 

Also in the question of art, 64, 

A R B 

if X represents the route AR of the courier from A^ then BR =* 
AB — AR — c — would be that of the courier who set off 
from D towards A. These two distances being gone over iu the 
same time by tl'e two couriers, wliose rate of travelling per 
hour in miles, is represented by a and b lespectively, we have 

^ c — X 

a b 

whence fcr = ac — ax and 

ac 

a + 6 

The difference between the solution which we have now 
gi^en, and those of articles 56 and 64, consists only in this, 
that we have formed and resolved the first equation by the aid 
of ordinary language, without employing algebraic characters, 
and it is evident, that the more we extend the use of this, the 
less remains to be done with the other. 
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LXXiV. A circumstancd is sometimes added to the problem 
ill art. 64, which does not render it more difficult. 

2. We suppose that the courier who sets off from B, starts 
a number of d hours before the other^ who departs from A, 

-i?- -B. 

It is obvious that this amounts only to a change of the point 
of departure of the first ; for if he travelled a number of h miles 
per hour, he would pass over the space BC == bd iii d hours, 
and would be at a point C, when the other courier set off from 

so that the interval of the points of departure would be 


AC^AB — BC=^ c — bd. 

By writing then c — bd instead of c in the equation of the 
preceding article, we have 

X c — bd — .V 


or 


ac — nhd 
a + 7/^' 


If the couriers were travelling in the same direction, adding 
the same circumstance as in the preceding example, 


A B^ -U. 

The interval of the points of departure would be 

= + J5C=e+6d 

and the distance passed over by the courier from the point A^ 
to the place R where ho will overtake the courier from would 
be-4fl, while that of the other courier would be 

C/2 = — AC 

M^e have then the equation * 

X X — c — bd 

a b 

ac + abd 
* 


LXXV, Enunciated in this manner, the problem presents a 
case, in which the interpretation of the negative value found for 
X is attended with some difficulty; it is by making the couriers 
travel in opposite directions, we assume for d a value, such 
that the space BC represented by becomes greater than c, 
which represents AB, 

p 2 
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C ••• * 

the courier then from B arrives at C on the other side of at 
the moment when the courier from A starts towards B ; it is 
therefore absurd to suppose that the couriers can ever meet. 

If, for example, we should take 

c = 400 miles; a — miles; 6 = 8 miles; d = 60 hours, 
the value of hd would then be = 480 miles ; thus the courier 
from B would be at the point C, which is 80 miles beyond A 
with respect to the point J5, at the time the courier from A sets 
ont; M'e should thus find as in the preceding article, viz. 

a c — ahd 

00 = ; — 

a + b 

_ 12 X 400 — 12 X 8 X 60 _ 8 X 400 — IS X ^ >c 60 
12 - 1-8 8 - 1-2 
^ 1^00 — 1440 ^ — 240 ^ _ 43 
5 5 

The point of meeting of the couriers would thus be in li 
which is 48 miles beyond J, but between A and C, although it 
appears that the courier from J5, being supposed to continue 
his journey beyond the point C, could not be overtaken by the 
other courier but after having passed this point. 

In order to understand the question resolved in this sense, 
let U.S substitute in the 1st equation of art. 74, instead of oo the 
negative number — m, and the equation becomes 

— m c —• 6d m 

a h 

or by changing the signs in both members 

m hd — c — m 

a b 

We now see that the distance passed over by the cornier 
from the point is 

C 11 A B 

bd — c — 7 W, or what remains of the distance -BC, after sub- 
tracting froniMt AB and AR^ that is C/?, and that AC = bd 
— c. This is just what would take place if the second courier 
had started immediately from the point C, where he is at the 
time of departure of the first; but as they travel in opposite 
ditections, their meeting must necessarily take place between 
A and C. This case then is similar to the first of those of 
art. 74, where it is sufficient to change c — ■ 6d into bd — c, in 
order to obtain the value which m has agreeably to the above 
equation. 
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LXXVl. The problem of art. 56^ taken in its most enlarged 
sense may be enunciated as follows : 

3. A laborer was employed a number of a days in a house^ 
and having with him his two sons for a number of b days^ 
received a sum c; he afterwards was engaged on the same 


Note. By leaving out in the enunciation of the problem of art. 65, 
the idea of a fixed time of departure, and to suppose them to have been 
travelling from an indefinite time ; the question then would he stated thus. 

Two couriers travel the same rate in the s/ime direction C ABC; after each 
had marched a certain time, one finds himself in A at the mstant that the 
other is in B ; their rate of travelling and the distance AB, are known; 
it IS required to ascertain at what point of the route they will meet ? 

C R* A B R C 

This enunciation leads to the same equation as that of art. 65 ; but when 
the continuity of motion is once established, the negative solution admits 
of an explanation without the necessity of changing the direction of one 
of the (ouriers. Indeed, since their motion does not commence at the 
points A and B, but both, before arriving at these points, are supposed to 
have been going in the same manner for an indefinite time from C' towards 
B, it is easy to conceive, that the courier, who at this point is in advance of 
the other courier, ^ho then is at A who travels slower, must at a certain time 
have been behind him and oxertaken him before reaching the point ^4. 
The sign then indicates (as in the application of algebra to geometry) 
that the distance AR' must be taken in a direction opposite to that of AR 
which is regarded as positive. The change to be made in the enunciation 
to render the negative solution positive, is reduced to supposing, that the 
two couriers must have ni( t before their arrival at the point A, instead of 
it« taking place afterwards. 

Indeed in placing the point R' between A and C' instead of between B 
and C we find AB BR' — AR*; whence results the equation c=:y — a; 
instead of c = — y which we first obtained, and there is no need now of 

jc* y 

changing the sign of h. The second equation remains 

The problem of art. 75, by substituting moveable bodies, for the couriers 
subjected to a continued motion, comniencirig from an indehnite time, 
might be thus enunciated : Two moveable bodies whose velocities are known, 
moving uniformly on the hame straight line CB, one in the direction BC, the 
other in that of CB; that which moves in the firU direction, is found in B 
a known number of hours hefoi e the other had arrived at A : it is required to 
ascertain at what point of the indefinite straight line BC^their meeting takes 
place ? 

-22'- -5- -A.. R.,X. 

The solution ^ = — 48 miles expresses, that the moveable bodies must 
have met at the point R' before that which is moving from C towards B, 
had arrived at the point A, and that the first, moving from B towards C, 
has arrived at the point C at the instant of time wh*en the other is at the 
poin4 A. 
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conditions^ a number of d days ; this time he had with him 
his two sons during a number of e days^ and he received a 
sum f. It is required to ascertain how much he earned per 
day^ and what was allowed per day to his two sons f 
Let 30 represent, as before, the iaborer^s daily wages, and y that 
of his two sous ; for a number of a days he will receive aoo^ 
for the number of b days his two boys will get so that we 
have the equation 

a j? + iy = c, 

for the number of d days, he has dx^ and for the number of e 
days his two sons get py, we have thus, the second equation 

dx + ey «=/. 

These are the two general equations of the equation. 

From the first we obtain 

c ^ by 

Multiplying this value of x by d, to substitute it in place of 
dx in the second equation, we get 

dc — dby . - 

— — ^ + ey = / 

a 

and by clearing this quantity of the partial denominator, we have 
dc — dby + aey = af 
or y ( oe — db) — af — cd 

af — cd ^ 

y = — 

ae — bd 


The position assigned to the point 11, verifies itself by observing that 
there results from it AC ^ BC — AB :=:bd — c, instead of c -f bd, which 
we obtained at first, 

. X bd-^c ‘-’X 

consequently — = - 


which gives x = 48. 

In this manner there is no change to be made in the direction of the 
motion, indeed the material circumstances of the problem are changed, 
which proves, as we said before, that there are several physical questions cor. 
responding to the same mathematical relations : but the enunciations here 
given, have the advantage of not breaking the laws of continuity, and this 
is derived from the consideration of lines which represent in the most sim^ 
pie manner the circumstances of the change of sign in magnitudes. 
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Knowing the value of if we substitute it instead of y in 
the expression for this last will be known, 


Of 


___ g 

ae — bd^ 


To simplify this expression, we must in the first place per- 
form the multiplication by 6 , which is only indicated to be done 
on the quantity 

a/ — cd 
ae — bd' 

c ~ 

consequently 4? = 


in order to reduce c to the denominator of the fraction which 
accompanies it, and to perform the subtraction as indicated, we 
obtain 

ace bed — ab/ + brd 
ae — bd 

X = „■ 

a 


or by reducing 


ace — ahf ^ 
X — ae — bd 
a 


* That there should be no doubt about the sense of these kind of ex- 
pressions, it is necessHiy to be attentive to the bar which separates 
the numerator from the denominator of the fraction. In the expression of 

^ =1; ^ A represents the dividend, whether integral or fractional, and 

B the divisor which may also be a whole number or a fraction. So also. 


the expression x z=z 



signifies, that x is equrtl to the quotient of the 


fraction divided by B; and the expression xz=z~ signifies, that x is 


equal to the quotient arising from J divided by the fraetion lastly, the 
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As the value of a fraction remains unaltered by multiplying or 
dividing both the numerator and the denominator by the same 
quantity, we divide both members by a, 

ace — abf 

X = 

a“e — abd 


then 


but every term of this fraction being affected by a, its value is 
not altered by suppressing this common factor, we have then 

ae — bd 

The values 


ce — bf ^ 
ae — bd^ 


and 


nf — cd 
ae — hd 


are applied in the same manner as those which we found before 
for literal equations, with only one unknown quantity; we 
substitute in the place of the letters, the particular numbers in 
the example selected. We shall obtain the results in art. 56, 
by making 


= b = 

7 

II 

0 

d= S e = 

5 

/=50 

or those of art. 58, by making 



a =12 ^ = 

7 

c = 46 

d — S e = 

5 

/=S0. 


LXXVII. The values of sc and y are not only adapted to 
the proposed question ; they extend also to all those, that lead 
to two equations of the first degree having two unknown quan- 
tities ; since it is evident, that these equations are necessarily 
comprehended in the formulae 

aos + by c 
dx -p ey —f 

provided the letters a, 5, d and e express the whole of the 
given quantities by which the unknown quantities x and y, are 


A 

expression x r= denotes that the value of a is equal to the quotient 

Jo 

lo 

A B 

resulting from the fraction -^7-, divided by the quotient of the fraction 

C D 

These remarks show the necessity to place the bars conformably to the 
result which we propose to express. 
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respectively multiplied and the letters e and /> the whole of the 
knou^Q terms transposed to the second member* 

4. A man as old as the sum of the ages of his five children^ 
has a wife 6 years younger than himself whose age equals that 
of the two eldest together with that of the two youngest chil-^ 
dren, ivho happened to he twins. The age of the third child was 
equal to the sum of the ages of the two youngest^ the difference 
between the ages of the eldest and second child was equal to 
that of the father and mother^ and the sum of the ages of the 
father and mother is less by 31 pears^ than the second child's 
age multiplied by 8. Required the age of the man and his 
wife f 

Let ,v stand for the age of one of the twin children, 
and y for that of the eldest child, 

then the aore of the father — %x + 9tx-ipy^y — 6 
and that of the mother = 2 a? -f ^ y — 6. 

The difference 2 .r, is (by hypothesis)= 6, 

j? ==s 3 


Note. — Every question in which there are two unknown quantities and 
from which we can form two equations of the 1st decree may be solved in 
three different ways, by subUttution, by comparison, and by addition or 
suhti action ; each method may in particular cases become preferable to the 
other two. To give an example 

1st equation ax + by — n 
2nd do. dx — = m. 

By substitution. 

Fiom ^e Ist equation, we get 

• n^hy 

X ZIL — 

a 

substituting this value of x into the 2nd equation 

dri — hdy 

* — ey zzm 


or dn —hdy — aey s=: am or y fae bd ) ^ dn ^ am 

dn — am 

^ ae hd 

by the same process we can obtain the value of or without first finding that 
oiy; as ; ' 

from 1st equation y = ^ , wliich substituted in the 2ud 

0 


^ <?n — acx 

dx — ; m 


-f 


whence 


as bd 
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and as the sum of the tu^o quantities expressing the ag'es of the 
father and mother, must be equal to 8 times the age of the second 
child together with 81 years, we have 

6 Of + 6 y — 12 = 8 (y — 6) + 81 
and substituting the value oi oo found to be 8 

^ 18 + 6 y — 12 = 8 y — 48 + 81 

or 6 + 48 — 81 s=s 8 y — 6 y or 28 = 2 y 

y sib. 114 years; 

thence the age of the father is known by substituting for x and y 
their values as 

12 + 23 — 6 29 

and that of the mother 6 + 28 — 6 =» 23 years. 


By comparison 

^ . w — by 

from 1st equation a? = 

a 

, ^ , * m ey 

and from 2nd ditto jc =: — r— 

a 

Equalising the two values of jc, we get the equation 

n — by w + ey 

a d 

in which only one unknown quantity y remains ; 
proceeding 

dn — bdy = am + aey 
or y (ae + bd) dn — am 
dn — urn 
'*• ^ ~ ae + Td' 

The value of x can be obtained by the same process 

^ , n — nx 

from Ist equation y = — - — 


^ , 1 . . dx — m 

from 2nd ditto y =: 

e 

n ^ ax dx — m 

. — Ql- 

b e 

ft 

bm + en 

> *~ae~+~M 

Bv Buhtraction, 

The Ist term of the 1st equation being the product of a by x, and the 
Ist term of the 2nd equation, the product of d by x, it follows, that if we 
multiply each term qf the Ist equation, by the quantity d, and eaoh term 
of the 2nd equation, by the quantity a, the tirsc terms of both equations 
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S, A bahoe had only daughters by his first wife^ hut all the 
children of his second wife wereboys; ifhis second wife hadborne 
half a boy morcy the hoys would only hare been half as nume- 
rous as the girls. On the baboo's giving ^away in marriage the 
third part of the number of his daughters^ less one-third part 
of a daughter^ and adopting his three nephews who had become 
orphans^ he had as many girls left as he then had boys. How 
many daughters and how many sons had the baboo f 
Let X represent the number of boys^ 
y that of giHs, 

then by the 1st condition of the question 



or y = 2 a? -j“ 1 

and by the 2nd condition 

2 -) = « + 3 

or 2y4-l=8a?-|-9 

and substituting the value of^ from the 1st equation, we get an 
equation with only one unknown quantity 

2{2x+l) + \^Sx + 9 
or 4 + 2 4“ 1 ^ ^ "f 

a; = 6 boys and y 2 x ] —18 girls. 


muRt be imunl ; subtracting one equation from Uie other, both the first 
terms will vanish, ^ iz. 

the 1st equation multiplied by (f, adr -f hdy = dii 

the 2nd ditto multiplied by a, adx — aey = am 

subtractiotf the 2nd equation from the 1st bdy -f zzz dn — am 

dn — am 

* ’ ae bd 

The value of x can directly be obtained 
by addition. 

For, by a similarreason multiplying each term of the Ist equation by 
the quantity e, and each term of the 2nd equation hy the quantity b, that 
the terms in both equations in which y enters, may become equal, 

multiplying then the 1st equation by e aex 4 bey =: en 
ditto 2nd do. by b dbx — bey bm 

by adding the two equations aex 4* dfyx -i. en 4- 6m 

6m 4- en 
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6. To divide the number 87 into 5 such parts that when 
these are respectivety divided by 8, 4*, 5, 6, 7, their quotient 
shall he in propoition of 5. 6, 7, 8. 9. 

This problem may be solved by one letter only as follows : 

Supposing the number is to be divided into x shares, the 
several paits will then be 8 times 5.0? for the 1st part 


4 

do. 

6.0? 

Slid „ 

5 

do. 

7o? 

Srd „ 

6 

do. 

8.a? 

4th „ 

7 

do. 

9 X 

6th „ 


But as these five parU ought to inaM up the given number 37 
we have the equation 

3x5o? + 4x6o? + 6x7o?-f6x8r + 7x9o? = S7 
or 07 (15 + J24 -f* + 68) = 37 

87 1 

^ ’ 185 5 ' 

it is exident that if the 1st part be divided by 8, the 2nd by 4, 
&c , the quotients, 5Xy 6o?, &c. will be in the pioportions 
required 

the 1st part is therefore 15 x “ — 3 


1 4 

the Slid do. 24 x — == 4 — 

O 9 

the 3rd do 35 x i = 7 

D 

the 4th do 48 X 4“ — ® 

5 5 

the 5th do 63 x 4- == 12 -1 

5 5 


by addition we get 87 which is the number to 

be divided. 

7. A baboo bought an elephant and a horse. On sellmg them 
he obtained the same sum for each animal., but lost Rs. 624, 
by the bargain^ losing only one gfpr cent, on the elephant^ but 
84 per cent, on the horse. How much did he pay for each f 
Let 07 represent the cost of the elephant and y that of the horse ; 


X 



indicates the price he paid for it, less the 100th part 


of it wdiich he lost f which is the sum he sold it for, and 



100 
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the price he paid for the horse, less 34 times the 100th part its 
co*4t or the selling price, and since the amount he received for 
each is the same, we have 


the ] st equation x •— 


100 

99 0? =: 66 y 


and hv the second condi^on, viz. that both losses amounted to 
Ks. 6:^4, we get the second equation. 

® ==624 


X V 

100 TW 


or 0 ? + .S4 y =s 6S400. 

2 

Substituting for x its value 

o 

Ay + 34y= 62100 

O 

or y (2 + 102) = 187200 

y =rr Rs. 1800 the pi ice of the horse. 

2 

Substituting this in the equation of x — -j-y 

we have x — Rs. 1200 tlie price of the elephant. 

8, I gained on an article 25 per cent , but lobt on another 
45 per cent, ; on the v^hofe I gained a sum a. Had I gained 
on the Jlrbt article as much as I had lost on the second^ and 
gained on the second as much only as I gained on the first,, 
my piqfit would have been five times as much. What was the 
price of each aiticle ? 

Jle X the first article, and y the second, (the gains can very 
properly be considered positive, and the losses negative quan- 
tities,) then by the 1st condition 
25 45 

ToF * ~ “ 




by the 2nd supposition, we get 
46 <r , 


100 
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By comparison 


or 


7 o — y + -1-^ multiplying by 45 

820 a =* 106 y 
160 

y = -rr-a 


taking instead of the number — 53 

then y = 1 60 

and X = 500. 


9. As there were several claimants for a xemindary^ the 
judge made the following decree : that the l6^ claimant bhould 
have 600 higgahs and the \9.th part of the remaining biggahs ; 
the second clamant should take biggahs and the \%th 
of what 'lemained of the zemindary ; the third should receive 
1800 biggnhs and the 12/A part of what remained^ and &o on 
for the rebt of the claimants. After each of the claimants had 
taken possession of his share^ they were surprised to find that 
the zemindaiy had been equally divided amongst them. What 
was the number of biggahs in the xemindaryy the share of each,, 
and the number of claimants ? 

Let X denote the number of biggahs in the zeinindary 
and y that the share of each claim- 

ant, X therefore, is the product of a share y, multiplied by tlie 
number of claimants, or / denotes the number of claimants, 

y 

Ist claimant's share = 600 + - — — — 

12 

2nd ditto ditto — 1200 + ^ ^ ^ 

12 

Srd ditto ditto = 1800 -f ~ 

4th, &c. 

But since the sliares of each clalllant are equal, their difference 
must be nothing; subtracting then the shaie of the 1st from 
that of the 2nd claimant we have 

1200 + y _ (600 + - j~ -) = 0 

which equation gii^ee 

,% y =» 6600 
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substituting this value of y into the expression of the share of 
the ^nd claimant, we have 


y, or 6600 


1200 + 


1200 — 6600 


12 


whence we get oo = 72600 

and the number of claiiiiantsr were 

w _ 72600 _ 
y 6600 

It appears therefore thht the xemindary consisted of 72600 
biggahs, that the share of each claimant was 66 JO biggahs, and 
that there were 1 1 claimants. 

10. A father leaves his fortune to his childten on thefoUow^ 
ing conditions : the Is^ receives Rupees together with the ntk 
pa)t of the remainder ; the 9>nd received 2 a Rupees^ together 
with the Xith part of the remainder^ and so on^ each succeed- 
ing child receives a Rupees more together with the nth of the 
lemainder^ and it is found at last, that they have all received 
the same amount ? 

Ans, The fortune = {n — ])*a. 

IShare of each child = (n — 1) a. 

Number of children — /i — 1 . 

11 . .4 boat having wind and current in its favor can go from 
Calcutta to Barrackpore (^Q miles) in 2 hours^ making use of 
two oars^ but on its return from thence^ having no wtnd^ and 
the current in oppohition^ it requires three oars to return in 
equal time ; also the boat can reach in eight hours having no 
oars but the same wind and cuireiit in its favor. What is 
the proportional force of the oar, wind and current? 

Ans, The force of wind and that of the current are the 
same^ that of an oar is 8 times stronger than either. 

12. A man sold a number of fruits to some boy and received 
12 Rs.for them^ being questioned by another person about the 
rate he sold his fruits to the boys, he answered; the rate is 
equal to the difference between the number of fruits and boys^ 
and if the boys had taken ^fruits more for the same price, the 
rate would have been half the difference between them and the 
number of fruits. What is thetkumber of hoys, and how many 
Jfuits did they take ? 

Ans. 4 boys and 6 fruits. 

13. Two girls A and B were going to a market to sell their 
respective number of eggs, and found that the number of eggs 
which A had, was greater than the number of eggs which B 
had, but A sold her eggs at the rate of 3 for a pice, and B sold 
half the number of her eggs at the rate of one, and the other 
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haff at the rate ofS for a pke* On their return^ B found that 
i0te had ae many pice more thani A9 as many eggs she had fees 
than A. 7*heneaft day each of them brought the same num^ 
her of eggs to market^ A sold her eggs again at the same rate 
of 8 eggs for a pice^ and B sold 16 0/ hers at the rate of % for a 
pice^ and the remainder she sold 4 eggs for the pire^ when each 
girl received an equal quantity of pice. How many eggs did 
each girl bring to market f 

Ans. The number of A's eggs is SO 
The ditto erjgs is 24 

a. A person has two snuffboxes. If he put 8 rupees into 
the then it is half as valuable as the other. But if he 
take these 8 rupees out of the \st^ and put them into the ind^ 
then the latter is worth three times as much as the former. 
What ts the value of eachf 

Ans. The Ist worth 24 Rs.^ the Znd 64 Rs. 


16. A and B possess together a fortune o/570 rupees. If 
A's fortune were three times^ and B's 5 times as great as each 
^really is^ then they would have together 2860 rupees. How 
much has eachf 


Ans. A 250 Rs.^ B 320 Rs. 

1 6, Pind 2 numbers of the following properties. When the 
one is multiplied by 2, the other by ^9 and both products added 
together^ the sum is = 31; on the other hand^ if the be 
multiplied by 7^ the ^ndby 4, and both products added toge- 
ther^ we shall obtain 68. 

Ans. The ^st is 89 the Snd ii 3. 

17. jy* one of 2 numbers be multiplied by a, the other by b, 
the sum of the products = k; butif ihe be multiplied by 
the &nd by V, then the sum of the products = k'. How can 
these numbers be expressed? 


Ans. 


By 


Vk-\-bhf 
ab' ~ a^b' 


ak' — a'k 
ab'^a'b 


18. Tteo numbers are given by the folUming data. If the 
\8t be increased by 4, it will be times as gteat as the find ; 
but if the ^nd be increased by 8> then it tuiii be half as great 
ae the What are the numbers ? 

Ans. 48 and IS. 

When the of 2 numbers is inoreaeed by a, it beeemes 
m ftmee as great as the Snd ; but when the Hud ie inerea^ed 
^ b, then it is a time$ as great as the let. How are these 
’p0mbers esfpressed 9 ■* 

Am.' Thill 

*»« — I mn — 1 
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*0. Said a man to his fathe%% “ How old are we “ iJw? , 
years ago^'" answered the tatter^ “ I was i more than 8 times 
as old as you ; but 3 years a fter this I was so old^ that / was 
obliged to midtiply your age by *^9 in order to obtain my own*'' 
What is the age of each f 

Ans. The father 36, the son 16 years* 

21. A and B jointly have a fortune o/’9800 Rs, A invests 
the 8th part of his property in business^ and B the 5th part^ 
when each has the same sum remaining. How much has 
each 9 

Ans. A has 4800 Rs* ; B 5000 Rs. 

22. A 1200 Rs.^ B 2550 hut neither has enough 
to pay his debts- Lend me^ said A to B, the 8th part of your 
fortune^ and I shall be enabled to pay my debts. B answered^ 

I can discharge my debts^ if you will lend me the 8th part of 
yours. What was the fortune of each 9 

Ans. fortune is 900 Rs.^ and that of B 2400 Rs. 

28. A capitalist borrows 8000 Ks. on favorable conditions^ 
because he has an opportunity of laying 23000 Rs. out to 
higher interest., and he has an overplus of 905 Rs. of interest 
yearly- Under the same conditions he borrows^ on the one 
hand., 9400 Rs- and on th^ other., lends 17500 Rs- ; this brings 
him in an overplus of 6394 Rs- in interest yearly. At what 
rate of interest did he borrow and lend money 9 

Ans- At 44 and 54 per cent. 

24. A person has two large pieces of ice., whose weight is 
required. It is known that ^fhs of the piece weighs 96 lbs* 
less than \ths of the other piece^ and that ^ths of the other 
piece weighs exactly as much as %ths of the How much 
does each of the pieces toeigh 9 

Ans. The Ist weighs 720, the 2nd 5\2lbs. 

25. A cistern containing 210 buckets* may be filled by 2 
pipes. By an experiment in which the was open 4, and 
the 2nd 5 hours^ 90 buckets of water uwre obtained. By an- 
other experiment j when the \st was open 7, and the other 34 
hour Si 126 buckets were obtained. How many buckets does 
each pipe discharge in an hour 9 And in what time will the 
cistern befulli when the water flows from both pipes at once 9 

Ans. The pipe discharges 15, afid the 2nd 6 buckets ; 
it will require 10 hours to fill the cistern, 

26. A person has two kinds of goods^ Bibs, of the and 
IQlbs. of the 2nd couf together clP18. 4s. 2d. : farther^ 20lb8. 
of the ist and l8lbs.of the 2nd cost together £25. 16s. 84. 
How much does the lb. of each drticle cost 9 

Ans. 16s^ 104. and 1 2s. 8d. 

27. 16 Silesian and 38 Leipxig ells together are equal to 

R 
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Brabant ells ; farther^ 24 Silesian and 55 Leipmg ells 
ate tagether equal to 65 Brabant ells. What proportion^ ac* 
cording to these conditions^ do the Silesian and Leipzig ells 
bear to the Brabant ? farthery what the Silesian to the Leipzig 
ell f and by how many per cent, do the two last differ jfrom 
one another f 

Ans. The Silesian ell is to the Brabant ell as 5 to 6, the 
Leipzig to the Brabant as 9 to the Silesian to the Leipzig 
as 55 to 54 ; and the Silesian ell is 1|| per cent, longer than 
the Leipzig. 

28. 40 French miles.^ when reduced to geographical or Ger- 
man mileSy amount to 12^ such miles more than 58 English. 
Ten French and 26^ English miles., are together equivalent 

Ilf German miles. At this ratCy what proportion do the 
French and English hear to the German ? And what rela- 
tion have the French to the English f 

Ans. The French mile is to the German as S to by the 
English is to the German as 28 to 106, and the French to 
the English as 818 to 1 15. 

29. B has lent out at interest 12600 Bs. more than A, and 
obtains 1 per cent, more for his moneyy on which account his 
interest amounts yearly to 750 Rs. move than AV. C has 
lent 8000 Rs. more than A, and also at 2 per cent, higher in- 
terest, he obtains for this sum 860 Rs. interest more than A. 
How much has each lent, and at what interest ? 

Ans. A has lent 10000 Rs., B 22600 Rs., C 18000 Rs. ; 
A at ^ per cent., B at 5, and C at 6. 

80. A company expended a certain sum in an inn^ and 
each the same ( to he equally divided amongst them ). Had 
there been 5 persons more, and had each expended 6d. 
morcy the reckoning would have come to £6. I8s. lOd. more ; 
but had there been 3 persons less, and each expended ]«. 8^. 
less, then it would have amounted to £9. 8s. 4d. less. How 
mdny were there in the company^ and what did each spend f 

Ans. The company consisted of persons, and each spent 
16s. 8d. 

81. Required to find 2 numbers such, that if one he increas- 
ed by a, the other by b, the product of these 2 sums exceeds 
the product of the 2 numbers themselves by c \ ij on the other 
handy the one be increased by a% the other by the product 
of these sums exceeds the product of the numbers themselves 
by c^ How are these numbers expressed f 

Ans. They are af^—al^ ^ 

bcf — Fc+bh' ( a— 
a'5 — aV. 
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82. Are the 2 preceding prebleme inetuded in this one t 
And what values Must be assigned to the letters a, b, e, 
a', b\ c', so that the former problems mag be solved f 

88. Not long ago^ says a petson^ the quarter of wheat was 
£\y and the quarter of $ye 17«. 6rf. cheaper than they are 
now ; then the price of the wheat was to the price of the rye^ 
as\0 to their present prices are as 4? to 8. What is the 
price of the quarter of each grain ? 

Ans. The quarter of wheat coats £S. 10«. the quarter of 
rye £%. 12^. 6d. 

84. A person has 2 casks^ and a certain quantify of wine 
in each. In order to have an equal quantity in eachy he 
pours as much out of the 1st cask into the Znd as it 
already contains^ then again he pours as much out of the 
second into the Is/ as it now contains ; and lastly y againy as 
much from the 1st into the %nd as there is stilt remaining in 
it. At last he has 1 6 quarts of wiue in each cask^ How 
many quarts did they contain originally f 

Ans. In the Is/ 22 quartSy in the 9>nd 10 quarts. 

85. WheUy in the preceding problemy there remain at last 
a quarts in each cask: how many quarts must they have 
contained originally f 

Ans. The Is/ V the 2nd | a quails. 

86. A Wine merchant has 2 kinds of wine. If he mine 
8 quarts of the best with 5 quarts of the worsty he can sell the 
miecture for 17s, Id. a quart ; but if he miee 8| quarts of the 
best with 7i quarts of the worsty then he can sell the quart 
for 1 6s. 8d. exactly. What does each wine cost a quart ? 

Ans. The best Wine £1. 3s. 4d. a quarty the worst 18s. 4d. 
a quart. » 

87. In generaly let a quarts of the Is/ wine mixed with b 
quaits of the 2wd, worthy on an average, c shillings ; far- 
theVy let f quarts of the Is/ mixed with g quarts of the knd, 
average worth h shillings. What does each wine cost a quart f 

Ans. The price of the Is/ is 

shillingsy the price of the 2nd is 
shillings. 

88. 87/5s. of tin lose bibs, in water, and 28 lbs. of lead lose 

2lbs. in water ; a composition of tin and lead weighing 
120/&S. loses 14/6s. in water. How much does f his composition 
contain of each metal f ' 

Ans. 74/6s. of tin, and 46/6s, of lead. 

B 2 
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89. Sl/bs. of silver lose ^Ibs. in water, and Qlbs. of copper 
lose 1/6. in water. If a composition of silver and copper 
weighing 148/6s. loses 14§/6^. in water, how much does it 
contain of each f 

Ans, 112/6s. of silver, and 86lbs. of copper. 

40. A given piece of metal, which weighs p lbs, loses a lbs. 
in water. This piece, however, is composed of% other metals, 
which call A and B ; of these we know, that p lbs. of A 
lose b lbs. in water, and p Ihs. of B lose c lbs. How 
much does this piece contain of each metal ? 

Ans, ^~^ p lbs, of A, ahd — — ^ p lbs. ofB, 
c—b c — 6 

41. According to Vitruvius, Hiero, king of Syracuse's crown 
weighed 20/6s. and lost \\lb8. nearly in water. Let it he 
assumed, that it consisted of gold and silver only, and that 
19.64/6s. of gold lose 1/6. in water, and \0.blbs. of silver, 
in like manner, lose 1/6. How much gold and how much silver 
did this crown contain f 

Ans. 14.77/6s. of gold, and 5.^2lbs. of silver. 

Is this problem contained in the preceding one ? 

And what must be here assumed for p, a» b, c P 

42. Lead is 1 1.324 heavier than water ; cork only weighsQ,M 
times as much as water ; again jir weighs 0.45 times as much 
as water, A person wishes to combine a piece of lead with a 
piece of cork, so that he may obtain a body of 80/6s. weight, 
exactly of the same weight as a piece of jir of the same size, 
( which, consequently, will float,) How much lead and cork 
must be combined together ? 

Ans, 88.14/6^. of lead with^\.8blbs. of cork, 

43. Two different kinds of matter, one of which is p, and the 
other p' times as heavy as water, are to be so united, that the 
bodies which arise from their union may on an average he p"' 
times as heavy as water and weigh 9lbs, In order to effect 
this, how many lbs, must be taken of each substance 9 

Am. -n a,,, ./the l.<. <.„d tt.. 

v (rf^p) p (p^ — pj '' 

the 9>nd substance. 

Between what limits ,\ must p'' lie, that the problem, as it 
is here given, may be possible ? 

44. It is required to find 2 numbers whose difference, sum, 
and product are to one another as the numbers % 8, 5, conse* 
quently, whose difference is to their sum as 2 to 8, and whose 
sum is to their product as 8 to b. What numbers are they f 

Ans, 2 and 10. 
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45. Find 3 numbers^ whose sum is m, and who$e product 
is n times as great as their difference* What numbers are 
they f 


Jns. 


2n 

m — 1 


and 


gn 

M + 1 ‘ 


46. Let the sum of g numbers be 1 3, and the difference of 
their squares 39. What numbers are they f 

Ans. 5 atid 8. 


47. 

squares 


The sum of g numbers is c=r a, the difference of their 
=s b. What are the numbers f 


Ans. 


o* + ft 


and 


a* ---b 


2a 


48. The sum of 2 numbers =5 a, the quotient arising from 
the divisor of the one by the other^ is ss b. Find these num- 
bers f 


Ans. 


a 

rn 


and 


ah 

r+i’ 


49. A person was ashed his oum^ his fathet'^s^ and grand* 
father^s ages. He answered^ My age and my father'^s 
amount to 66 years.^ my father'^s age and my grandfather^s to 
100 yearSi mine and my grandfather s to 80 years.'"'* What 
was the age of each ? 

Ans. He is himself 18 years^ his father 88, atid his grand* 
father 6g years old. 

50. The sums of 3 numbers^ taken two and two^ are a, b, c. 
What are these numbers ? 


Ans\ t±L 


a + c — i b + c 


51. A, B, C, owe gl90 Rs. amongst them.^ and no one of 
them can pay this sum alone. But when they uniie^ it cun 
he done in the following way: by Ws putting ^ths of his pro* 
perty to all A'"s ; or by G*s putting ^ths of his property to that 
o/ B ; or by adding ^rds of his property to that o/C* How 
much did each possess ? 

Ans. A ]o80 Rs., B 1540 Rs., C 1170 Rs. 

6g. A and B possess together only %rds of the property of a 
third C ; B and C have together six times as muoh as A ; were 
B 680 Rs. richer than he actually is, then he would have as 
much as A and C together. How much has each ? 

Ans. A has gOO Rs.., B 360 Rs., dnd C 840 Rs, 

63. I have 3 purses lying before me, each of which contains 
n certain sum of money. If 1 take gO Rs. out of the Ist, and 
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pui them into the ^nd, then the latter contains 4 times as much 
as the former^ on the other hand^ I take 60 Rs^ out of 
the 9tnd and put them into the Srd^ then this contains 1 f times 
as much as there is in the %nd. Again^ if I take 40 Rs, out 
of the 3rd, and put them into the Ist, then the 3rd contains 
times as much as the What were the contents of each 
purse ? 

Ans. In the U# 120 Rs., in the ^nd 330 Rs., and in the 
3rd 500 Rs. 

54. A, B) C compare their fortunes. A says to B, give 
me 700 Rs, of your money, and I shall have t^nce as much as 
you retain ; B says to C, give me 1400 Rs. and I shall have 
thrice as much as you have remaining ; C says to A, give me 
420 Rs. and then I shall have five limes as much as you retain. 
How much has each f 

Ana. A 980 Rs., B 1540 Rs., C 2380 Rs. 

65. Find 3 numbers of the following properties. If we 
subtract 4 from the Ist and add as many to the 2nd, then the 
remainder is to the sum as Y to 2. If we subtract 1 0 from 
the 2nd and add the same number to the 3rd, then the re- 
mainder is to the sum as 3 to 10. But if we subtract 6 from 
the and add this number to the 3rd, then the remainder 
is to the sum as 3 to 11. What numbers are they t 

Ans. 20, 28, and 50. 

56. A, B, C together possess 1820 Rs. If B give A 
200 Rs. of his money, then A will have 160 Rs. more than B; 
hut if B receive 70 Rs. from C, then both will have the same 
sum. How much has each ? 

Atis. 400 Rs., 640 Rs., and 780 Rs. 

67. Three persons jointly spent a certain sum ; but neither 
of 'the 3 is able to pay it of himsel f. A, therefore, says to B, 
give me the 4th part of your money, and then I can pay it 
alone. B says to C, give me the 3th part of your money and 
then I can also pay it ; then says C to h, I shall also be able to 
pay it if I receive from you the half of your money, although 
I, at present, only possess 4 Rs. How much did they spend, 
and how much have A and B P 

Ans, They spent 6 Rs. 8 ans. ; A has 5 Rs. and B 6 Rs. 

58r A person has 3 pieces of silver of different alloy, viz, 
15, 10, and 9 parts, out of 13 pure. If he melt the 16 with 
the 10, then there will arise a composition o/ 11| pai'ts pure. 
Thi Silver ansing from the mixing the 15 and 10 together 
will he of the sqme purity. All three pieces together weigh 
J34lbs. How much does each piece weigh by itself? 

Ans. The 15 weighs eight lbs. the 13 sixteen, and the 9 
ten lbs. 
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59. A persm has B warehouses^ each of which contains three 
kinds of grain^ cix, wheats rye^ and barfey. The 1st ware* 
house contains 24 quarters of wheats 9 quarters of rye and 16 
quarters of barley ; the 2nrf, 9 quarters of wheats SO quarters 
of rye^ and 21 quarters of barley ; the Srd^ 18 quarters of 
wheats 27 quarters of rye^ and 89 quarters of barley. The 
onlue of the warehouse is «£? 734 ; the value of the %nd 
^812; and the value of the Brd i?iiS0. What was the 
value of a quarter of each grain ? 

Ans. The quarter of wheat is worth £56 ; the quarter of 
rye £4^9 , ; and the quarter of barley £B9, 

60. A, B, C purchase coffee^ sugars and tea at the same 
prices. A pays £ll I9s. Bd.for T^lbs. of coffee., 3 lbs. of sugar., 
and 9\lbs. of tea ; B pays : bs. for Bibs of coffee^ 7 lbs. of 
sugar ^ and 3 lbs. of tea ; C pays d6^12 : 5s. for 2 lbs. of coffee^ 
5 Ihs. of sugar, and 4 lbs. of tea. What does each cost a lb. f 

Ans. The coffee 15«. ,* the sugar 10^. ,* and the tea £9. 

61. Three labourers are employed in a certain work. A 
and B would together complete this work in a days ; A and C 
require b days, but B and C, c days. What time would each 
require singly to accomplish it in, supposing, under all cir* 
cumstances, that each does the same quantity of work f And 
in what time would they finish it if they all three worked to* 
gether ? 


Ans, 

A requires 

2 ahc 

days, 

ch + ac — ah 


B 

2 abc 

days. 


be ab — be 

and 

c 

2 abc 

days. 


ab + ac — be 

Jointly they require 

2 ahc 

days. 

aft oc 5o 


62, A person has 8 pieces of metal, each of which consists 
of gold, silver, and copper. The 1 st contains 5 ox, of gold, 
1 5 ox. of silver, and 30 ox. of copper ; the 9nd contains 20 ox. 
of gold, 28 ox. of silver, and 48 ox. of copper ; the Brd con* 
tarns 12 of gold, 39 ox. of silver, and'iiiox. of copper. Now, 
he wishes to take some from each^ and to melt all into a mass, 
in order to obtain a composition consisting of lOo^. of gold, 
23 ox. of silver, and 26 ox. of copper. How much then must 
he take of each ? 

Ans. Of the 10 ox., of the 9nd 24 or,, and of the Brd 
25 ox. 
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68. Three soldiers in a battle got 96 Rs. baoty^ which they 
wish to share equally. In order to do this^ A, who hud obtained 
most, gives A and B as much as they already had ; in the 
same manner B then divided with A and and after this C 
with A n7id B. If the7i^ by these ?neans, the intended divi^ 
sions be effected : how much booty did each soldier get ? 

Ans, A 52 lis,^ B 28 Rs,^ and C 16 Rs, 

64. In the 8 drawers of 7ny cupboard there are^ altogether, 
a sum of 1 62 Rs, hi order that there may be the same sum 
in ail the drawers, I take out of the as much as is neces- 
sary, and put into each of the other 2, the half of what they 
already contained, I then take out of the Qnd and after* 
wa)ds out of the Srd drawer, and put each time info the 
other 2 drawers the half of what they already contained. If, 
by these means, I have actually attained my object, how much 
did each drawer contain at first ? 

Ans. In the 70 Rs,, in the %nd 52 Rs,, and in the Srd 
40 Rs. 

65. A, B, 0 play Faro. In the 1st game, A has the bank, 
B and C stake the Qrd part of their money and win, /w the 
Snd game, B has the hank ; A and C stake the Srd part of 
thdr money and also win. Then C takes the bank ; A and B 
stake the Srd pn^t of their money, and this time also the 
hanker loses. After the Srd game they count their money, and 

find that they all have the same sum, * viz. 64 Rs, each. How 
much had they before they began to play f 

Ans. A 75 Rs., B 63 Rs., C 54 Rs. 

66. A, C, D, E play together on the conditions that he 
who loses shall give to all the rest as much as they have aU 
ready. First A loses, then B, then C, then D, and at last, also, 
E. ^All lose in turn, and yet at the end of the bth game they 
all have the same sum, viz. each 32 Rs. How much had each 
before he began to play t 

Ans. A 81 Rs., B 41 Rs., C 21 Rs., D II Rs., and E 6 Rs. 

67. dP2652 are divided amongst 8 tegiments, in such a way, 
that each man of that regiment which contains most, receives 

and the remainder is divided equally amongst the men of 
the other % regiments. Were the pound adjudged to the \st 
regiment, then each man of the 2 remaining regiments would 
receive 10 «. ; if we give the pound to the ^nd regiment, then 
each mum of the two remaining regiments would receive Qs. 8d. ; 
lastly, if it were given to the Srd regiment, then each man of 
the remaining regiments would only receive 5s. How strong 
was each of the S' regiments f 

Ans. The 1st 780 men, the 2nd 1716, the Srd 2028* 
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68. It is required to determine 8 numbers from the follow^ 
ing data. If the 1#^ be added io m times thhetheris then the 
sum s= a ; if the 9ftd be added to the mf times the others^ then 
the sum w a^; but if the 8rd be added to ttf times the others^ 
then the sum mm What numbers are they f 


Making 



+ 




the 8 numbers ate^ — 1— / *“ ® 
m 1\ ^ * 1 




(rnTB 

U— 1 



and their sum 



69. There are 8 numbers whose sum is 83, i/7 be subtracts 
ed from the 'ist and 2nd, the remainders are to one another as 
6 to on the other hand, if three be subtracted from the 2nd 
and 8rd, then the remainders are to one another as 11 to 9* 
What numbers are they ? 

Ans. 87, 26, 21. 

70. Required to find S numbers, which possess the following 

properties: if 6 be added to the \st and 2nd, the sums are 
to one another as 2 to 3 ; if b be added to the and ird, 
then the sums are to one another as T to 11; but if 36 he 
subtracted /rum the 2nd and 8rd, the remainders are to one 
another 6 7. What numbers are they? 

Ans, 30, 48, 60. 

71. A certain number conshts of 3 digits, which, arcM 
arithmetical progression. If this number be divided by the sum 
of its digits ( consequently without regard to the values which 
they have by reason of their positions), the quotient is 48; 
but if we subtract 198 from this number, we obtain a number 
which has the same digits as the one sought, but in an invert^ 
ed order. What number is thief 

Ana. 432. 

72. Some smugglers discovered a cave, which would exactly 
hold the cargo of their boat, visa. 13 baleis of i^tton, and 33 casks 
of rumi Whilst they were unloading, a custom-house cutter 
coming iu sight, they sailed away with 9 casks and 5 hales, 
leaving the cave two-thirds full. Sow many bales or casks 
would %t hold f 

Ans. The cave woul4 hold 24 bales or 72 casks. 
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*fS. A purs0 h<Adt t9 &r&wm i^d'6 ’Nott 4 

*> ^ at""' 

er^Mns an4 5 ^uimaa fill • of^ will it hold 


of each? 

AH9. 21 etimno iytr g’UineaB, ' 

74. A father^ being asked the age of his son^ replied : if 
from double the age he is of nouQ^ you subtyadt ihre*e times his 
age six years ago^ you will know what you ask, 

Ans. 9 years. 

75. DiophantuSy the author of the most ancient book on alge- 

bra that has come down to usy passed the sixth part of his life 
in mfancyy the twelfth part of it in adotescency ; Hfte^ wards 
he married and Heed with his wife the sevt*nth pat t of his tifOy 
and five years more^ when he got a son whotn ke survived fbur 
yearsy and who attained onty half the age of his father^ At 
wfyat age did Diopha'ntus die ? Ans. 84 years. 

7fi. A trader disposes yearly of J?v lOOO /frr hU private ex^ 
penvesy still his properti/ tnaease^ every yent y by a third part 
of what remained after thin dednctiou. and at the end of three 
years lee finds his capital augmented by a third pat t of what 
he had at first. How much had he at the beginnbfg of the 
year? 

Arts. Hs. 5285?. 

77. A trader has two kinds of tea^ the one at Its. a seer 
and the other at\Q Rs. How much of each sort must he take f 
that a>box containing 100 seers^ should he woa th Rs. 16^80. 

Ans. bO seers of the Jlrsty 
70 see) 8 of the second. 

78. A vase containing 89 gallonsy was filled m 12 minutes ; 
by directing successively two pipes to flow into ity of which 
one furnished 4e gallons per minute the other 8; how long did 
etgth fountain run f 

Ans. the 1«^ S minnteSy the second 9. 

79. A watch shewing 12 d'clocky the minute hand will cover 
the hour hand. At what point of the dial will they next be 
in conjunction f 

Ans. 1 houTy 5 minutesy 27 seconds 

N. B. This problem may be compared with that of No. 05, 
hut U may be solved in a much more simple way^ by only 
dividing 12 by 11. 

"'SO. A gentleman meeting some beggarsy wishes to give them 
25 each ; but finding he wanted 1 0 pice^ in order to do sOy 
he gives thenh only 20 pice each ; he then found to have 25 
phe left. It is required to know hqw much money he hady and 
how many beggdrs there wetef 

Ans. lie had Rs. % 9 ans. 1 pice, and the number of beggars 
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. 81. btMghi a tahoi/m^ B$* theMeat 

wanted half iks motiey of the 9tnd brother to complete the whole 
payment ; the eeeond mutd hao$ paid hy htmeelf the whole 
talook^ if one-third only of what the eldest had were added to 
hie property: laetly^the younyeat son could pay the entire 
Sum with the help of tfie qt^t^rter of the property only of the eldest 
brother. How much ^aney does each possess f 

Ans. The eldest hqs jSs. SO^OOO, the second Rs. 40^000, and 
the younyest son^ Rs. 4^,500. 

8^. After the \st game three gamesters counted their money : 
ope only had lost^ the two others gained each as much as he 
hud brought to the play ; offer a second game^ one of the play- 
ers who had gained before tost., and the two others gained each 
as muck as he had at the beginning of the second game ; play- 
ing a third time^ the player who had gained till now^ lost with 
each of the others as much as each of them had before they 
began thu last game; after which they separated each having 
Rs. 120. How much had they each when they commenced 
playing 9 

The laser at the first game had Rs. 1 9j5 

He who lout at the second „ ido 

He who lost at the third ,, GO 

83. If a rectangle were S feet broader and two feet shorter^ 
it would measure 5 square feet mote., hut if it were 5 feet 
broader and only one fool shot ter it would measure square 
feet more. What was the measure of the lectanyle ? 

Ans. 17 broad and 15 feet long. 

84. A shopkeeper who^ in order to weigh any quantity not 
exceeding onemaund or 40 seers., had ptovided himself with 40 
weights^t was shewn that he need not encumber himself with 
such a number of stones, since the same could be done with 
four only. What were the weights of these four stones 91 

As this quebtiou differs much from tiuy of the preceding, we 
give the method of working it entire. 

It is evident tbut one of the weights must be of 1 seer: let x 
denote the next greater weight; then in order to weigh 2 seers, 

A7 1 innsfr weigh 2 seers 

/. 4? — 1 as= 2, or ae* 3. 

Since 8—1 = 2 and 3+1=4; 1, 2, 3 and 4 seeas then, 
may be weighed with two stones, the one weighing 1 and ilte 
other 3 Seers. 

But ill order to weigh 5 aeers, let y Stand for the next greater 
weight to weigh 5 seers, employing the weiglMs we already 
have, the talue of y — 8 — 1 iiittst not exceed 6, 

y — § r- I “ oy 

s 2 
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But 9 4- S 4* ^ ^ conseqiiently aiij ntibiber of seers up 
to IS con be weighed with the weighlsv 1, S and 9. 

And if u denote the next greater weight; then 

— 1 * U6TU^9n 

The law of the series for the least number of weights, is then 
the geometrical series 1 + + 9 + 27 + 8t + 

For the present case, the first jFbor terms are sufiiciedt to 
weigh any whcile quantity not above 40 seers. 

The next less number of weights is the geometrical series 
1 + 2+ 4 + 8 + 16 + ; any weight not exceeding 
63 can be weighed with weights corresponding to these first o 
terme^ and this may be done without placing weights in both 
scales, or making use of differences as in the former series. 

86. A merchant laid out Ra 3450 in the pt^rchaae of three 
different articles ; on the first he gained 20 per cent and on 
tfie %nd per cent. ; the amount gained on each was the same; 
but on the Srd article he lost 74 per cent,, which amounted to 
a sum equal to his gains on the two first articles. How much 
did he pay for each article f 


07 + y + ^ =« 3460 

20a? 1 Sy 

TOCT” 100 


1st equation t =*= 3450 d? — y 


2nd equation y 


20i? 4 


100 100 100 ^ 8 

Thence 3450 — a? — y = 

^ 8 

oAKi\ ^ 8 Of 4- 8 X 

3 3 

or 10350 — 7 X == 16 iV 


/. or = 450 ; and from the 2nd equation 
y r=r 600, and from the Ist ^ 3450 — 600 — 450 = 2400. 

86. A gentleman being asked the age of his three sons, re* 
plied, if to the sum of the ages of my three sons, 18 years be 
added, the result will be four times the age of my youngest son ; 
and ij^\5 years be added to the difference of the ages of my 
eldgst and youngest sons, it will be the age ofjnu second son ; 
and to get the age of my eldest son, deduct/JronS^S years/the 
sum of the ag^ of my three sons. What was thereof e^h t 
7 Ans. 16, 17, 18, 

^ 87. A courier ^seis out from a serf ain place and travels at 
the rate of b miles in n hours ; a hours after another eourieif 
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M tent to reeal him, he traoeh ai the rote e mil^ in m heUra. 
Ajter how many houra will the aecond eourier overtake the firet f 

. abm. 

Jna , — . 

n 0 — hm 

88. A and B together can perform a piece of work in 8 daya, 
A and C together in 9 daya, and B and C in 10 daya. In tww 
many daya will each perform the tame piece of work alone f 
«4 ' 1723 ^ 7 

Jna. A in 14 — daya,Bin — — dt^a, and C in 28 — . 

49 41 ol 

As J and B retire 8 days to perforin the whole work, they 
will perform in one day the 8th part of the work, viz. 

P 

J + — and for the same reason 

c+b,==-4 


by subtraction A — (/= 
again by the question A-\- C -- 


y 49 81 

by addition .<#= — ^ ; by subtraction C == — — 

w 170/1 rrGfn 


Again, 


A-i-B = 


A fC = 


by subtraction B — C 

^ 8 9 

Bj-C^ 


by addition 


i + i- 

7a 10 


and for C, we get as found before 


Now if A can finish the pourt of the whole work in one 

^y, in bow many days can he finish the whole work? 
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^ 1 Jay : : 1,’ (the whole work) : «n^ 

60 on with the Hist. 

89. When a compahy at a tavern came to pay their rec* 
honing^ they found that if there had been 5 hiore^ each would 
have to pay one and a ha\f rupee less, bytt if there had been 
5 leae each would have 8 Rupeea more to pay. Required the 
number of peraone^ and the quota of each f 

Ana. 15 per aona, quota of each 6 Ra.* 

90. A girl being sent to market with two baskets^ each con* 
taming an equal number of eggs^ with the injunction to give 
fium one basket 5 eggs for one ana^ hut only 8 eggs from the 
other. To save trouble.^ she mixed the eggs and sold alNkf them 
at the rate of 8 eggs for two anas^ hut to her great surprUe^ she 
brought home one ana tess than she should have done had she 
done as she was bid. What was the number of her eggs f 

A?fs. 60. 

91 . A and B playing at billiarda^ A bet 5 Rs. to 4 on every 
game^ and found that after a certain number of games he had 
won 10 Rupees. Hud B won one game morCy the number 
won by him would hitiive been to the number won by A as 8 : 4; 
How many games did each win f \ 

Ans.'A won SO, and B 14. 

\ 

Of the resolution of any given number of equations 
of the first degree containing an equal number 
of unknown quantities. 

LXXVIIT. When a question has as many distinct condU 
tions as it contains unknown quantities, each of these conditions 
furnishes an equation, in which it frequently l^appens, that 
the unknown quantities are involved with others, as we have 
already seen in problems with two unknown quantities ; but if 
these unknown quantities are only of the first degree, we may, 
according to the method adopted in the preceding articles, find 
in one of the equations the value of one of the unknown quan^^ 
titles^ as if all the rest were known^ and substitute this value 
in all fhe other equations^ which will then contain only the 
other unknown quantities. 

This operation, by which one of the unknown quantities is 
exterminated]^ is called elimination. In this way if we have 
tj^ee equations with three unknown qnantitie$» we dedncefrom 
them two equations with two unknown quantities, which must 
be treated as above; and hayisi;g obtiaimd the yalues of tfa# 
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two last tmlmown quantities, they roust be sul^tituted iu the 
expression of the first oi^nown quantity. 

If we have four equations with four unknown quantities, we 
can deduce, from them, in the first place, tlir^Pbqnatioiis with 
three unknown Quantities, which inu^t he treated in the same 
manner as just aescribed ; having then found the values of the 
three nnhno^n quantities, they must be substituted in the ex- 
pression for the value of the first unknow n quantity, and so on. 

The following example, is a ^eWon containing three url-^< 
known quantities, and from wbicn we can deduce thiee equa*ji 
tions. 

LX}ig)X. — / bought separately^ the contents of three dif- 
ferent godowns: the first contained SO measutes oj lice^ 20 of 
gram^ and 1 0 of barley^ for which 1 paid Rs 280. 

The second godown^ containing 15 measures of rice, 6 of 
gram, and 1 2 of barley, cost Rs. 1 38. 

The third godown, contained 10 measures of rice, 5 of gram, 
and 4 of barley, for which I paid Rs, 75. 

It is required to know, how much 1 must hare paid for the 
measwe of nee, how much for that of gaam, and for that of 
barley? 

Be X, the price of the measure of rice, 
y, that of the measure of gram, 
ss, that of the measure of bailey. 

To fulfil tlie first condition, we observe, that 

so measures of rice are worth 30 x, 

20 ditto gram are worth 20 y, 

10 ditto barley are worth 10 ; 

and as the whole cost of this is Rs. 230, we have the equation 

80 0? + 20 y + 10 X 230. 

For the second condition, we have 

15 measures of rice, worth 15 
6 ditto gram, ditto .6 y, 

12 ditto barley, ditto 12 ar; 

and consequently 

15« + 6y+ 12 X— 138. 

By the third condition, we have 

1 0 measures of rice, will amount to 1 0.tT 
5 ditto gram, . . 5.y 

4 ditto barley, ... 4.x 

and consequently 


10;p + 5y + 4xa5«75 
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The proposed question then will be broiight into three eqnn* 
ilobs. 

|||60 ar<t-20p4>10»a«> 2Sa 
^15 m+ 6y + ia*«-188 
]0wd-5y+4*ab75 

Before proceeding to the resolution of equations, we should 
examine the equations, to see if it is not possinle to ntupliQr them 
Jby dividing the .two BMtdnm' of someone of them bp the same 
(Qwemhftr ; we find that, in the present example, the two members 
of the first are divisible by 10, and those of the second by 8; 
effecting then those divisions, we get the more simple equations ; 

+ sr*,23 

5 + 

10jp + 5y + 4» = 75 

As we may select any of the unknown quantities in order to 
deduce its value, we give the preference to that of z in the first 
equation, because this unknown quantity having no co-efiicient, 
its value will be a whole quantity without a divisor, as follows ; 
z=: 23 — Sa^ — iiy, 

Substituting this value in the second and third equations, they 
become 

5cP + 2y + 92 — 12* — 8y = 46 
10a; + 6y + 92 — 12* — 8y = 76 

And by reducing the 1st member of each, we find 
92 — 7ar — 6y = 46 
9? __ 2 d, _ 8 = 76. 

These equations contain only two unknown quantities, taking 
one of these, y, for example from the 1st equation, we obtain 
92 — 46 — 7 * 46 — 7 ® 

^ 6 6 

and by substituting this value in the 2nd equation, it becomes 

AC ly . 

92 — 2*- 3 X -5- 75. 

0 


The denominator 6, might be made to disappear by the usual 
method^ but observing that this denominator 6, is divisible 

by 3, we may simplify the fraction , by dividing both 

itff humerator and denominator by 8. We have then 


92 




75; 
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then rauUlpIying by S, to cause the denominator to disappear, 
we get 

184 — 4 » — 46 + 7 » =« 16(*| 
and by reducing the first member, we have 
138 + 8 X =« 150, 

whence we conclude 

160 — 188* 1« 

s 


By the substitutiou of this value in the expression for that of 
we obtain 

46—7x4 46 — 28 18 . 

S g g g-orj,-3i 


and by the substitution of this value of y and that of cu in the 
expression of we get 

jir«:23 — 8x4 — 2x8=-28 — 12 — 6or5f=:5. 


It appears then that a measure of rice was worth Rs. 4 

that of grain, .. 8 

that of barley, 5. 

This example, while it illustrates the method given in the 
preceding article, ought to be attended to on account of the 
abbreviations of calculation which are performed in it. 

To proceed to another example ; — 


LXXX. A hirdar cooly entered into the following condi- 
tions with a potter ; to carry to town some earthen vessels of 
three different sizes^ forfeiting for each vessel that he broke as 
much as he received for the transport of those he delivered safe. 

At first he had committed to him two small vessels^ four of 
a middle size^ and nine large ones ; he broke all the middle 
sized vessels^ and delivered all the rest in good order^ and then 
received the sum of R, 1 : 12, which was the balance tn his 
favor. 

The second time there were committed to him seven small 
vessels^ three of the middle size and five large ones ; he de- 
livers the small and middle size^ but btoke the five large onesy 
when he received only 8 anas. 

Lastly^ he took charge of nine small vessels^ ten middle 
sized ones^ and eleven large ones ; breaking these last^ he re- 
ceived 4 anas. What was paid for carrying a vase of each 
sizef 

Let Of be the sum for carrying a small vessel, • 
y^ ... ... a middle sized one, 

Zy ... ... a large one 
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It is evident, that each sum virhich the cooly receives, is the 
difference between what was due to him for the vessels deliver** 
ed safe, and what he forfeits for those he broke ; accordingly 
the three conditions of the problem furnish respectively the 
following equations : 

7^p+ 3»— S 

9a?+10y — llsr== 4; 

The first of these equations give 

28 + 4 y — 9 sf 

{V ’ — -5 

2 

and by substituting this value in the 2nd and 3rd equations, we 
have 

28 + 4y-_^ ^ 

2 

Making the denominators to disappear, we have 

196 + 28 y — 63 ir + 6 y — 10 ^3? — 6, 

252 -f 36 y — 81 » + 20 y — 22 » === 8 

reducing the first member of each, we obtain 
196 4- 84 y — 73 s? = 6, 

252 + 56 y — 103 » = 8 ; 

taking the vame of y in the first of these equations, we find 

^Sz — 190 
84 

which value of y being substituted, the 2nd "equation becomes 
252 + 56 X — — 103 »= 8, 

and multiplying each term by 34, the quantity is changed into 

84 X 252 + 56 X 78 « — 56 X 190 — 84 x 103 » = 84 x 8, 
or 8568 + 4088 x — 10640 — 3502 » = 272 ; 
which by the reduction of the 1st member, becomes 
686 X — 2072 =» 272 ; 

whence we deduce 

^ _ 2072 + 272 _ 2844 
* 686 ““ 686 
4 . 


or 
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By going back with the valae of k to that of p, we have 




78x4 ->190 292— 190 102 


84 


84 


84 


or 


y=S; 

with these two values of x and p we find 

^ 28-f4x3 — 9x4 28 + 12 — 86 4 

® = 2 2 2 " 

ar = 2 


The price, then, of transport for one of the small vessels was 2 ans. 

middle sized 3 „ 

large 4 „ 


LXXXI. — It sometimes happens that all the unknown quan- 
tities do not enter at the same time into all the equations; the 
method however is not changed by this circumstance; it is suf- 
ficient carefully to examine the connection of the unknown 
quantities, in order to pass from one to the others. 

Let there be, for example, the four following equations ; 

S u — 2 y = 22 
2 cT + S i/ = 39 

4 y + 3 ^ 41 

containing the four unknown quantities a?, y, and z. 

It requires but little attention to see that by taking the 
value of /V in the 2nd equation, and substituting it in the 3rd, 
the results containing only y and z, will, by being combined 
with the 4th equation, give the values of these two quantities ; 
and having the value of y, we obtain those of z and u, by 
means of the 1st and 2nd equations. 

The following is the process : 

jff a ^ - - 9 from the 2nd equation : 

which snbatituted in the 3rd 

5 X — If « 11, 

or 195 — 16y — 14« = 22, 
or 16 y + . 

and the 4th equation 4 y + 3 sr 41. 

T 2 
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We have from the tiro last equations 


y 


1 -^^* and from 2nd 
15 


. 178 — 14 41 — 8 

“is 4 

or 692 — 56 « == 616 — 45 « 
or 77 — 1 1 /. = 7 ; y == 5 ; 

by means of these values we get 

^ 89 — 8 x 5 39 — 16 _24_^ 

2 2 2 
, 2 + 2y 2 + 2x6 12 , 

3 3 3 

the numbers sought are, consequently, 

4, 12, 6 and 7. 


LXXXII. — The method we have explained, is applicable to 
literal as well as to numerical examples; but the multitude of 
letters which it is necessary to em^iloy to represent generally 
the data, when the number of equations and of unknown quan- 
tities exceeds two, has led algebraists to seek for a more simple 
manner to express them. Before treating of this process, 
we must refer the student, desirous of learning to put a problem 
into an equation and resolving it, to the last series of, ques- 
tions : at the end of each the answer which ought to be found is 
given. 


General formulce for the resolution of Equations 
of the First Degree. 

LXXXIII. To obviate the inconvenience which haa been 
remarked at the beginning of the preceding article, we ahall 
repteaent all the coefficients of the aame unknown quantity by 
the same letter, but distinguish them by one or more accents, 
according to the number of equations. 

General equations with two unknown quantities, are written 
thus : 

aw + by s= c 
a’w 4" b'y == <!'• 
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. The coefficients of the unknown quantity cr, are both repre 
sented by those of y by b; but from the accent which is placed 
over the letters in the second equation, it can be seen that they 
are not considered as having the same value, as the corre^on<i- 
ing letters in the Ist equation. Thus a' is a quantity di^rent 
from a ; V is a quantity different from 6. 

If there are three equations, they are expressed thus: 

aa? + 6y + c-r = d 
a'x + Vy + c'z = d! 
oTx + Vy 4- o"z =» d\ 

All the coefficients of the unknown quantity j?, arc represented 
by the letter a, those of y by 6, those of by c; but the several 
letters are distinguished by a different number of accents, indi- 
cating that the quantities so marked have different values. 
Thus u, a\ a'\ are three different quantities. The same may 
be said of the rest. , 

Agreeably to this method, if we had four unknown quantities 
and four equations, they should be written thus: 

ax + by ^ ez + dn = e 

a^x + h*y + &z + d^n = e' 

ol’x + h’y + d'z + d"n = c" 

+ d^z + = d\ 

LXXXI V. To avoid fractions, and simplify the calculation, 
the process of the diminution may be varied in the following 
manner. 

Be the equations 

ax + by sass c 
dx -f dy «= c\ 

it is evident, that if one of the unknown quantities, x for exam- 
ple, had the same coefficient in the two equations, we have only 
to subtract one of these equations from the other, in order to 
make this unknown quantity disappear. This can be seen at 
once in the equations 

10a? + ll y = 27 

10 + 9 y 15. 

By subtracting the lower from the upper equation, we get 
11 y — 9 y « 27 — 15 or 8 y «« 12 or y «« 6. 

It is obvious also, that the coefficients of x may be immedi- 
ately made equal in the equations 

ax + by * . 

a^x 4* b'y {/. 
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1^ multiplying both members of the 1st equation by a', (the 
coemcient a in the second,) and both members of the 2nd equa- 
tion by a, (the coefficient of x in the first ;) we obtain 

a* a X + a^by = a'c 
Wa X + aVy *= a&. 

Then subtracting the first of these equations, from the second, 
the unknown quantity x will disappear; and we shall only have 

{ah> — a!b) y ssz ac* — o'c, 

an equation which contains but one unknown quantity y; 
whence we deduce 


ac‘ — a*c 
^ ab* — a‘b 

this proceeding may always be applied to equations of the 1st 
degree, in order to get rid of any one of the unknown quantities. 

Applying this process to three equations containing y and 
Zy we can fiist eliminate x from the 1st and 2nd equations, then 
fioni the first and third; we thus arrive at two equations, con- 
taining only y and z, from which we may eliminate y for example. 

In effecting the calculation the equation containing z to 
which we shall ultimately arrive, will have a factor common to 
all its terms, and consequently will not be the most simple 
term which can be obtained. 

LXXXV. A very simple method to eliminate at once all 
the unknown quantities, except one, has been given by B^zout, 
by which the question is immediately reduced to equations, 
which contain one unknown quantity less than those proposed. 
Although this process is only resorted to when equations of more 
than two unknown quantities are employed, we shall, in order 
to give a complete view of this method, begin, by making use of 
it to equations containing but two unknown quantities. 

Be the equations 

ax -Y by = c 
a*x Y- Vy — &; 

multiplying the first by any indeterminate quantity m, we have 
amx + bmy = cm ; 

and subtracting from this result the 2nd equation 
a^x + Vy «= c\ 

there remains 

amx — a*x + bmy — Vy » cm — c' 

^ or (am — a') a? + (6m — 6') J/ = cm — c\ 
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Since m in an indeterminate qnantitjr, we may eoppoae it to 
be such that bm = V; in this case, the term multiplied by 9> 
disappears) and we have 


cm 


but because hm 

ih 


am — a; 
b\ it follows that 
b' 

6 

substituting this value of m into a. 


m 


£ 

b 


cV — c'6 
aV ^oJb 


If instead of supposing hm we make am = a\ the term, 
which contains co will vanish, and we shall have 

cm — & 

bm-^ b'. 


The value « of m is no longer the same as in the preceding 
case, for we have 

o' 

a 


substituting this value into the expression of we find 

CO* — c'a 

^ baf — b*a. 


LXXXVI. Let there be the three equations 

oa? + 4" “ d 

4" b'y + c*z — d* 
af'a b"y + =5 d''. 

By an obvious analogy, we shall be led to multiply the first 
of these equations by m, and the second by n, m and n being 
indeteiminate quantities, to add together the results and to sub- 
tract from the sum the third equation ; by this means, all the 
equations will be employed at the same time, and the two new 
quantities m and n, which we are at liberty to dispose of as 
we please, will admit of any determinate value which may be 
necessary to make both the unknown quantities disappear in the 
result. Having proceeded in this manner, and united the terms by 
which the same unknown quantity is multiplied, we shall obtain 
(am+a*n — a")a + (fim + + (cm + c*'«— c"') z^dm + 
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If, it is desired to get rid of m and we have only to write 
the equations 

am + a*n a" 
hm + a'n »» 6^ 

and z is the only unknown quantity remaining ; 


we now have 


dm -f d*n ~ (T 
cm + c'n — 


From the two equations, in which m and n are the unknown 
quantities, it* is easy to deduce the value of these quantities by 
means of the results obtained in the preceding article; for it is 
sufficient to change in these results x into m; y into n, and to 
write instead of the letters 


a, ft, c 
a\ b\ d 


} letters | ’ 


by n liich transformation of letters, we get 


a-'f — b'’a' 
ab' — ba' 


a" 

b" 


ab" — ba" 

n = ^ 

ab' — ba'*. 

Substituting these values in that for z, and reducing all the 
terms to the same denominator, we find 

d {b'a" — a b") + d'(ab" — ba") + d"{ab' — ba') 

^ c{b'H" — a'b") 4- c\ab" — ba") + c"{ab' — ba>) 

If the terms containing x and z had been made to disappear, 
we should have obtained the value of y ; the letters m and n 
would then have depended upon the equations 

am 4“ a^n = a" and cm -f- =s c**; 
and proceeding in the same manner, we should have obtained, 
for the value of 

_ d (c'o" — afc") + d' {ac" — ca") — d" {ad — cd) 
y b (r'a" — a'c") + b (ac" — ca") — 6" {ac'— ca') 


* Note. — The value of m and n in the above equations 
am -f* u'n i=: d* 
bm ^ b'nzz 6" 

may also be obtained by the method given before, as 
abm 4* ofbn =: a'^b 
ohm 4- uh^n = ah'* 

/ .» IT. — db 

n {ab — a%) = aW — a% orn s -r 

oft' — oft 

and likewise multiplying the 1st equation by d, and the ^nd by a% we get 
the value of m. 
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Lastly, by assnming the equations 

bm + b'n = b" and cm + c'm =»® c", 

we make the terms mnltlplied by y and by x disappear, and ve 
get for the value of 

_ d {t/b" — Vc") + (be" ^ cb") — d" (be' — cb') 
a (c'b" — b’c") + o' (bcT — cb") — a" (hc‘ — cb'j 

Developing these values into such a manner, as to render the 
terms alternately positive and negative, and changing at the 
same time, the signs of the numerator and denominator, in the 
first and third, we shall give* them the following forms* 

ab'd" ad'b" + da'b" — ba'd" + bd'a" — db'a" 
ab'c" — ae'b" + ca'b" — ba'c" -j- bc'a"~^cb^” 

ad'e" — ac'd" + co'd" -f de'n" — cd'a* 

— ac'b" + ca'b" ba'c" + bc'a" — cb'a" 

db'c" — dc'hVf cd'h" — bd'd' + bed" — cb'd" 

ab'c" •— ac'b" f ca'b" — ba'c" -f- bc'a" — cb'a"' 

LXXXVII. Let there be the four equations 

ax + by -j- ez + dn = e 
a^x -f h’y + c'z + d'n e" 

a"x 4- h"y + d'z + d!'n e" 

+ 6"V + o"';r + d"n = e'" 

Multiplying the first equation by w, the second bv w, the 
third by/), and subtracting from the sum of their products, the 
fourth equation, we shall find 

{am -j- dn + d'p — a"') x + {bm -f- h*n -f h"p — ¥*) y 

+ {cm + c^n + c"p — c"') z + {dm + dn 4- d"p — d'") u 

= cm +• e'n + e"p — e"' 

In order to obtain u, we may suppose 

am + a'n + a"p =5 a'" 
hm + Vn + U^p = 
cm + c'n 4" dp — 

whence we get 

em + dn + dp — d* 

^ dm + d'w + d''p— d" 

The case of four unknown quantities, is now reduced to that 
of three, by means of the formulae found for the case of the 
three unknown quantities which determine thd factors m, n, p. 
It must be observed that the letters d and e do not enter into 
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these three equations, they neither form any part in the values 
of w, and that it follows from thence, that the numerator 
of the erpresaion of u, is deduced from the denominator^ by 
vhtmifing the d, which are the coefficients of this unknown 
quofUtty^ into the corresponding e, the known terms %n the 
proposed equations* 

Tlii^ law, which might have been perceived in the articles 
So and 86, extends to all unknown quantities, whatever be their 
iiuinher. As for their numerator, the observation <lrawii from 
the results obtained before, furnishes the means of finding them 
without any calculation. 

LXXXVIII. To reascend to the first link of the chain, let 
us take the most simple case, the equation with one unknown 
quantity, ax = 0 ; frtajj^this we find 

a 

where we see that the numerator is ij/t whole known term ft, 
and the denominator tlie co-elficieut a of the unknown quantity. 

From the two equations 

ax -j- by == r, a^x -j- ft'y — c* 

we have already deduced 

rb' — b& ac' — • ca' 

^ ah' — ha'^ ^ ab' — ba' 

The denominator in this case is also composed of the letters 
u, ft, ft^ by which the unknown quantities are multiplied. 
We first write the letter a by the side of ft, which gives ah; 
we then change the order of a and ft and obtain ba ; placing 
the sign — befoi e it, we have ah — ba ; lastly, we place an 
accent over the last letter of each term ; and the expression 
becomes aU — ha' for the denominator. 

This done, the numerator of x is obtained, by changing, 
agreeably to the remark which terminates the pieceding article, 
each a into c ; and the numerator of y by changing each ft into 

c ; by this ineaus we find^br the one is cb' — ftc', and for the 

other ac' — ca'. 

It requirosj greater attention to perceive the formation of the 
denominator in equations with three unknown quantities. How- 
eve^*, since in the case of two unknown quantities, the denomi- 
nator presents all possible arrangements of the two letters a and 
ft, by which these unknown quantities are multiplied, it is natu- 
;ral to conclude, that, when there are three unknown quantities, 
tlieir denominator must contain all the arrangements of the 
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three letters and c. In order torform these aTrangements 
with order, we proceed in the following tnamier. 

We firjjt make the arrangements with the twdfrtter«* a and ft, 
wliieli are ah — ha; then after the first term write the third 
letter c, whicli gives nhc; making this letter through all 
the places, ol)ser\ing each time to change the wgn, and not to 
range the order in which a and ft respectively stand, we 
obtain 

abc — acb + cab^ * 

Operating in the same manner ontfie second arrangemenl of 
the two letters — ftfl, we shall get / 1 ‘‘ 

— bac -{- bca ~ ^ba ; 

connecting these products with the three preceding, and plac- 
ing over the second letter one acce;)^. ^d over the third letter 
two, we have 

ab'c" — adlf + m'V —%a>d^ ftc'a'' — eft'a^', 

a result, which agreesnvith that obtained immediately by the 
formulfe terminating the 86th article. 

It is easy to conclude from this, that in order to form a de- 
nominator in case of four unknown quantities, we must intro- 
duce tile letter d in each of the six products, 

abc •— acb + cab — hac -f- bca — • eba ; 

and to mako this new letter c/, occupy successively all the places, 
the first term aftc, for example, gives the four following; 
abed — abdc + adbc — dabc. 

Proceeding in the same manner with the five other products 
tlic total result will be twenty-four terms, in each of which the 
second letter will have one accent, the third two, and the fourth 
three. 

LXXXIX. That these formulae may be employed in the 
resolution of numerical equations, the terms of proposed equa- 
tions must be compared with the corresponding term of the ge- 
neral equations given in the preceding articles. 

To resolve, for example, the three equations 

• 7 a 4* 5 ?/ + 2 = 79, 

oj + ^y + bz— 55, 

every term must be compared with the equations given in 
art. 86, We have then 

u S 
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o«7;6=.5;c=«2;rf«- 79 
a' = 8 ; 6' =. 7 ; f*' 9 ; cf «= 122 
0* = 1 ; 6''==4; c^-=6; d' « 55. 

Substituting these Ta1ue<! in the general expresoions for the 
unknown quantities x, t/ and z, and going through the operations 
which are indicated, we find 


x = 4, 9=^9 xi=>3. 


It is important to remark, that the same expressions can be 
employed, even when the proposed equation has not all its 
terms positive, as it might be supposed from the general equa- 
tions, from which these expressions are deduced. 

For example, let there be, 

.9^ — 9f/ + 8«=» 41 

— • 5 y + 2 ar = — 20 

llx — 7'jr — 6«= 8 ^ 


in comparing the terms of these equations with the correspond- 
ing terms in the general equations, and having due regard to 
the signs, we shall have 

a == -[- 8, h _ 9, c == + 8, d = -f- 41 

o' = — 6' = -j. 4, c' = + 2, d' = — 20 

o" = + 11, 6' = — 7, c’ = — 6, d" = -H 87. 


We must now determine by the rules of the signs given 'in 
art. 31, the sign, which each term of the geneial expressions of 
x, y and % ought to have according to the signs of the factors 
of which it is composed. Thus we find, that the first term of the 
common denominator, which is a be", becoming + 3x+4x — 6 
changes the sign of the product, and gives — 72. Observing 
the same method with respect to the other teims, as w’ell of the 
numerators as of the denominators, taking the sum of those 
terms which are positive, and also that of those that are nega- 
tive, we obtain 


2774 — 

2834 _ 

— 

60 

592 — 

622 

— 

80 

8022 — 

2932 

+ 

90 

592 — 

622“ 

— 

30 

8859 — 

8889 ^ 


SO 

592 — 

"622“ 


80 


+ 2 


+ 1 . 
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Equaiions of the Second Degree, having only one 
Unknown Quantity. 

XC. Hitlierto we have been emploved upon equations of the 
first degree^ or such ns involve only the first power of the un- 
known quantities; hut were the question pioposed ; To find a 
number^ which^ muitiphed by five times itselj,, will give a pro- 
duct equnl to 1^5 ; if we designate this number by five times 
this number will be 5 and we shall have 
5 X X X or 5 0 ?* = 125. 

This is an equation of the second degree^ because it contains 
or the second power of the unknown quantity. If we free 
this second power from its coefficient 5, we obtain 
* 125 

00 =s= , or X = 2o. 

5 

We cannot here obtain the value of the unknown quantity .r, 
as in art. 11., and the question amounts simply to this, to find a 
number which, multiplied by itself, will give 25. It is obvious that 
this ‘number is 5; but it seldom happens that the solution is so 
easy; hence arises this new numerical question ; to find a num- 
ber^ which^i multiplied by itself ^ will give a product equal to a 
proposed number; or, which is the same thing, from the second 
power of a number, to retrace our steps to the number from 
which it is derived, and which is called the square rootm We 
shall proceed, in the first place, to resolve this question, as it is 
involved in the determination of the unknown quantities, in all 
equations of the second degree. 

XCL The method employed in finding or extracting the roots 
of numbers, supposes the second power of such, as are expressed 
hy o*dy one figure, to be known. The following are the nine 
primitive numbers with their second powers written under them 
respectively. 

128456789 
1 4 9 16 25 86 49 64 81. 

It is evident from this table, that the second power of a num- 
ber expressed by one figure, contains no more than two figures; 
10, which is the least number expressed by two figures, has for 
its square a number composed of three, 100. lu order to 
resolve the second power of a number consisting of two figures, 
we must attend to the method by which it is formed; for this 
purpose we must inquire, how each part of the number 47, for 
example, is employed in the production of the square of this 
number. 

We may resolve 47 into 40 + 7, or into 4 tens and 7 units; if 
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we represent the tens of the proposed number by a, and the 
units by 6, the second power will be expressed by 

(^ + ft) (a -|“ i) a'* + ^ a 6 + 6*; 

that is it is made up of three parts, namely, the squaie of 
the tens, t trite the product of the tens multiplied by the miits^ 
and the square of the U7iits, In tlie example we have taken, 
a = dlj tens or 40 units, and 6 = 7 ; we have then 

a* = 1600 
Soft = 560 
49 


Total, + 2 rt 6 + 5^ = 2209 = 47 X 47. 

Now in order to return, by a reverse process, from the num- 
ber 2209 to its loot, ue may observe, that the ‘iqnare of the 
tens, 1600, has no fiofure, which denotes a rank inteiior to liini- 
dredh, and that it is the greatest square, which the 22 liundieds, 
compreh mded in 2209, contains; for 22 lies between 16 and 
25, that is, between the square of 4 and that of 5, as 47 falls 
between 4 tens or 40, and 5 tens or 50. 

We find, therefore, upon examination, that the greatest square 
contained in 22 is 16, the root of which 4 expresses tlie nuinlier 
of tens in the root of 2209 ; subtracting 16 hundreds, or 1600, 
from 2209, the remainder 609 contains double the product of 
the tens by the units, 560, and the square of the units 49. But 
as double the product of the tens by the units has no figure 
inferior to tens, it must be found in the two fii st figures 60 of 
the remainder 609, which contain also the tens arising from the 
square of the units. Now, if we divide 60 by double of the tens 
8, and neglect the remainder, we have a quotient 7 equal to the 
units sought. If we multiply 8 by 7, have double the pro- 
duct of the tens by the units, 560 ; substracting this from the 
whole remainder 609, we obtain a difference 49, which must be, 
and in fact is, the square of the units. 

This process may be exhibited thus : 

22,09 I 47 

Te 

60,9 

60,9 

000 

We write the proposed number in the manner of a dividend, 
and assign for the root the usual place of the divisor. We then 
separate the units and tens by a comma, and employ only the 
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two first figures on the left, which contain the square of the tens 
found in the root. We seek the greatest square 16, coiitaiiied 
ii) these two figures, put the root 4 in its a‘^signe(l place, and 
subtract 16 from To the remainder we bring down the 

two other figures, 09 , of the proposed number, separating the 
last, which does not enter into double the product of the tens 
by the units, and divide the remainder on the left by 8, double 
the tens in the root, which gives for the quotient the units 7. 
In order to collect into one expression the two la^^t parts of the 
square contained in 609 , we write 7 by the side of 8, which 
gives 87, equal to double the tens plus the units, nr a + 5 ; 
this, multiplied by 7 or 5 , reproduces 609 = 9> ah + b\ or dou- 
ble the product of the tens by the units, plus the square of the 
units. This being subtracted loaves no remainder, and the 
operation shows, tliat 47 is the square root ot 2^09. 

If it were required to extract the square root of 624 ; the 
o])eration would be as follows : 

8,24 I 18 


22,4 I 28 
22,4 I 

000 

Proceeding as in the last example, we obtain 1 for the place 
of tens of the root ; this doubled gives the number 2, by which 
the two first figures 22 of the reraauider are to be divided. Now 
22 contains 2 eleven times, but the root can neither be more 
than 10, nor 10 ; even 9 is in fact too large, for if we write 9 by 
the side of 2, and multiply 29 by 9, as the rule requires, the 
result is 261, which cannot be subtracted from 224. We are, 
therefore, to consider the diviMon of 22 by 2 only as a means of 
approximating the iniits, and it becomes necessary to diminish 
the quotient obtained, until we arrive at a product, which does 
not exceed tlie remainder 224. The number 8 answ^ers to this 
condition, since 8 x 28 = 224 ; therefore, the root sought is 18. 

By resolving the square of 18 into its three parts, we find 

«* = 100 
aa 6 = 160 
64 


Total, 824:** Si x 18, 

and it may be seen, that the 6 tens, contained in the square of 
the units, being united to 160, double the prbduct of the tens 
by the units, alters this product in such a manner, that a divi- 
sion of it by double the tens will not give exactly the units. 
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XCII. It Ti^ill not be difficult, after what has been said, to 
extract tlie square root of a number, consisting of three or four 
figures ; but some further observations, founded noon the prin- 
ciples above laid doun, may be necessary to enable the reader 
to extract the root of any number whatever. 

No number Jess than 100 can have a square consisting of 
more than four figures, since that of 100 is 10000, or the least 
number expressed by five figures. In older* therefore, to ana- 
lyze the square of any number exceeding 100, or 473% for 
example, we may resolve it into 470 + S, or 47 tens plus 8 
units. To obtain its square from the formula, 

+ ^ab + 

we make a = 47 tens — 470 units, 6 = 8 units, then 

a* = 220900 

% ah ^ 2820 

6* = 9 


Total, 228729 = 478 x 473. 

In this example, it is evident that the square of the tens has no 
figure infeiior to hundreds, and this is a general principle, since 
tens multiplied by tens, always give hundreds. 

It is therefore in the part 2237, which remains on the left of 
the proposed number, after we have separated the tens and units, 
that it 18 necessary to seek the square of the tens ; and as 473 
lies between 47 tens, or 470, and 48 tens, or 480, 2237 must 
fall between the square of 47 and that of 48 ; hence the greatest 
square contained in 2237, \^ill he the square of 47, or that of 
the tens of the root. In order to find these tens, we must evi- 
dently proceed, as if we had to extract the square root of 2237 
only; but instead of arriving at an exact result, we have a 
remainder, which contains the hundreds arising fromPdouble the 
product of the 47 tens multiplied by the units. 

The operation is as follows: 

22,87,29 1 478 


16 1 87 


63,7 I 943 

60,9 


282,9 

282,9 


0 
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We first separate the two last figures ^9, and in order to 
extract the root of the number 22Slf^ which remains on the left, 
w^e further separate the two last figures 37 of this number ; the 
proposed number is then divided into portions of two figures, 
beginning on tlie right and advancing to the left. Proceeding 
’uith the two first portions as in the preceding article, we find 
the two first figures 47 of the root ; but we have a remainder 
J28, which, joined to the two figures 29 of the lust portion, 
contains double the product of the 47 tens by the units, and the 
square of the units. We separate the figure 9, which forms no 
part of double the product of the tens by tlie units, and divide 
282 by 94, double the 47 tens; writing the quotient 3 by the 
side of 94, and multiplying 943 by 3, we obtain 2829, a niiinber 
exactly equal to tlie last remainder, and the operation com- 
pleted. 

XCIII. In order to show, by what method we are to proceed 
with any number of figures, however great, I shall extract the 
root of 2239182 k Whatever this root may be, we may suppose 
it capable of being resolved into tens and units, as in the pre- 
ceding examples. As the square of the tens has no figure infe- 
rior to hundreds, the tuo last figures 24 cannot make a part of 
it ; we may therefore separate them, and the question will be 
reduced to this, to find the greatest square contained in the part 
223918, which remains on the left. This part consi-stiiig of 
more than two figures, we may conclude, that the number, 
which expresvses the tens in the root sought, will have more 
than one figure; it may therefore be resolved, like the others, 
into tens and units. As the square of the tens does not enter 
into the two last figures 18 of the number 223918, it must be 
sought ill the figures 2239, which remain on the left; and since 
2239 still consists of move than two figures, the square, which 
is contained in it, must have a root which consists of at least 
two ; the number which expresses the tens sought will therefore 
have more than one figure; it is then, lastly, in 22 that we 
must seek the square of that, which represents the units of the 
highest place in the root required. By this process, which may 
be extended to any length we please, the proposed number may 
be divided into portions of two figures from right to left ; it 
must be understood, however, that the Iasi figure on the left 
may consist of only one figure. 

Having divided the proposed number into portions as belong 
we proceed with the three first portions, as in the preceding 
article ; and when we have found the three first, figures 473 of 
the root, to the remainder 189, we bringdown the fourth portion 
24, and consider the uumbei; 1 8924, as containing double the 

X 
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product of tlie 47S tens already found by the units sought, plu*? 
the f^quaie of these units. We separate the last figure 4 ; divide 
those, ^\hlch remain on the left, by 946, double of 472J, and 
then make trial of the quotient S, as in the preceding examples. 

22,89,18,24 | 4732 

16 I 87 

63.9 943 

60.9 9462 

301,8 
282 9 

1892,4 

1892 4 

0000 0 

Here the operation, in tlie present case, terminates ; but it is 
very obvious, that if ue had one portion moie, the four figures 
alu found 4732 uould cxpiess the tens of a root, the units 
of \»luili would i< nixin to be nought; we should proceed, there- 
fore, to dnidc the jcniainder now found, together with the first 
figuio of the following poiiioiu by double of these tens, and so 
on foi oath of the portions to be successively brought down. 

XCl V, If, after having brought down a portion, the remain- 
der joined to the first figure of this portion, does not contain 
double of the figures already found, a cipher must be placed in 
the root; for the loot, in this case, will have no units of this 
rank; the following portion is then to be brought down, and 
the operation to be continued as before The example subjoin- 
ed will illubtiate this case. The quantities to be subtracted are 
not put down, but the subtraction^ are supposed to be peiform- 
ed mentally, as in division. 

49,42,0 9 I 703 

04,20,9 I 1403 
0,00,9 

XCV. Every number, it will be perceived, is not a perfect 
square. If we look at the table given, page 149, we shall see 
tMt between the squaies of each of the nine primitive numbers, 
theie are inteivals comprehending many numbeis, which have 
no assignable root; 46, for instance, is not a squaie, since it 
falls between 36 and 49. It very often happens, therefore, that 
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the number, the root of which is sought, does not admit of one ; 
but if we attempt to find it, we obtain for the result tlie root of 
the greatest square, which the number contains. If we seek, 
for example, the root of 2376, we obtain 47, and have a remain- 
der 67, which shews, that the greatest square contained in 2276, 
is that of 47, equal to 2209. 

As a doubt may sometimes arise, after having obtained the 
root of a number which is not a perfect square, whether the 
root found be that of the greatest square contained in the num- 
ber, we shall give a rule, by which this may be readily deter- 
mined. As the square of a 6 is 

a^ + ^ab+b\ 

if we make b — the square of a -f 1 will be 
a* + 2 a + 1 , 

a quantity which differs from the square of cr, by double of a; 
plus unity. Therefore, (/' the root found can be augmented by 
unify, or mote than uyiity, its square, subtracted from the 
proposed number, will leave a remainder at least equal to 
twice this root plus unity. Whenever this is not the case, 
the root obtained will be, in fact, that of the greatest square 
contained in the number proposed. 

XCVI. Since a fraction is multiplied by another fraction, 
when their numerators are multiplied together, and their deno- 
minators together, it is evident that the product of a fraction 
multiplied by itself, or the square of a fraction is equal to the 
square of its 7iumerator, divided by the square of its deno^ 
minatoT, Hence it follows, that to extract the square root of a 
fraction, we extract the square root of its numerator and that 
of its denominator. Tims the root of g j is I, because 5 is the 
square root of 25, and 8 that of 64, 

It is very important to remark, that nut only are the squares 
of fractions properly so called, alvvaj^s fractions, but every frac- 
tional number which is irreducible will, when multiplied by 
itself, give a fractional result, which is also irreducible. 

XCVIT. This proposition depends upon the following; 
Every prime number P, which will divide the product AB of 
two numbers A and B, will 'necessarily divide one of these 
numbers. 

Let us suppose, that it wall not divide B, and that B is the 
greater ; if we designate the entire part of the quotient by q, 
and the remainder by B^, we have 

B^qP\B\ 
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tniiltipljing bj J, we obtuin 

AB==^qAP-\- AB', 

and dividing tfie members of this equation by P, we have 


AB 

P 


4 . 


from wliicli it ap|)('nr«», that if AB lie by tbo product 

AB will !)c divisil)U» by the same iiiiinber. Now B\ beiii);^ the 
refnaiml<*r nfttM* the division of B by P, inu'^t be less than P ; 
therefore B cannot he divided by P ; if W“ di\ide P by B' we 
have a quotient q' and a remainder B" if further we divide P 
l»v /?', w'o have a quotient tf and a renniiidor B^^\ and so on, 
since P a prime nmiilier. 

We have, therefore, the following series of equations ; 

P = q> IV f B\, P = 9" + B\ kc. 

multiplying each of those by A^ we obtain 

AP =- q' AB' + AB'\ AP = 9' AB' + AB\ &c. 


dividing by 
A == 


, AB . AB^ 

1 -f- + 




From tliese results it is evident, that if AB^ be divisible by 
the prodnets AB'\ AB" * &c will also be divisible by it. But 
the remainders B\ B\ B"\ &c. are becoming iess and Jess, com 
tiiiually, till they finally terminate in unity, for the operation 
exhibited above may be continued in the same manner, while 
the remainder is greater tliau since is a prime immber. 
Now when the remainder becomes unity, we have the product 
u bich must be divisible by ; therefore ^4 also must 
be divisible by P. 

Ilonce, ii* the jirimo number F, wbicb we have supposed not 
to divide B will not divide A, it will not divide the product of 
these nil in hers. 

(This demoNstirfttinn h taken principally from the lL\\€onei 
des Noinbres of -M. fjegendre*.) 


It is evident tliat the above proposition may ho extended to a product 
composed of any niimher of factors, and that if the»e factors are all • ft lem 
prime nunihers, the priwliict cannot he divided hy any otluM* prime nnin- 
ber, which sheas tliat the decomposition of a number into simple factors 
can be etfected in one way only. 

iVJoreovei , as a number immpo'sed of any number of factors, cannot divide 
another number unles'' it be successively divisible by each factor of the 
first, it follows that aiiv niimbcr whatever which is prime with one of the 
factors of a product AH, c.iimot divide ibis product uniesb it divides the 
otiier. 
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XCVIII. Now when the fraction — is iiTccliiciWe, there is 

a 

no prime number which will divide, at the same time, 5 and // ; 
but from tlie preceding deinon<^tration, it is evident, that every 
prime nunjber, which will not divider, will not divide <7 x 7 /. or 77 “ ; 
every prime number, which will not divide />. ill not (livjde^> X/>, 
or the numbers and b* are, therefore, in this case, prime to 

each other; and consequently the square of the fraction ^ , 

77 u 

being irreducible, as well as the fraction itself, cannot become 
an entire number. 

XCIX. From this last propf)sitJon it follows, that entire 
nmnhera^ eojcept only such as ore perfect squares, admit of no 
nssiynahle root either among whole numbers or fractions. Yet 
itise\idcnt, that there niii«.t be a quantity, which, iniilliplied 
by itself, will produce any number lUiatever, 2276, for instance, 
and that in the present case, this quantity lies betw'cen 47 and 
48 ; for 47 X 47 gives a product less than this number, and 
48 X 48 gives one greater. Diiidiugf then the difference 
between and 48 by means of fi actions, ue may obtain num- 
bers, that, multijilied by theinscUes, will give products greater 
than the square of 47, but le'^s than that of 48, and which will 
approach nearer and nearer to the number 2276, 

The extraction of the square root, therefore, applied to num- 
bers which are not perfect squares, makes us acquainted with a 
new species of iiuniljeis, in the same manner, as division gives 
ri>e to fiactioii'^; but there i^ this difference between fractions 
and the roots of niiihbeis Inch are not perfect srpiares ; the 
former, which are always composed of a certain number of 
parts of unity, have witli unity a common measure, or a relation 
Avhich may be expressed by whole numbers, which the latter 
ha^e not. 

If we conceive unity to be divided into five parts, for exam- 
j>le, we express the quotient arising from the division of 9 by 5, 
or by nine of these pai ts; J then, being contained five times in 
unity, and nine times 111 I, is the common measure of unity and 
the Vraction and the relation these quantities have to each 
other is that of the entire niunbers 5 and 9. 

This proves the arithmetical enunciation, that every fraction of which the 

..j., ^ ^ j be , 

terms are prime to each other, is irreducible, for let — as«“» 

hut if a and b are prime to each other, and d he a whoje or entire number 
then must a di\ide c which suppobcs c=or > atherefore d must also be — , 
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Since whole numbers, as well as fractions, have a common 
measure with unity, we say that these quantities are commensu- 
rable with unity, or simply that they are commensurable; and 
since their relations or ratios^ with respect to unity, are express- 
ed by entire iimnberM, we designate both whole numbers and 
fractions by the common name of rational ^lumbers. 

On the contrary, the square root of a number, which is not a 
perfect square, is incommensurable or irrational^ because, as it 
cannot be represented by any fraction, into whatever number 
of parts we suppose unity to be divided, no one of these parts 
will be sufliciontly sninll to measure exactly, at the same time, 
both this loot and unity. 

In order to denote, in general, that a root is to be extracted, 
whether it can be exactly obtained or not, we employ the charac- 
ter , which is called a radical sign; 

^16 is equivalent to 4, 

v/' 2 is incommensurable or irrationaL 

C. Althou;,h we cannot obtain, either among wdiole niiui- 
bers or fractions, the exact expression for \/ 2, yet we may ap- 
proximate it, to any degree we please, by converting this num- 
ber into ii fraction, the d<‘norniimtor of which i', a perfect square. 
The root of the greatest square contuined in tl)e numerator will 
then be that of the proposed number expressed in parts, the 
value of which will be denoted by the root of the denominator. 

If w’e convert, for example, the number 2 into twenty-fifths 
w^e have J As the root of 50 is 7, so far as it can be express- 
ed in w'hole luunbers, and the root of 25 exactly 5, we obtain J, 
or ly for the root of 2, to within oiie-lifth. 

Cl. This procc'.s, founded upon what w'as laid dow'ii in 
article Ob., that the square of a fi action is expressed by the 
square of the numerator divided by the square of the denomina- 
tor, may evidently be applied to any kind of fraction whatever, 
and more readily to decimals than to others. Jt is manifest, 
indeed, from the nature of multiplication, that the square of a 
number expressed by tenths will be hundredths, and that the 
square of a number expressed by hundredths will be ten thou- 
sandths, and so on; and consequently, that the 7iumber of deci- 
mal figures in the square is always double that of the decimal 
figures in the root. The tiuth of this remark is further e\i(lent 
from the rule observed in the multiplication of decimal numbers 
which requires that a product should contain as many decimal 
figures, as there aie in both the factors. In any assumed case, 
therefore, the proposed number, considered as the product of its 
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root multiplied by itself, must have twice as many decimal 
figures as its root. 

From what has been said, it is clear, that in order to obtain 
the square root of for example, to within one hundredtli, 
it is necessary to reduce this number to ten thousnmUh*^, that 
is, to annex to it four ciphers, uhicli gives 2270000 ten thou- 
sandths. The root of this may be extracted in the same manner, 
as that of an equal number of units ; but to show that the 
result is hundredths, we separate the two last fiirnres on the 
right by a comma. We thus find that the root of 227 is 15.00, 
accurate to hundredths. The operation may be seen below ; 

2,27,00,00 I 1506 

127 25 

2 00 00 3006 
19 64 

If there are decimals already in the proposed number, they 
should be made even. To extract, for example, the root of 
51,7, we place one cipher after this number, which makes it 
liundredths ; ^ve then extract the root of 51,70. If we j)iopose(l 
to have one decimal more, we should place two additional 
ciphers after this number, which would give 51,7000; we 
should then obtain 7,19 for the root. 

If it were required to find the square root of the number 2 
to eleven places of decimals, and that of 3 to fifteen places of 
decimals, we should annex fourteen ciphers to the first of these 
numbers, and 30 to the last, the result would be 

-= 1,41421356237 \/3 = 1,732050807568877. 

CII. When w^e have found more than half the number of 
figures, of which w'e wish the root to consist, we may obtain the 
rest simply by division. Let us take, for example, 32976 ; the 
square root of this number is 181, and the remainder, 215. If 
we divide this remainder 215, by 362, double of 181, and extend 
the quotient to two decimal places, we obtain 0,59, which must 
be added to 181 ; the result will be 181,59 for the root of 32976, 
which is accurate to w'ithin one hundredth. 

In order to prove that this method is correct, let us designate 
the proposed number by A^, the root of the greatest square con- 
tained in this number by a, and that which it is necessary to add 
to this root to make it the exact root of the proposed number 
by b ; we have then 

N — a* + 2 ab + Vy 
from which we obtain 

AT — + 6*; 
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dividing this by 2 a, we find 
JV — «’ 
2 a 


^ + -r' 

2 a 


From this result it is evident, that the first member may be 

A* 

taken for the value of 6, so long as the quantity - — isles^tthan 

Xe Cl 

a unit of the lowest place found in b. But as the square of a 
number cannot contain more than twice as many figures as the 
number itself, it follows, that if the mimber of figures in a 

exceeds double those in fe, the quantity — will then be afractiun. 

In the preceding example, « = 181 units, or 18100 hun- 
dredths, and consequently contains one figure more than the square 

of 59 hundredths ; the fraction then — becomes in this case, 

2 a 

/wq\a S'-fSl 

— ^ of the second part 

52x18100 y 6^200 ' 

59, or than a hundredth of a unit of the first. 


CHI. This leads to a method of approximating the square 
root of a number by means of vulgar fractions. It is founded 

on the circumstance, that a, being the root of the greatest 

1.2 

square contained in zV, b is necessarily a fraction, and 


^ a 


being much smaller than 6, may be neglected. 

If it were required, for example, to extract the square root 
of 2 ; as the greatest square contained in this number is 1, if 
we subtract tins, we have a remainder, 1. Dividing this re- 
mainder by double of the root, we obtain J ; taking this quo- 
tient for the value of the quantity 6, we have, for the first 
approximation to the root, 1 -|- J or Raising this root to its 
square, we find which subtracted from 2 or J, gives for a 
remainder — In this case the formula 


becomes 


2 a 




5* 


2 a 


Substituting — for 5, we have for the second approxima- 
tion § — T 2 = i J i taking the square of {J, we find f||, a 
quantity, which 6tiU exceeds 2 oi |||. Substituting \ l for a, 
we obtain 
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! = 6 X ; 

12 X 34 * 2 a 

T^hicli gives 

^ 1 1 ^. 

“ 12X04* 408' 

the third approximation will then be 

17 1 17x34 — 1 _ 577 

12 12 X 34 408 408 

Tliis operation may be easily continued to any extent we 
please. \N'e shall ^dve hereafter other formula* more conveni- 
ent for exiiacting roots in general. 

CIV. In order to approximate the square root of a fraction, 
the metliOil, mIucIi first presents itself, is, to extract, by ap- 
proximation, the square root of the numerator and that of the 
denominator ; but with a little attention it will be ^een, that we 
may avoid one of thece operations by making the denominator 
a perfect square. This is done by multiplying the two terms of 
the proposed fraction by the denomiiintor. It it were required, 
for example, to extract the square root of f , we might change 
this fraction into 

3 X 7 _ 21 
7x7 4y 

by multiplying its two terms by the denominator, 7. Taking 
the root of the greatest ‘square contained in the numerator of 
this fraction, we have ^ fhe root of accurate to within 

If a greater degree of exactness were required, the fraction } 
must be changed by approximation or otherwise into another, 
the denominator of which is the square of a greater number than 
7. We shall have, for example, the root sought within if we 
convert ? into 225ths, since 225 is tho square of 15 ; thus the 
fraction becomes of one 225th, or within j? Jy ; the root 

of falls between and Jy, but approaches nearer to the 
second fraction than to the first, because 96 approaches nearer 
to a hundred than to 81 ; we have then or | for the root of f 
within 

By employing decimals in approximating the root of the 
numerator of the fraction we obtain lf,583 for the approxi- 
mate root of the numerator 21, which is to be divided by the 
root of the new denominator. The quotient thence arising, 
carried to three places of decimals, becomes 0,655. 
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Solution of Equations of the Second Degree. 

CV. Before we proceed to a general solution, we shall pro- 
pose the most simple case, the equation ar* == a*, which can be 
put ill the form of a** — = 0. We have seen, page S5, that 

a?* — /3r“ is the product of a? -|- a by ^ — < 7 , therefore (x + a ) 
(x — a) — Q\ which may happen in two different Avays, either 
because + /; = 0, or because x — a = 0 ; but as there is 
nothing indicating Avhich of the two values ought to be taken in 
preference to the other, we say that x^ — a* admits of two 
solutions w ^ a and x — — a : these two solutions are called 
the roots of the equation. When the second member is not a 
perfect square, as in a, the two roots are only indicated, 

as .r as ^ a, and x— — r/, or by the expression = ± y' a. 

Should a have the sign — before it, as in a;“ = — a, we then 

write a? ± V' — a. 

CVL We have seen in page 94, that both + a x + n and 
•— o X — (t give equally the positive product there can 
be then no real quantity, which multiplied by itself, can pos- 
sibly give a product — a*, the expression \/ — a* can then 
only be an imaginary quantity. Thus the equation = — a* 

from which w'e can only conclude, that x ==* i \/ — a^ an ex- 
pression Avhieh indicates, that both its roots are imaginary, as no 
soluble question can lead to such a result. Sometimes however 
we do arrive at such a result, indicating that the ineihod employ- 
ed to resolve tlie problem is not that which ought to have been 
followed, or that some change in the enunciation ought to be 

X 

made. From ai* ==: — a*, we get — l,or— =•!: ^ ], 

a a ^ ^ 

or ^ » d: ^ ^ — !• Imaginary quantities are usually repre- 
sented in this manner. The quantity then of must have 

for its factors, x a \/ — 1, and x — a \/ — J, indeed 
by actually performing the multiplication 

iT -f a — 1 

/r — o \/ — 1 


-f- QX 1 

— ax \/ — 1 — a* X \/ — lx \/ — 1 


‘ x^ — a*X\/ — \ X h/ — 1 
or, tT* — «• X ( — 1)*, or, — a* x ( — 1) or a?* -f- a*. 
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Generally \/ — m x — m is the same as -v/ ( — w«)* or 
— m. It might be objected that (— fn)* is the same as #w*, and 
that has not — m r«^ther than -f m for its root ; this is only 
true when nothing indicates which of the two we ought to chose; 
but in the present case, the root — m is indicated by the nature 

of the problem. In fine, the roots x ^ zSz \/ — m are imagi« 
nary when w is a positive quantity, it may then be represented by 

= — 1 . 

evil. An expression as the last, or a + — rw, 

h — % ^ — m and generally all those which involve the square 
root of a negative quantity, are called imaginary quantities*. 
They are mere S3mibols of absurdity that take the place of the 
value, which w'e should have obtained, if the question had been 
possible. 

They are not, however to be neglected in the calculation, 
because it sometimes happens, that when they are combined 
according to certain laws, the absurdity disappeais, and the 
result becomes real. 

CVIII. Let us now resolve the general equation 

+ p .r + (7 == 0. 

In this equation p and q may represent any quantity positive 
01 negative, fractional or entire. Transposing q^ we have 
p T = — q ; if liy adding any other indetenuinate quan- 
tity as m, to each momher, the first member were to become the 
square of some quantity, such as x + we should have 

p X m = (x + f>)' = — q m i 

whence we get, 

X + e = ± \/ — q + or, a? = — e'^ y/ — 9 + 

and the problem would be resolved. But as we do not know the 
value of e, w^e may observe that the square ot x + e is the pro- 
duct o{ X + e hy X + Ci that is, 

(v -f- ey = X* ^ e X + e* 
which quantity must be identically the same thing as + 

* It would be more correct to say, imaginary ^rptessions, or symbole, as 
they are not quantities. 

t The identity of these two quantities is evident, for as 

or*the square of any binomial is equal to the square of the Ist term (the 
square of the Ist term is in each quantity) plus twice .the product of the 
l^t term by the last, therefore p x must be equal to 2 e s?, or p = 2 e, tak- 
ing away the quantities x, there reninids only m on 

the one part, and on the other, which must consequently be equal. 
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A'* + p ^ + IW. 

Comparing the two equations, we get p =» g and e* = nr, 
and consequently 

e = and m = ^ ; 

9. 4 ’ 

substituting these values of e and m into the equation 

a?== — e± \/ — q + rn (preceding page line 6 from below) 
He get 


w 


JL± /_ 

2 V 




P 


> or 


* 1- ± ^ or — ± f v'p' — ^ 9 . 

The problem is now resolved, and the solution is real when- 
ever — 4 is a positive quantity, or whenever q being posi- 

tive but less than 

4 

If q should be positive but greater than the two roots 

4 

will be imaginary. Expressing by one letter, as — r, 

then 

* 1 ± -v/ r v^rrr 

The two factors of the trinominal + p x q, are then 


« + ^ + i ^ p" — 4 9 and 

— 5 ^ _ 4^ by effecting the multiplication 



“"F \/p* — v'y— -Hp*— 4g) 

11 * * 

»* + p ^ + -7 i (p* — 4 9), or, a?* jp 0? + g 

4 

the trimonial is thus reproduced. If the two factors are 
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imaginary, representing one by 
® 4- ^ ^ — 1» the other must be 

® + J, by effecting tlie multiplication 

— ^ r VHn + •!■'/»■ — r X (— 1) 


we get 

a--' + jo j? -{- ^ 


+ »• 


anil by restoring the value of 


we liave .i?* 4- p a? + ^ 

4* 

.r* + p A> + q. 


P* — ^ 7 


or 


CIX. As it is of tlie greatest importance to acquire just 
ideas respecting all analytical facts, ue sliall now give another 
method to arrive at the 'same result. We sliall begin with 
equations involving only the second power of the unknown 
quantity connected with known quantities. 

AVe have only to vollecf info one member aU the terms con* 
iaiyiing this power ^ to ftee it from the quantities^ by which it 
16 multiplied ; we then obtain the value of the unknown 
quantify by extracting the square root of each member. 

Let there be, for example, the equation 

f ,t.*_8 = 4 — Jet*. 

Making the divisors to disappear, we find first 
15 ^* — 168 = 84 — 14 ^*. 

Transposing to the first member the term 14 a?’, and to the 
second the term 168, we have 

15 a?* + 14 cT* =« 84 + 168, 

29 a?* = 252, 

«,* « 5 « 

W , 


or 

and 
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It should bo carefully ob^rved, that to denote the root of the 
fraction the sign \/ is made to descend below the line, 
which separates the numerator from the denominator. If it were 


written thus, the expression 


wvuivt 


tient arising from the square root of the number 252 divided 

by 29 ; a result different from which denotes, that the 

dn ision is to be performed before the root is extracted. 

Let there be the literal equation 

a X* + fe® c a?* + d* ; 

proceeding as with the above, we obtain successively 
a j?* — c X* — — 6*, 




We would remark here, that in order to designate the square 
root of a compound quantity, the upper line must be extended 
over the whole radical quantity. 

The root of the quantity 4 6 — 2 + c® is written thus 

^^4 b — 

or rather 


V'(4 b — 2 + 0*), 

by substituting, for the line extended over the radical quantity, 
Q parenthesis including all the parts of the quantity, the root of 
which is required. This last expression may often appear pre- 
ferable to the other. 

In general, every equation of the second degree of the kind 
we a^e here considering, may, by a transposition of its terms, be 
reduced to the form 


P j . . 

~ designating the coefficient, whatever it may be, of a?*. We 
then obtain 
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CX. With respect to numbers taken independently, this 
solution is complete, since it is reduced to an operation upon 

the number either entire or fractional, which the quantity 

represents, an arithmetical operation leading always to an exact 
result, or to one, which approaches the truth very nearly. But 
in regard to the signs, with which the quantities may he affecU 
ed, there remains, after the square root is extracted, an ambi- 
guity, in consequence of which every equation of’ tlie second 
degree admits of two solutions, while thos»e of t«e first degree 
admit of only one. • 

Thus in tlie general equation a?* = 25, the value of .r, being 
the quantity, wdiich. raised toils square, will produce 25, may, if 
w'e consider the quantities algebraically, be attected either with 
the sign + or — ; for whether we take + 5, or — 5, for this 
value we have for the square 

+ 5 X + 5 — + 25, or— 5x — 5 = + 25; 
we may therefore take 

a? = + 5, 

or X — — 5. 

For the same reason, from the general equation 



Both these expressions are comprehended in the following ; 



in which the double sign ± shews, that the numerical value of 



may be affected with the sign + or — . 

From what has been said, we deduce tlie general rule, that 
the double sign ± is to be considered as affecting the square 
root of every quantify whatever. 

It may be here asked, why a?, as it is the square root of 
is not also affected with the doable sign ± ? We may answeri 
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first, that the letter having been taken without a sign, that 
with the bign -fj as the representative of the unknown quan* 
tit\, it IS its value wlien in this state, which is the subject of 
iiiquiiy ; and 'tiiat, w hen we seek a number the square of 
wiiich IS 6, for example, there can be only two possible solu- 
tions; .r “ -f \/6, a? = — • \/6. Again, if in resolving the 

equation — b. we write ± a* = db \/h^ and arrange these 
exfiipssioub 114 all the different wajs, of which they are capable, 
liauiol^, i 

f + >^ = + — '» = — 

+ ^ = — v/*s — 

w^e come to no new result, since by transposing all the terms of 
the equations — a: = — v^6, — = + v//>, or which is the 

same thing, by changing alU^the signs (57), these equations 
become identical uitli the first. 

CXI. If follows from the nature of the signs, that if the 
second member of the general equation 



were a negative number, the equation would be absurd, since 
the square of a quantity affected either with the «»ign + or — 
having always the sign -|-, no quaiititj’, the square of which is 
negative, can be found either among pobitive or negative 
quantities. 

I'liis is what is to be understood, when we say, that fhe root 
of a 7ipgative quantity is imaginary. 

If we were to meet with the equation 

4. 25 = 9, 

we might deduce from it 

<1/ = 9 — 25, 
or =; — I6 ; 

but there is no number, which, multiplied by itself, will produce 
— 16. It is tuie, that — 4* multiplied by + 4, gives — 16 ; 
but as these two quantities have different signs, they cannot be 
considered as equal, and consequently their product is not a 
square. This s[)ecies of contradiction, which will be more fully 
considered hereafter, must be carefully distinguished from that 
mentioned in art. 58., which disappears by simply changing the 
sign of the unkncuu quantity ; here it is the sign of the square 
uhick is to be changed. 
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CXII. To be complete^ atr equation of the i^econd degree^ 
with only one unknown quantity, must have three kinds of 
terms, namely, those involving the square of tlie^jH^nown quan- 
tity, others KionUduing the unknown quantity degree, 

and lastly, such as compreliend only unknown quantities. The 
following equations are of t^s kind ; 

J7* 44?=s 12, • 4*0? — go?. 

The first is, in some r<ymects, more simple thqfi the second, 
becaube it contains only Three terms, and the square of iC is 
positive, and has only unity for a coefficient. It is to this last 
for A, that we are always to reduce equations ol| the second 
rdegree, before resolving them ; they may then be* represented 
•by the generuj^fonnula, 

t ■** , a?" -I- p a? + ? — 0, 

in which p and q dehote known quantities, either positive or 
negative. 

It is evident, that we may reduce all equations of the second 
degree to this state, 1. by collecting into one member all tho 
terms involving iV, 2. by changing the sign of eacli term of the 
equation, in order to render that of «r* positive, if it was before 
negative, 8. by dividing all the terms of the equation by the 
multiplier of a,% if this square have a multiplier, or by multi- 
plying by its divisor, if it be divided by any number. 

If ue apply what has just been said to the equation 

4 a? — ) «•“=*= 4 — 2 X, 

we have, by collecting into the first member all the terms involv- 
ing 

— s ai" 4 . 6 .r = 4, 

by changing the signs, 

} X* — C .V = — 4, 

multiplying by the divisor 5, 

3 _ 30 .r — 20, 

dividing by the multiplier 8, 

tr* — 10 , 1 ? ass5 _ y. 

If we now compare this equation with the general formula 
a? + 9 = 0, or < 1 ?* + /; wC =» — 

we shall Imve 

p 10,-5=. — V. 

CXIII. In order to arrive at the solution 6f equatioiH thus 
prepared, we should keep in mind what has been already 
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olwrved p. 85, namely, that life square of a quantity, composeil 
of two terms, al\vay.s contains the square of the first term, 
double the of the fir>t term nmltiplied by the second, 

and the Square* of the second; consequently the* first member 
of the e(|uati<iii • 

+ 2 ff a; = 6, J 

ill ul.icli n and h are known quantises is a perfect square, aris- 
iii fiom ^ o, and i|iay be expie'^^I thus, 

(•»■ + ('*'■ + ^0 = 

If we take flie square root of the fir»t member and indicate? that* 
of the secortd, we liave 

x/ 

an equation, which, consideud uilh re.''p^'f^o .i*, is oli^ ijt 
the first degree ; and from uhicli ue oburfii, by transposition 

A‘ ^ — o ± />. 

An equation of the se<‘ond degree may therefore be easily 
resolved, uheuever it can be reduced to the form 

,r^ -j" a 4“ 

tliai i.s, whenever its first ineniher is a ])erfect square. 

But the first member of the general e(]uatioii 
,r‘^ + Jt> .r = q 


contains already two terms, wdiich may he considered as form- 
ing part of the square of a binomial; namely, a/, which is the 
square of the fir>t term jt, and // :c, or double the first iniiUi- 
plied by the second, which second is consequently only half of 
jy, or 4 complete the .Mpiare of the binomial x -h A p, 

there must be also the square of the .second term, 4 p ; l>ut this 
square may l»e formed, since p and i p are known (piantities, 
and it may be added to the first member, if, to preserve the 
equality of the two nieinber.s, it be added at tlie same time to 
the second ; and this last meiBber will still be a known quan- 
tity. 

As the .square of 4p Is } p\ if we add it to the two members 
of the proposed equation, 

■»’' + /^ a? = — 9, 

we shall have 

a + p X 1 p" = — 7 + 1 p* 

The fiist member of this result is the square of a? + \ p ; taking 
then the root of the tw'o members, w'e have 


a? -f J p = =i: . q + \ p\ {MO) ; 

by transposition this becomes 
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.r — 4 p ± V'* — + * P*' 

or which is the same thing 

® == — 4 P -P\/ P'. ' 

and .r = — 4 P \/ — 9 + 4^^- 

^ We have prefixed the sign#— to the second term i />, of tlie 
i^oot of the first inemher the above equation, because the 

second term of this is po^itive ; the sign — is, to he 

prefixed in the contrary hecanse the ^^qiiaie — 2 a r 

-f an skiers to the binomial — n. 

Any eqiiat 1*00 whatever of the second dc^gree niay he required 
^y refeiring it to the general formula, 

• **!K »■’' + + 9 = 

OP' more expeditibH^ly, hy* performing immediately upon the 
equation the operatidfis rfqjresented under tln^ forimihi. whieh, 
e^pres^ed in geneial terms are asTsllous * 

To make the fir^t member of the pf^posed equation a per^eet 
squ(n(\ by adding to 77, and afi*o to the (>tvond^ the squat e of 
half the given qanntiftp by who h the first power of the un- 
known quantity /s' muttiptied y then to erftart the square toot 
oj eat It mrmhei . observinq^ that the root of the first member 
IS nan posed of the unknoivn quant ity^ a7id half of the given 
number* by whieh the unknown quantity in the sevtaid term 
IS multiplied, taken with the sign of this quantity* and that 
the toot of the seeond member must have the double sign ±, 
and be indieated hg the sign -v/, if it t anuot be obtained diteetty. 
bee this jlluntialed hy exan)j)les. 

CXI V. To find a number sneh. that if it he multiplied bg 
7, and I his prod net he added to its squat e^ the sum will he 
'I'he niimher nought being repicbeiited by r, the equation will 
e\ideiitly be 

f 7 r = 

In Older to rcsolte (bis equation, we t.iki* J. liilfof tlu* coef- 
ficient 7. by %^hicli X is iTHjlti[>lied : raising it to its -qnaie uc 
obtain V ’ addi.d to each rneinber giv e^ 

7^ -f 7 ^ = 4.+ + V ^ 

reducing the second inemher to a ’^inole Iciin, uc have 
+ 4- V — 

The root of the first member, according to the rule given above, 
is x -f- and ue find for that of the second ^ 2 ' '•> whence ari-^i*^ 
the equation 

^ f 3 + ± Vs 
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from which we obtain 


« 7-1-15 

CC V ^ §9 

or X =c— jf + y ** I 4*, 

=-y ==-11. 

The first value of x solves the qtlj^^tion in the sense in which 
it was enunciated, since we have this value 


sum 44 

As to the second value of x, since it is affccled with the^* 
sign — , the term 7 which becomes ^ 

7x — 11 =-^77,.-^' 

must be subtracted from that the enunciation of the ques- 
tion resolved by the nuinlier — 11 is tin's, 

To Jind a number huch^ that 7 times this number being 
subtracted frotn its square^ the remainder will be 44. 

Tlie negative value then heie modifies the question in a 
manner, analogous to what takes place, as we have already 
seen, in equations of the first degree. 

If we put the question, as enunciated above, into an equa- 
tion, we obtain 

_ 7 =r= 44, 

this becomes, when resolved, 

x*_7,r + V = 44 + V, 

—lx + V = 

j ± y. 

T == I ^ 

X := Y = 1 1 , 

X g ^ g 'I. 

The negative value of x becomes positive, as it sati'^fies pre- 
cisely the new enunciation, and the positive value, which does 
not thus satisfy it, becomes negative. 

Hence we see, that in equations of the second degree, alge- 
bra unites under the same formula two questions, which have a 
certain analogy to each other. 

CXV. Sometimes enunciations, which produce equation*? of 
the second degree, admit of two solntious* The following is an 
example ; 
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To find a mimher anch^ that i/‘15 be added to its square^ 
the sum will he equal to 8 times this number. 

Let A? be the number sought ; tlie equation arising from the 
problem is then 

a^* + 15*8x. 

This equation reduced to the form prescribed in art. 112 
becomes 

. 1 * — 8 a? = — 15, 
y _ 8 A + 16 = — 15 + 16, 

A* — 8a? + 10 =1, 

X — 4 = ± 1, 

0? = 4 rt 1, 

or A* == 5, 

A = 3. 

There are therefore two different numbers 6 and 3, which 
fulfil the conditions of the question. 

CXVl. Questions sometimes occur, which Ccinnot he resolv- 
ed precisely in the sense of the enunciatjon, and wlii<‘h require 
to be modified, 'riiis is the case, when the two roots of the 
equation are negative, as in the following example, 

a’' 5 a + b — 

This equation, wliich denotes, that (he square of the number 
sought^ augme?ifed by .5 times this 7}umbe)\ a?id a/ao by 6, will 
gioe a fiUm equal to 2, eMdentl} cannot be \erificd by addition, 
as is implied, since 6 already exceeds 2. Indeed, if we resohe 
it, we find succe&'-iv* ly 

A* -f 5 .r === — 4, 

A* + 5 A + V = V — 4 = «, 

^ "f i === i 2, 

,r = - I -f. g=_l, 

a7=x_ ^ _|=_4. 

From the sign — >vith which the numbers 1 and 4 are affected, 
it may he seen that the term 5 x must be subtracted from the 
others, and that the true enunciation for both values is, 

To find a number such^ that if 5 times this number be 
subtracted from its square^ and 6 be added to the remainder ^ 
the 7'esult wiU be 2. 

This enunciation furnishes the equation, 

a:* 5 0? -p 6 = 2, 

which gives for x the two positive values 1 and 4. 
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CXVII. Apfain, let the following problem be propo‘?ed : 

To divide n number p into two parts, the product of v)hivh 
shall he equal to q. 

If we designate one of these parts by the other will be 
expressed by p — .r, and their product will be p oo — ol'^ ; we 
have then the equation 

p X — = qr, 

or, changing the signs, 

.r* — p r ^ ^ g ; 

resolving this last, we find 

aj == J p ± ip" — q. 


If now w e suppose 


we have 


= 5 ± 


7 = 21 . 
v/ Uo ^2r, 


or 


x — 5 ± 2 , 
a? = 7, 


= 3, 


that is, one of the parts will be 7, and the other consequently 
10 _ 7, or 3. 

If, on the contrary, we take 3 for a?, the other part wdll be 
10 — 3 or 7 ; tliat the enunciation, as it stands admits, 
strictly speaking, of only one sedution, since the second amounts 
simply to a clnange in the order of the parts. 

If we (‘xamine carefully the value of .r in the question w'e 
have been consideiing, we shall see that we cannot take any 

p* 

numbers iiidiirerontly for p and 7, for if 7 exceed — or the 

square of J p, the quantity — — q, becomes negative, and we 

are ])resented w'ith that species of absurdity mentioned in 
art. 107. 

If w’e take, for example, 


p = 10 and 7 = SO, 

we have 

a? = 5 ± v/ — 80 = 5 + \/ — 5 ; 
the problem then, with these assumptions is ini])os^ibIe. 


CXVIII. The absurdity of questions, wdiicli lead to imagi- 
nary roots is discovered only by the result, and w^e may w'ish 
to determine hy characters, which are found iiearer to the 
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enunciation, in what consists the absurdity of tlie problem, 
which jfives rise to that of the solution ; this we shall bo enabled 
to do bv the followinp^ consideration. 

Let d be the ditterence of the two parts of the proposed num- 

ber; tlie greater part will be the le.ss ( 7 ); 

but it has been proved (29, 30, & 34) that 

2 / 4 4 ' 

therefore, the product of the two parts of the proposed number, 
wliatever they may he, will always be less than the 

T? 

square of half their sum, so long as d is any thing but zero ; 


mIicji d is notliing, each of the two parts being eTpial to their 

At 

V 

product uill be only ^ , It is then absurd to require it to bo 


greater; and it is just, that algebra sbouhl answer in a manner 
contradictoiy to established principles, and thereby shew, that 
what is sought does wot exist. 

What has been proved coiicerning the equation 
a* — p O! z=z — 


furnished by the preceding (pie^tioii, is true of all those of the 
second degree, where q is negative in the second member, tlie 
only equations, wdiich piuduce imaginary roots, since the term 


placed under tht radical sign, prcseivcs always the sign +9 
4 

whatever may be that of />. Indeed, it is e\ident that the 
eijiuitiou 


0 ,’ + p .r = — or .r* + p -f 7 = 0 , 

will admit of no positive solution, since the first member con- 
tains only aftiiiiiative terms; and, to asceitaiii wliotber the 
unknown quantity x can be negative, we have only to change 
.i?*into — y. 'rhe unknown quantity y would tlieii have posi- 
tive values, w'hich would be furnished by the equation 

y' — py + q — p y ^ 

wdiich is precisely the same as that in the preceding article ; 
but as the values of x can be real only wdieu those of y would 
be so, they become therefore imaginary in the case under con^-i- 

d< ration, when 7 exceeds 
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It will be perceived then from what has been said, how and for 
what reason, when the known term of an eqtmtion of the second 
decree is negative in the second member, and greater than the 
equate of half the coefficient of the first power of the unknown 
quantity^ this equation can have only imaginary roots. 

CXIX. The expressions 

^9 o **|- 

and, in general, those, which involve the square root of a nega- 
tiie quantity, are called imaginary quantities. They are mere 
sMnbols of absurdit}’, that take the place of the value, which 
we should have obtained, if the question had been possible. 

CXX. We shall shew that, if there exists a quantity a, 
which substituted in *ihe place of x, veiifivs the equation 
of the secoyid* degree^ + P x = — q, and is consequently 
the value of x, this unknown quantily will still have ano- 
ther value> Now, if w'e substitute a for x, the result will be 
+ p a ~ ~ q ; and since, by supposition, a represents the 
value of . 1 ?, — q will be necessarily equal to the quantity 
a* p a ; w e may then write this quantity in the place of — g, 
in the proposed equation, which thus becomes 

cT* p X — a^ + /> ff. 

Transposing all the terms of the second member, we have 

— pa =0, 

which may be written, 

— o'* -f* p (or — a) = 0 ; 

and because 

of — a’ = (a? -f- a) (a? — a.) (S4), 

it is obvious, at once, that the first member is divisible by x — «, 
and will give an exact quotient, namely, x + a p ; \^e have 
then, 

,1 ^ + p V — q — «* + p {x — a) — {x — a) (a? -|- a + p). 

Now it is evident, that a product is equal to zero, when any one 
of its factors whatever becomes nothing; we shall have tlieu 

(,r — a) (cT + a + p) — 0, 

not only when x — a = 0, w'bicli gives 

X == a, 

but also w hen a? -f a -f- p = 0, from w hich is deduced 
X = — a — p. 

Hierefore, if a is one of the values of a?, — a — p will neces- 
saiily be the other. 
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This result agrees with the two values comprehended in the 
ix>rinula 

for if we take for a the first value, — i p + v/ — 7 -f i p% 
we obtain for the other 

— /'= + iP— 9 + ip'— P=--ip— \/; ^9+1/, 

which is in fact the second value. 

These remarks contain the germ of the jLjenernl theory of 
equations of whatever degree, as will appear liereafter, when 
the subject will be resumed. 


CXXI. I'he difficulty of putting a problem into an equa- 
tion, is the same in questions involving the second and higher 
powevh as in those involving only the first, and consists always 
in disentangling and expressing distinctly in algebraic charac- 
ters all the conditions comprehended in the enunciation. The 
preceding questions present no difficulty of this sort ; and, al- 
though the learner ia supposed to be well exercised in those of 
the first degree, I shall proceed to resolve a few questions, 
which will furnish occasion for some instructive remarks. 

A person employed two laborers, allowhig them dijforent 
wages; the first received^ at the end of a certain number of 
days, 96 francs, and the second, having worked si,v dtnjs less, 
received only ol- francs ; if this last had worked the whole 
number of days, ami the other had tost sf,v days, they would 
bath have received the same sum ; it is required to find how 
many days each worked, and what sum each rtceived for a 
days tcork. 

'fliis problem, which at first view appeals to contain several 
unknown quantities, may be easily solved by means of one, 
because the otliers may be readily expre^^sed by this. 

If a? represent the number of days’ w ork of the fi^^t laliorer, 

_ 6 will be the number of days' woik of the second, 

96 ^^* 

will be the daily wages of the first, 

X 


54 


- the daily w'ages of the second ; 


X — 6 

if this last had worked x days, he would have earned 


54 


X ^ or 

X — o X — 0 

and the first working a? — 6 days, would have received only 

2 A 


54 X 
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gOLlTTION OF EQUATIONS 


(® — 6 ) 


96 


or 


96 (x — 6) 


The equation of the problem then will be 
54}jff 96 (r — 6) 

X — 6 X 

The 6r»?t etep is to make the denominators disappear ; the 
equation then becomes 

54 cl* = 96 (a? — 6) (.r — 6). 

As the numbers 54 and 96 are both divisible by 6, the result 
may be simplified by division ; we shall then have 
9 = 16 (a? — 6) {x — 6). 

This last equation, may be prepared for solution acconling to 
the rule given in art, IIS, but as the object of this rule is to ena- 
ble 118 with more facility to extract the root of each member of 
the equation proposed, it is here unnecessary, because the two 
members are already presented under tlie form of squares ; for 
it is evident, that 9 ^ is the square of jp, and 16 {x 6) 

— 6) the square of 4 (a? — 6). We have then 

3 a? =3 ± 4 (.t? — 6) ; 
from which may be deduced 

S X — i X — S4, X =*= 24, 

S X — 4 a? -j" 24, X , 

By the first solution, the first laborer worked 24 days, and 
consequently earned || or 4 francs per day, while the second 
worked only 18 days, and received f| or 3 francs per day. 

1'he second solution answers to another tnunerical question, 
connected with the equation under consideration, in a manner 
analogous to uhat was noticed in art. 115, 


CXXII. J banker receives two notes against the same per- 
BOH ; the first of 550 francs^ payable tn seven months^ the 
second of 720 francs^ payable in four months^ and gives for 
both the sum of 1 200 francs ; ft is required to pid what is 
the annual rate of interest ^ according to which these iiotes are 
discounted. 

In order to avoid fractions in expressing the interest for seven 
months and four months, we shall represent by 12 x the inter- 
est of 100 francs for one year; the interest for one month will 
then be a?. The present value of the first note will accordingly 
be found by t^e proportion. 
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100 + 7 X : 100 : : 550; 


65000 
100“+ 7 X 


and the present value of the second note by tlie proportion, 


100 + 4 X : 100 ; ; 720 : 


72000 
100 +Tx‘ 


By uniting these values, we obtain for the equation of the pro- 
blem, 

100 + 7 X ^ 100 + 4 X 
Dividing each of the members by 200, we have 
275 , 360 _ , 

100 + 7 X 100 + 4 X ’ 

making the denominators disappear, u'e find successively, 

275 (100 + 4x) + 360 (100 + 7.t) == 6 (100 + 7 x) (100 + 4 x), 
27500 + 1 100 X + 36000 + 2520 x = 60000 + 6600 x + 16S 
which may be reduced to 

168 x" + 2980 X = 3500 ; 
dividing by 2, we obtain 

84 X* + 1190x = 1750, 

which gives 

, . 1490 1750 

X + X = . 

84 84 

Comparing this equation with the formula, 

■ X" f JO X — — g, 

we have 

1490 1750 

p = , — o = 

* CJ A ^ * O 1 


and the expression 


becomes 


f746.745 1750 

84 .84 84 ■ 


2 A 2 
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SOLUTION OF eQUATIOKS 


Reducing tlie fractions, we have 

745 . 745 + 1750 . 84 _ 702025 . 

84 . 84 ' 84 . 84 ’ 

then, since the denouiinator of this fraction is a perfect square, 
we have only to extract the square root of its numerator. If we 
stop at thousandths, we find 837,869, for the root of 702025 ; 
this, taken with the denominator 84, gives for the values of a? 

745 . 837,869 92,869 

+ — 8 ?-' 

7^ _ 837,869 _ 1582,869 
84 84 " “84 ’ 


The first of these values is the only one, which solves tlie 
question in the sense, in which it was enunciated. Dividing the 
denominator of this fraction by 12, we have 


12 0? = 13,267 ; 


that is, the annual interest is at the rate of 13,27 nearly. 


CXXIII. I'he following question deserves attention on ac- 
count of the character, which the expression for the unknown 
quantity ])resents. 

To divide a number into two parts^ the squarea of which 
shall he in a given ratio. 

Let a be the given number, 

m the ratio of the squares of its two parts, 

.T one of these parts ; 
the other will be « •— oc. 

We shall then have, according to the enunciation. 


(a — x) (a — tP) 

This may be resolved in two ways ; we may either reduce it 
to the form a?* -[• jo •a;* = q, and then resolve it by the common 
method ; or since the fraction 


(a — jb) \a — x) 

is a square, the numerator and denominator being each a square, 
we thence conclude at once. 
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* dt \/m, 

a — X 

x = dt: {a — *v) \/ m, 

Hy re«*olring separately the two eqiiatioiiM of the fir&t degree 
comprehended in this formula, namely, 

, 1 ; =:== + {a — .v) \/w, 

.r = — (« — a) -v/m, 

we have 

o \/m 

X = ^ 

^ + x/w/’ 

A _ — ^ 

1 y^m 

By the first solution, the second part of the number proposed i «4 

^ ^ 4- \/ /w — ^ \/wi ^ 

^ + \/ w* 1 + //i 1 4 . ^ )}i ’ 

and the two parts, 

a y/ m , a 
and 

1 + V 1 Sr 

are botli, as the enunciation reipiires, le^^s than the number pro 
posed. 

By the second solution we have 

a s/ m a — a m + a m a 

1 — \/ m 1 — \/ th 1 — 

and the two parts are 

a s/ m , a 

— and ; — . 

1 — m 1 — \/m 

Their signs being opposite, the number a is strictly no longer 
their sum, but their dift’erence. 

If we make m — 1, that is, if we supjiose that the squares 
of the two parts sought are equal, we have 

^ m = \ \ 

and the first solution will give two equal parts. 
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a a 

■2’ T 


a conclusion, that is self-evident, while the second Holutioii gives 
for the results two infinite quantities (68) » namely. 


a 


1 — 1 


or 



and 


a 



a 

IF* 


This is necessary, for it is only by considering two quantities 
infinitely great, with respect to their dift*erence a, that we can 
suppose the ratio of their squares equal to unity. 

Now, let there be the two quantities, a, and x — rt^ the ratio 
of their squares will be 

A* 

— 2 ax a* ^ 


dividing the two terms of this fraction by .r’*, we obtain 

1 



but it is evident, that the greater the number cr, the less will be 
the fractions and the more nearly will the above ratio 

X X 


approach to 


or 1. 


CXXIV. Now in order to compare the general method with 
that, which we have just employed, we develope the equation 


7W, 


{a — .v) (« — a) 
and we have, successively, 

.r* = m (a — a?) (a — .r), 

= aV/i — 2 a m a: -f a:*, 
a?* — wi a?* + 2 « m ii7 = a* »i, 
(1 ~ w) x* -I- 2 a m X — nty 

2 fl m a? a*fii 




1 — • ?/i 1 — m 
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, . ^ a rn d'm 

iDakiiiff p— , — o= , 

^ ^ 1 — w ^ I— m 

the geneml formula gives, 

® db / a* m 

1 — m s/ (* — 0 — wi) 1 — m 

These values of ,v appear very different from those, which were 
found above ; yet they may be reduced to the same ; and in 
this consists the utility of the example, on which we are employ- 
ed. It will serve to show the importance of those transforma- 
tions, which different algebraic operations produce in the ex- 
pression of quantities. 

We must fir.st reduce the two fractions comprehended under 
the radical sign to a common denominator. This may he done 
by multiplying the two terms of the second by 1 — ?ii ; we 
have then 

rt* w* _ q* m ^ w* -f o® rn (1 — ?n) 

(I — m) (1 — m) 1 — JH (1 — m) (1 — in) 

a* a' ?w — m* q® m 

(I — w) (1 — ?q) (I — m) (I — my 

The denominator being a square, it is oidy necessary to extract 
the root of the numerator ; we then have 


(1— .n) (1 


ni) 1 


\/ (i^ m , 
1 — m"’ 


but the expression \/ m may be further sim[)lified. 

It is evident that the square of a product is composed of the 
product of the squares of each of its factors, for example, 


hcdxhcd^b\ c% 


and consequently the root of 6* c* d^ is simply the pioduct of 
the roots 6, c, and d, of the factors c*, and ^/^ Applying this 
principle to the product a® w, we see that root is tlie product 

of a, the root of by >>/ rw, which denotes the root of n, or 
that 

a* m a \/ m. 


It follows from these different transformations, that 




am a m 
1 — m * \ ~^~ni 
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am a m 

or , 

1 — m 

^ _ a m + fl \/ m 

1 — m 

The8e expressions, however simple, are still not the same as 
those ^iven in the preceding article ; if, moreover, we seek to 
verify them for the case, in which m — 1, they become 

— a 4- a 0 

jT ==r * 


^ — a — a — 2 a 

\ — I 0 ~ ' 

We find, in the second, the symbol of infinity, as in the preced- 
ing article, but the first presents this indeterminate form, g, of 
which we have already seen examples in articles 69 and 70 ; 
and before we pronounce upon its value, it is proper to exa- 
mine, whether il Joes not belong to the case stated in art. 70 : 
whether there is not some factor common to the numerator and 
dciioininalor, uhich the supposition of = 1 renders equal to 
zero. 

The expresMon 

J — m 


may be re>olved into 

a ( — m +k/' m) a (x/' m — m) 

1 — m 1 — m 

It is here evident, that tlie numerator does not become 0, ex- 
cept bv means of the factor \/ m — t)i ; we must therefore 
examine, whether this last has not some factor in common wdth 
the deiiorninator 1 — In older to avoid the inconvenience 

arising from the use of the radical sign, let ns make m == w, 
then taking the squares, we have vi =« /i“ ; the quantities, 
therefore, 

\/ m — m and 1 — m 
become w — and 1 — 

Ijiit n — 71^ — n (1 — 7i)f and 1 — n* = (1 — ??) (I n) 
(84) ; reisytoring to the place of n its value \/ we have 
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m — tn = (I — /y/ m ) ^ //j, 

1 — m == (1 — ^ m) (1 + \/^) 

fiiul consequently, 

a (v/ ni — m) ^ ^ (I — \/ *>») %/ m) n \/ ^ 

\—m (I — (I + v/w) ~ ^ + \/^’ 

a result the same, as that foiiiul in art. 1 19. 

In the same manner we may reduce the second value of j:, 
observing that 

— j^\/ ^ — am — aO + y/ ai — n v/ nt 

1 ni ~ (1 _ ^ m) (T-f ~ i— y/7t 
as in art. 119*. 

It \\ill be seen without difficulty, that we rniglit have avoided 
radical expressions in the preceding oalcniatioiiM, liy taking 
to represent the ratio, which the squares of tin* two parts or the 
proposed number have to each other; m would then liavc been 
the square root, which may always be considered us known, 
uheii the square is known ; but ue could not liave perceived 
from the beginning the object of such a change in a given term, 
of uliich algebraists often avail themselves, in older to lender 
calculations more simple. It is recoiumeiuled to the learner, 
therefore, to go over the solution again, putting m' in the place 
of nin 


Exampi es. 

1. Given x* + f r = 1 fO, to find the value of 
Here a ' -f = l^O, hy the question, 

Whence x ~ — ^^±\/4-|“ the rule, 

Or, which is the same thing, .r = — 2 ± \/ 144, 

Therefore .r = — 2 f == 10, or — — 12 = — 1 4, 

Where one of the values of .r is positive and the other nega- 
tive. 


* The example, wliicli we liave given at some lengthy corresponds with 
a problem resolved hv Clairaiit, in his Algehia, the enunciation of which 
IS as follows : To find on the line, which joim finy two luminoua bodies, the 
point where these two bodies shine with equal light. We liav''e divested this 
{irohlem of the physical rircunistances, whicli are foreign to the object of 
this work, and which only divert the attention from the character of the 
algebraic expressions. These expressions are very remarkably in them, 
selves, and for this reason we have developed them mure fully, than they 
were done in the woik referred to. 

2 D 
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2. Given a?* — 12 a? + 30 = 3, to find the valne of o?- 
Here a?* — 12 o' == 3 — 30 = — 27, by transposition, 
Whence a? = 6 ± 36 — 27, by the rule, 

Or, which is the same thing, ^ = 6 4: ^^9, 

Therefore .r = 6 + 3 = 9, or = 6 3 = 3, 


Where it appears that x has two positive values. 

3. Given 2 + 8 a: — 20 = 70, to find the value of ar. 

Here 2 + 8 a* = 70 + 20 = 90, by transposition. 

And a?’* + 4 x — 45, by dividing by 2, 

Whence x == — 2 + ^ io, by the rule. 

Or, which is the same thing, x = — 2 ± v" 49, 

Therefore _2 + 7 = 5, or== — 2— 7-= — 9, 

One of the values of x being positive and the other nega- 
tive. 


4. Given S x^ — 3 a? -f 6 = 5j, to find the value of x. 

2 

Here 3 a?* — 3 v — — 6 = -^-- by transposition, 

o 


2 

And a?’ — a; = — - by dividing by 3, 


Whence ^ ^ ± \/ 

2 




the rule, 


2 11 1 

Or, by subtracting - from . 1 ? r= - d: ^ 

5/ /V 

- 112 1 1 1 

lhereforex=. - + or 

Tn which case x has two positive values. 

5. Given — a’* a? + 20i =421, to find the value of * 1 ?. 

2 3 


Here — a?* L a? = 42§ — 20 J = 22J by transposition, 

2 8 

2 1 

And a?* r“ ^ dividing by — , or mult, by 2, 

3 2 

Whence we have x = ^ ± by the rule, 

1 • 400 

Or, by adding — and 44* together, ® = J ± 

y y 
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Therefore a? = -j-6| = 7, or 6§ = — 6J, 

S o 

Where one value of x is pobitive, and the other negative. 

6. Given oa?' + 6a? == c, to find the value of x. 


Here a?' + — a? 

a 


by dividing each side by a. 


Whence, by the rule, x — 


A It V' / *1 4- L. 
la ^ ^ tf 


Or, multiplying c and a by 4 o, a: — — it + 4 ff r 

^ a 4 a'' 

I’herefore .r = — A ± ^ v/ 6^ + 4 a c. 

7. Given a — 6 a? + c = d, to find the value of a?. 

Heio a a** — h v — d ~ by traiiMposition, 

And — !L x — ^ by dividing by a. 

Whence a? = ± ^ by the rule, 

2a \ a At a f ^ 

Or, multg, d — c & a by 4 a* == ± ~ ^4 a (d — c) 

8. Given .t?* a = 6, to find the value of a?. 

Here a* -j- a — 6, by the question, 

Or.‘---|.±,/(^+(.)= + 

by the inle, 

W hence x = ± ^ ^ _ + _ ^4^^ by extiac- 

tion of roots. 

9. Given — a?® ^ a?* == — — , to find the value of *r. 

Here a® ^ question, 


And a'® L j?* = — -L, by multiplying by 2, 

Whence =. A ± y/ by the rule, 

1 * 2 1 

And consequently « >=\/ - =^ — = -_^2. 

S B 2 
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10. Given 2j?J+3d?|==S, to find the value of i\ 

2 1 

Here 2 a?* + 3 == S, by the question, 

« g T 

And X® + — x’ = 1, by diriding by 2, 

or — 2, 

Therefore « = (-1)’ = or ( — 2)'= — 8. 

% O 

11. Given — 1 2 a?* + 44 a?* — 48 a? = 9009 (a), to^ find 
the value of w. 

This equation may be expressed as follous, 

(u* — 6 + 8 (a** — ba)- n, 

Whence — 6 r==s — 4^ \/ J b -f a, by the common 

rule, 

And, by a second operation, 3 ±>v/(9 — 4± -v/l6 + n) 
Therefore, by restoring the value of «, we have 

a: = 3 ± ^ 5 ± v/ 9^)^ 

Or, by extraction of roots, x = 13, the A ns. 

12. Given 

+ ii) (^’ + 9*) = *^80 or tr* x* y -f- a?jy* + y* = 580 

(a? _ y) — yO = 160 or — x^y — xy^ + y ^ = 160 

2 a?" y + 2 iT y" = 420 
x" + X* y + ^ y* + y’ ^ 580 

2 y -f 2 .r i/’ — 42 0 

a?' + 3 y + 3 a? y** + y** =• JOOO, or a? -f y = 10 {A) 

— y) (*!*?* — y') = i^ — y) (^ — y) (^ + y) = i6o, or 

10 (x-y)*=l 60,.-.(x~yr =1^= 16...x-y = 4(fi) 

(J) X + y = 10 
(B) X — ?/ = 4 
by addition, 2 a? = 14 
«= 7 

by subtraction, 2 y = 6 

• y= 3 
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Examples for Practict^ 

1. Given x' — 8 a? + 10 == 19, to find the value of x, 

Ans. X = 9. 

S. Given x^ — x — 40 == 170, to find the value of x, 

Aih. X = 15. 

8. Given + — 9 = 76, to find the value of a?. 

Ans, a: == 5‘ 

4. Given ^ x -f 75 *= 8, to find the value of x. 

Ans. CP = 1 i. 

5. Given ^ cr — -L ^ to find the value of x. 

Ans. X = 49. 

6 Given x + \/ 5 cp 4- 10 = 8, to find the value of x. 

Ans. X =• 8. 

7. Given 10 + x — ^\/ 10 + x == 2, to find the value 
of X. 

An«i. X =» 6. 

8. Given 2 x* — x® + 96 =* 99, to find the value of x. 

Ans. X = — -v/ 6. 

2 

9. Given x® + 20 x* — 10 == 59, to find the value of x. 

Ans CP = ^ .3 

10. Given^ x'*”— 2 x” -f* ^ ~ 11> find the value (»f x, 

Ans. X = JX 


11. Given — + — x*, to find the va- 
o 2 3 

lue of X. 


An8.;r=_y_a + 3^ y. 


12. Given to 


find the value of x. 


Ans. a? = (1 + 2- 2) i 

2 


13. Given — ^ 1 — x^ =s x*, to find the value of x. 

An. 


* The unknown quantity in these examples, as well as in those given 
above, has always two v lines, as appears from the rule ; but the negative 
roots, being, in general, but seldom used in practical questions of this 
kind, are here suppressed ns far as example 20, 
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14. Given x ^ ~ ^ ** — value 


of X. 


1 


Ans. a; = a + ^ 8 V + a\ 

15. Given ^ i +«_*-_ 2 (1 + a; — x‘) == y ’ 
the value of x. 


Ans. X == -L + T 
2 6 


16 

value of a. 


Given ~ 


Am. .-1 + \ ^ 5 . 
17. Givon — S x®” + =r 6, to find the value of x. 


18. v^4a? + 


Ans. r =y i + 13 

4 

^a: = a:^3v^^ -f- x, 

8 


Ans. 0 ? ~ 9 


19. a a? — hx ^ — c = — d 


( b ±_ \/ 4«c — 4ad-j-6''A'* 




2 A 


20. a x'‘ — b 


1 / ^ / *• 
a? — ^ — j a. ^ — 

a a 

21. a/‘ + 6 a? = 27 

a: = 3, V = — 9 

22. _ 7 a, + 3i = 0 

a? = 6|, a; = i 

23. a?’ — 52x=18 

ar => 8, a? = — 2^ 

24. 8 a*’ — 2 a; = 65 

X =5, X — — 4J 

25. 622 .T = 15 a’ + 6384 

x = 2^,x= 18§ 

26. 20748 — 161 6 .r + 21 a* «= 0 

X =. 60|, a? = 16? 
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27. 

9f OP 

-.21J^ = x* 




X — 5}^, < 2 ? ^ 


28. 

llfa^ — 3ix‘ = — 41i 




X = — 2 |, X =s 6 ^ 


29. 

9^ a? 

* — 90i X -J- 195 «= 

0 



*■ == 6?, X =■ 3 J 


so. 

18 a- 

’ 4 . 4 4728 

0 



05 




X 20jg, X " 

52 

31. 

x' — 

- 8 X = 14 




X = 4 -f- y/ 30, X = 

: 4 — 


Or 

X = 9,4772..., X == 

— 1 , 

32. 

3 

+ x = 7 



33. 

Si. 

35. 

36. 

87. 

38. 

39. 


— l+v/SS — 1—^85 

tV *- . «H7 — — — 

6 6 

Or .»? = 1-3699..., .v = — 1-7032 
118 .V — 2i ,r^ = 20 

118 +v' 13724 _M8 — v' 13724 

.r , ^ 

Or X = 47 0298..., x == 0-1701 ... 

6 ,r _ 30 = 3 •i-'* 

x = l H-V'— -9, « = 1— v' — 9 
8 j * — 7 * + 34 = 0 

7 1089 7_./_1089 

'16 ’* 16 
4ir’— 9«=«=5 x* — 255| — • 8 .r 

.V = 16i, X = — 16^ 

80 a; + ® = 1859J — S.v’ 

4? 12 


— 46, X == 24} 


tV 


X + 60 S X — 5 
a? == 14, 0?* — 10 

_l?_+^ = 18 

0 ? — 5 

=3 9> ^ == li®j 


X 
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aXEKCISES IM SaiTATIONS 


40. 

41. 

42. 

43. 

44. 

4,5. 

46. 

47. 

48. 

.1 

49. 

50. 

51. 


_8 X g _ go 

a> + 2 3x 

.r = 1 0, X — — I 

48 16.5 g 

X "J” 3 X "{- 1 0 

X == 5|, .J? = 5 

+ 1 

bx 117 — 2 <*r 

X ~ iV = 

2a?-f-3 2x gi 

10 —'a? “ 25 — 3 .r ^ 

0? = ^ = S 

25 .1? -|“ * 4 0 .1? , 

z „ Ta 

■S ^ 23 9 

18 -j- X _ 20 X 4- 9 65 

6~(8lL.r) 19 — 7 X 41:3 — a^ 

X = 7iV„ X = 2i 
a d X — a c Je^ = h c X — bd 


c ' a 

«’ X’ 2 « X /* fy 

~T~ ~y~ i'" 

X _ r * = 11 

a<f ’ «U 

c X + = (« + 5) x* 

c + -v/ (r** + 4 a c) ^ c — y/ (c*^ + 4 a c ) 

~2 (« + 6) ~ ’ 2 (a + 6) 

a cr* + 6*' + c"* = a* + 2 6 c + 2 (6 — c) a? a 

6 — c+a 6 — c — a 

w = ; , X = 

v' a 0i/ a 

— 9,cw^d = dajf* — cd 

^ c d s/ V d 

OC ***" y ^ — — - - — ^ — - 

\/f + v^rf* -v/c — ^ d 
3 2 / (1 12 -^8 .r) = 19 + v/ (3 0? + 7) 

» 7= 6 
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52. JL^L.^1 

3 16 

»* — * (-^ ) 44 

X = 12, and 19 11 
19 

y s=® 45, and 82 — 
19 

63 3x* — f^ + y*=-3ei 

** — J'* + xy=i 134 
a? = 11 y = 3 

cA a;* a 2 - 

54. 


8 a? — 18 y’ — . 


» = 5 


55 Eil±J'=.3 

iT y 

9 y — 9 * — 18 

a? = 2, or ^ ; y = 4, or 

O 

56 a?'' — 40 -f- ^ Of — 40 

S X* + ,V ass ^ 3 

x^n y = 16 

57. X — ^ 15 


X y a 

2. s=r f/" 


IQ 

^ rs= 18 or — ; y < 


68. l^L+y^g 

a; y 

9 y -— 9 a; = 18 


a • Jk. 0 

— -g -5 y-^ior — 
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69. CB + y I X — y : : 18 : 6 

y* ^ X —9,5 

„ m . 25 

a: == 9, or — y — 4, or — — 

60. 4 ® y = 96 — ®’ y’ 

® + y== 6 

X a 4, or 2, or 8 21 

y = 2, or 4, or 3 T 21 

61. ®» + y"«=2a» 

my —6* 

X =( 0“ sfc y/a»» — i*") " 

y 

® ~ ( o" ± v/ a*- — 6’") V 

62. ®* + ® + y = 18 — y* 

* y = 6 

X == 8, or 2, or — 8 ± 3 

y = 2, or 8, or — 3 ± y' 3 

63. ®’ + 2®y + y’ + 2®==]20~2y 
• X y — y’ = 8 

X = 6, or 9, or — 9 + 5 

y == 4, or 1, or — 8 ± y/ 6 

64. ®’ + y’ — X — y = 78 

®y + x + y=89 

x=.9,or3,or 

2 

y = 3, or 9, or 

2 

66. «’ y‘-. 7 «y’ — 946 = 765 
®y — y =12 

x_5,or^ or ^ 7 ; y = 8» °r-15, or, 

— 6 ± ^~zr% 

66» « — 2y/xy + y— y/* + y/y = 0 

v'? + Vy«=6 

Jfc *5 

*4r T 

26 


■ ‘,y = 4, or 
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67 . + If = 

y* y 9 

» — y = 2 




* = 6,or I2;y==3,or-^ 

^ y _! 0 


X y — X — yz=54! 

9 

a! = 6, or — — ; y = 12, or — 9 

69. a;* — 2 »’ y + y' = 49 

a* — 2 a* y* + y* — a* + y* = 20 

x_ =t 6. or ± 


15 ± 3 


^ — 18 ± y/— 11 


a 10.1*%/ — 47 1 -h 3 ^5 

y = 2 or — 1 or — , or 

1 + ^"1.11 < 

m 


70. (V t/ + — 12 

07 il? y® = 18 

0 ? or 16 ; y = or -i 

<v 

71. « — a»* — 3 - 0 - y 

4 — • a =*= y — y* 

A 1 1 9 

® == 4 or — ; y = 1, or — • 

4 4 

72. (»* + 1) y = ® y + 126 

(«» + 1) y .r* y‘ _ 744 

1 — 97 ± */ 6045 

Of = 5, or — , or 

O Oo 

^ ICA 

y = 6, or 150, or ^ 

9li^f/6045 

73. x^dlx^J^ V 

^ 44 12716 W 

5 


2 c 2 
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74. to' 



3960 

49247 


75. 


to = 


11 


19 
_ 

"l7 


89659^ 

93S47 


76. 


77. 


s/ a -(- a — 6 (<1 -f- .r)* m 

*“( t * '/”*+ t )“ 


a 


toysisa 

a = ± 

„_±yll23^E13 


7^ a: + y — « 

x' + jy’ = 6 




rt / 4 6 — a* 

79. 2 r + 8 y == 118 
5 a" — 7 y’ == 4833 



y SB 16, or 192 


80. x' — y’ = b 


(x + y + a)* + (<x — y + a)* ff 
^ ^(2fe + c-a») 
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81. ^ ao 

y ® 

3a?y + 2d? + y«= 485 

« « 10. or - 1^1, or “ 

9 18 

1 e i e ^ „w 1 349 1 9 

15, or — Id or ^i '2 ' 

8S. if = ‘-i! 

y 0? 

c ^ y + d a? + twy = n 

j^(mv/a±d\/6):f:v/[ ( m \ / a ±id ^hY 4 c w ^ a ft] 

\ V a 

(»i v/ /3r dt d v' ft) ± [ (m rt d ^ ft)* ± 4 c n a ft] 

_+ - 

83. a* + .v -j- y’ + y = M 

a* + .r — y — y = n 

— 1 ±v^(2»w+2w-f- I) 

2 _ 

-—1 ±v'(2«i — 2« + ]) 


84. w + y = X y 

.T + y + T* + y* = o 

1 ± ^ (4 ffl + 1) + -/ [•* " — ft ^ ^ ^ (4 « + 1)1 

X. — ^ 

1 rt .v/ (4 « + 1) — [4 a — ft T ft v' (4a + 1)* 

y 4 

85. ax — h y = m 

a‘ X* — b^ y nxy 


” /I ± ^/ ” + « ft ”» \ 

a{ n — S i$ b m / 

/_ 1 ± . / ” + « ft \ 

ft \ w — 3 a ft w/ 


/_ 1 ± x/JL±JL^^^\ 

^ 2ft\ w — 3a ft m/ 

86. a?* + 2/* + = a 

s= ^ -f 6 

c X — d % 

^ d \/ (a «— • y ^ a c d ft (c* -f- d*) ] 

^ c -h d ’ '\l c d 

c V (a — ft) 

*■“ c+d ^ 

* Theso values of x and v may also be interchanged. 
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87 . X {ij z) = a 

y ('+«)== * 

» "t" y) ® 

^ / (« — c + —■ ft + c) 

r _ * V ^fc-+7~«> 

V = ± J (fl -- ^ + ft) ( fc — g g) 

■ 2 (a + f -• 6) 

::« + / (q — ft + f ) (r — a + ft) 

2 (a + 6 — c) 

88. 

« + !/ 


y + « 

■xyz 

« + iJf 


y = ± %/ 


(a 6 + w 6* — • ft 6*) (a 6* + ft c — a ft) 

^ / 2 a h c ( g c + ft c — aft) 

““ (a ft -|“ « <? — ft c) (a ft + ft 0 — a c) 
2aftc(aft-|-®^~^^^) 

^ / ' I. I iT"! r~rv 1 i i 7 .\ 


(aft + ftc — ac)(ac + ftc — aft) 

8i‘ ct ij — p 

(l> ~~i,) x== p' 

{a — a:) (c — *) = p" 

_ — A ± ^ [A^ — 4 p (p^ — be) (p" •— a c)] 

'*■’ ^Jp^Tcf 

« = - ^ + >!L1£j- * P (P' -ftc) (p‘'-ac)] 
P 2{p" — ac) 

z= — [B' — * p' {p — b c) (p" — a c)] 

2 {p — aft) 

A — c p — aj»'— •ftp" + aftc 
B = c p — a/i'-j-ftjo'' — aftc 

90 . 5 — 2 8 /y + 2 = — (/ » — 3 V y)‘ 


-loyi-.- 


» = 4 ; y^-r 

4 
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91. te*y* 

A’* + y‘ = 1 + X + 2 ?/* .r -f- S y* 
X *= 2, or — 1 ; y =* 1 

+ y + V^'^BiP _ 9 


92. 


, + (* + !') 

(x* + ^4- X — y == 2 ,» (x* 4 t, ^ i- 506 

1 ± v~ 


t f 


^ 23 

0 ? = 6y or — , or 

5 5 

« 69 3 4-8 v/ - 


93. 


X 4- \/x + y \/ .r — x — y 

X — ^ y \/ X — X + y 

9 y’ — 9 X y* = 4 X 

_ 196 289 -» 

X = 9i or — , or or, 16 
y •/ 

. — 14 — 68 

y ==. 4, or — or ~9~' 


20 


JL 

8 


94 


x 4 -y- 7 -^:^ ^ 

V 0 ? — y w 
,x> + y ’==41 

x = -4-5, or + 3./— 

- ’ - V 2 

,_±*, «r±iyj 

95. 4- + 


2 

'37 

2 


^ . y 1 


2 ^- cr 

0? <f 4 = 14 


136 2 0? V 

9 ^ 


y 


a? = 6, or 4, or 6 ± 5 \/ — J | 
y r= 4, or 6, or 5 Ip 5 /\/ — 


TT 


96. 


v/6v/x4-6v^y+-/y=10 — v'x 

a/ ^ + ^/y' 276 


X s= 9, or 4, or 


13 ± a/ ^51 


y s 4, or 9, or 


_ 13 + V* — 61. 
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EXERCISES IN XaUATieKS 


1. A and B enter into a speculation for which they jointly 
invest Rs, 500. After 4 months A withdraws from the part* 
nership and receives as his sha^ c, capital and profit^ Rs. 450 ; 
6 months later B finds that his shaie^ capital and profit 
ts the same. What was the stock f 

Let the stock of ^ be %L and that of 
then no + y ^ 500a y =»« 500 •— no ; 

as A lets his money remain 4 months and B tO, the sum of the 
relative value of their stocks is 10 + 4 y, 

and the total gain, 450 + 450 •— 500 » 400, 

10 a? + 4 y : 400 : : 10 a? : v/T"? % — ” profit. 

10 + 4 y ^ 


A'^s stock and profit is then expressed by a? -f 

5 00 *1“ 2 y 

or 5 + 2 a* y + 2000 no =3 2250 no -f- 900 y. 


450, 


substituting the value of y = 500 ~ x from the 1st equation, 
we have 


5 a?* + 2 cv (500 — x) 250 a? » 900 (500 — x) 
or 3 + 1650 X ^ 450000 

or + 550 X — 150000 

a: = — 273 * -%/ 75^5 + 150000 

/. a; — 275 + 475 =• 200 

y = 500 — 200 == SOO. 

2. A hahoo sold his horse for Rs. 90, by which he lost as 
much per thousaoid as the horse cost him. What did he pay 
for the hoise ^ 

Let a be the pi ice of the horse 

1000 X :• X : ■■ =? the loss, 

1000 


but the price he paid for the hoise, must be equal to, what he 
leceived added to the loss, \\hich is expiessed by 


or 


90 + 


0 ?- 


X* — 1000 . 1 ? 


1000 
- 90000 


0? e= 600 ± V" 250000 


— 90000 


no s=s 900 or 100. 


He paid for the horse either Rs. 900 or Rs. 100. 

8. The costs of the last annual fireworks at the Hindu 
College^ amounting to Rs. 12 JO, were to be paid by the sub- 
scriptions 0 / teacheis and pupilsy but b foie their exhibition 
took place and the subcnptions were all collected^ twelve of the 
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pupils^ who happened to have subscribed an average share^ 
lejt college^ each subscriber had then to pay one anna more to 
supply the deficiency. How many did at first subscribe ? 

Let iT be the numberi ^ 


then 


1230 


denotes an average subscription 


1230 

and will be the sum each on an average had to pay 

OB 1 aS 

after twelve individuals had left college, 
we have then the equation 

^ 1230 __ 1230 

16 X — 12 OB 

or 

j?* — 12 1280 X 16 X < 2 ? — 1230 x 16 x + 1230 x 12 x 16 

or ' — 12 =ss= 236160. 


4? =» 6 ± v/ + 236160 
,r = 492 

the negative quantity — 480 cannot answer to the condition 
of the question. 

4. Iteceiviug an order to draw a walk of aji equal width 
round a rectangular garden a feet long by b broads whose 
area is to be equal to that of the garden. What width must 
I give to the walk ^ 

Let OB be the width of the ualk, the aiea then of the whole 
walk is = 2 (« + 2 c) + 2 6 .»• ; this area must be equal to 
that of tlie garden, uhich is expressed b} a 6, we therefoie have 
the i^juation 

2 X (a + 2 x) + 2 b X — n b 

or a, - 1 - + A) = 


X 


—(a + b) ± a/ {a by -f 4 a ^ 
4 


5. There are three numbers^ the difference of whose differ- 
ence is 18, their sum ts 69, and their vontinual product 8160. 
What ate the nutnbers ? 

Let tV lepreseiit the greatest, 
y the second, 

z the least ; 

then — y) — (y — ar) = 1 8, by the first condition ; 

or X — 2y 4- ^ = 18, 
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and ^ + y + » == 69 by the Second ; 

by subtraction 9 y =» 51 
y = 17 

dc + z ^ 69 — *17 = 52 
and by the last condition 


W Z ; 


xy 

8160 


17 


8160 
= 480 


x' + %x z ’\- 2704 ; 

subti acting ^xz =1920 

a?" — 2 ^ 

and extracting the square root, we get 

X — z ^ 28, and we found 
a? + z = 52 

/, a? == 40, y = 17, and jj? »= 12. 

6. The fore wheels of my carriage make 6 revohifiorn 
more than the hind wheels in going over 120 yards, bvt if thi 
circumferenbe of each wheel be increased one yardy they wit 
make only 4 revolutions more in going over the same distance 
Required the circumference of each f 

Let X represent the circumference of one of the hind wheels, 
y that of one of the fore wheels^ 

then by the first condition 

120 _ 120 g 

y ^ 

or 20 a; — 20 y = x y (A) ; 

and by the second condition 

120 120 

- ■ — — ■ ■- s=s 4 

3/ + 1 tV 4* 1 

or 80 (a? + 1) — 80 (y + 1) = (a? -f 1) (y -|- 1), 

or SO a: + 80 — 30 y — SO = a? y -f- .r -f y -f 1 , 

or 29 cr — SI y — 1 = a? y (-4) = 20 a? — 20 y, 

/. 9a7=lly+l 

anbltitoting this value of ai in equation {A) 

^^Oy + iO _ an _ n y* + » 

9 ^ 9 
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or 


11 y* + y = 
11 y* — 89 y 

y’- 


220 y + 20 — 180 
20 

89 20 

11 11 


y 


89 . 1 . — , 

y = ^ ± ^ -s/ 39' f 44 X 20 


y 


39 ± 49 
22 



kubstituting these values of y in equation (B) 


44 + 1 
9 


=• 5, and 


- 11 X + 1 _ - 4 
9 9 


7. Gentleman visiting a charity school gave to each child 
one rupee and Rs, 50 more to him who was the first to solve 
an Algebraic problem; on a second visit he founds that the 
number of child'ien had increased by thiee; to each he made 
on that occasion a piesent of Rs. 15, and to the best he gave 
Rs. 5 moye. He then found to have distributed equal sums on 
each visit. How many children were theie at school? 

Let or leprebont tlie nuinboi of cliildien on the vinit; on 
the fir>t occasion the iiuiiiher of rupees he distributed is indi- 
cated by X* -j- 50, 

and that on hi'^ second visit by 

15 (^ + 3) f 5 

which by the condition expressed in the question must be equal ; 
we have then the equation; 

+ 50 15 (r + 5) + 5 

01 a?"' + 50 = 15 c -j- 50 


X 


15 

J5 

U 


I =■ 0 

± JL 16* 
2 


J5 ± 15 

2 


= 15 or 0. 


This equation may be solved like one of the first degree, for 
lesuuning the equation 

— 16 » = 0 


g D g 
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we mnv write 

x^^lSx 

dividing by x we get 

X ^15 

8. What number is that^ which being divided by the pro- 
duct of its digits diminished by the riqht hand digits the quo- 
tient is f), and if 45 be subtracted from it^ the digits will be 
inverted ? 

Let X and y be the digits 

.*. 10 a: 4- y = tbe number 

ami = 6 {A) 

.ry — y 

or 1 0 a: -f* y = 6 a? f/ — 6 y 

W X == 6 X y — 7y. 

By tlie second condition 

lOiP-f-y — 45=»10y-|-‘T 
or 9 X — 9 y = 45 

X — ?/ — 5 

or ,r = 5 + y ; (B) 

substituting this value of a: in equation (A) 

50 4 - 10 y + y _ 

3 y + y* — y 

50 + 1 1 y 

or i_^=6, 

y + 4y 

or 6 t/ + 24 y = 50 + 1 1 y 

.13 50 

13 , 1 

y -jY ±-y^>s/l.r + 5«x24 




13 ± 37 


fTk 

2 or — — 
6 


and a?=r('i?J5 + 2==7 


9. Playing with a number of balls^ I found to have just 
sufficient to form an equilateral triangle^ three deep ; and if 
597 be taken away^ the remainder will form a hollow square 
four deep^ the front of which contains one ball more than the 
square root of the number contained m the fi'ont of the trU 
angle. What is the number of balls f 
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Let X stand for the luimber of balls in front of the triangle, 
then S (x — 1) is the perimeter of the outward row, 

8 {x — 4) the perimeter of the 2nd row, 

8 (x — 7 ) the perimeter of the 3rd row 

(ji) 9 X — 86 = the number of balls forming the 

equilateral hollow triangle : the number of balls required to 
form the hollow square is, by the second condition 
g X — S6 — 597, or 9 a? — 638 (B) 
and by the 8rd hypothesis the front of the square is 

• a? -f 1 

4 cr will then express the perimeter of the Ist row, 

4} {\/ X — 2) that of the 2nd row, 

4 (\/ X — 4) that of the 3rd row, 

4f X — 6) that of the 4th row, 

16 V — 4^, must therefore express the number of balls 
forming tlie hollow square. Equalising this quantity with 
equation {B) which expresses the same thing, we ha\e 

9 ^ _ 688 = 16 v/ a? — 48 
or 9.1? — 16\/'a?-= 585 

^ 16 .r _585 

9 

, 8 ^ 1 ^ 

V ^ “ y * y \/ 61- f 585 X 9 




8 ± 78 


=- 9 


a: = 81 

whicli value of x subjstituted in equation {A) gnes 
9x81 — 86 =r 693 = the whole number of balls. 

10. On visiting a school^ I found the younymen of first ‘i ate 
and inferior abilities promiscuously seated on three benches; 
the fitst held the third part of the school plus one and a third 
student ; the second^ half the school less Jive and a half stu- 
dents^ and the third bench held one fourth of the school plus 
one and a quarter students. Proposing a geometrical ques- 
tion.^ the third part of those that ueie seated on the first 
bench minus one third of a student ; half those minus one 
on the second bench ; and a quarter of those on the thhd bench 
plus three and a half students answered the quest ion correctly; 
to them alone I awarded prizes. I gave to those on the first 
bench as many Rupees as there were pupils in the schools plus 
Rs. 9 ; to those on the second bench^ twice as many Rupees 
as there were pupils in the school less Rs, 15, and to those on 
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the third bench twice the number of Rupees that there were 
pupils in the school less Rs. 4. The prizes to each pupil being 
found to he equate it is required to determine the number of 
pupils ill the school f 

Let a, be tlie uuiiiber of students in the school : 


on the 1st bench then, were seated — 4 - 11 = — !l — 

8 ^ ’ 3 


?nd 

8rd 


Those who solved 
the problem, 


on the 1st bench, — x 


+ li- 

a? + 4 


1 a?— II 


a? — 11 

% 

a? -f- 5 
1 

8 9 

a: — 15 


3rd 


Prizes given 


li 


1 

4^- 


•1 = 


f 3! = 
* 2 


4 

X f 61 


2nd 

' 2 
a? + 5 

4 

the Ist bench, a? -f 9 
the 2iid bench, 2 ,r — ]5 
the 3rd bench, 2 .r — 4 

but tlie prize of each pupil may be expressed by the price 
awarded to a bench divided by the number of scholais that 
solved the pioblern on that bench, we have then 

a? + 9 


Prize to each scholar, < 


on the Kt bench, a? -f 1 


9 a? -f 81 
a: -f 1 


2nd 


3rd 


9 

— 15 

~ a* -IT 1“ = S 


4 


and as these prizes are equal, we have 
9 a? 4" 81 8 iV — 6 O 

a? -f 1 U7 — 15 

taking the two first of these quantities, we get 

9 + 81 a? — 135 .r — 1215 ==» 8 — 60 a? + 8 — 60 ^ 

. 2 a? = 1155 


16 

32 a? — 64 
a? -f 81 


a? -|" 61 


r=. l±y/ 1+ 1165 = 1+84 

a = 3b = the number of pupils in the schooL 
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11. A gentleman bought a number of stuffed China birds, 
for Rs, 72; had he bought 6 less for the same money he would 
have paid R. 1 more for each- How many did he buy^ and 
what was the average price of each f 

Let X be the number of birds he bought 

7* 

= the price of one, 

X 


or 



= the price of one if he had bought 6 less. 


7 * 7 * , 

• ^ 

X D X 

7* ^ — 7* ^ + 43* = a’* — 6 a?, 

a?* — 6 T 5=s 43* 


X =s 3 ^ 9 

.r = 3 ± *1 = *4. 


1*. My kansamah ht ought from the bazar 150 poiafoch 
and 80 small fish for 14 annas. He got for * annas 10 pota- 
toes less than he got fish for 6 annas. What was the price 
of the potatoes and that of the fish f 
Let the price of the potatoes be x 
... ... ... fish y 

150 a: = tlje price of all the potatoes, 

80 y = ... ... fiwh, 

150 c’r + 80 2/ = 14 by 
the 1st supposition 


_14 — 80y 
150 


M) 


By the 2nd suppositii)n 

J? d- =s; 10, 6 ir — * y = 10 a* V 

y X 

substituting the value of x from equation {A) 

84 _ 480 y — 300 y = 140 y — 800 y" 
800 y* — 9*0 y — 84 

, *30 *1 

^ ?00 ^ 200 

^ SOO ^ 200 (05) — 21 X 200. 

“ “SooT * 200 


or 


y 
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_115±95_210 20 1 

^ 200 200 “* 200 10 
he got therefore 10 fibli for one ana, 

and substituting for // in equation (J) we get 

a? = -JL or he got 25 potatoes for one ana. 

25, 

13. / Aave two square compounds that I wish to have 
paved with marble slabs of which each is a ciibtt square. The 
side of one compound is 16 cubits longer than the other, 
and both pavements will contain 3490 marble slabs. How 
many cubits was the side of each compound ? 

Let a? and < 2 ?+ 16 represent the number of cubits in the 
sides of each compound 

then iv* + (j? + 16)“ = the number of marble slabs 
2 + 32 a: + 256 == 3490 

or + 16 (T = 1617 

... = — 8 ± ^/”64 + 1617 — 8 ± -v/ 1681 

... a: = — 8 ± 41 = 33 

and the side of the greater compound was 33 -f“ ^6 == 49 cubits. 

14. My master gave me turkeys^ geese and ducks to take 
to the bazar,, where I sold each bird for as many Rupees as 
there were birds of that kind. The money I got )or the 
turkeys multiplied by that I got for the geese amounted to 
Rs. 64 ; but multiplying the same by the money I got for the 
ducks, I had Rs. 144; again multiplying the money I got for 
the geese by the money I got for the ducks I had only Rs, 36. 
How many birds of each kind were there ? 

Let no stand for the number of turkeys 
y ... ... ... geese 

z ... ... ... ducks. 

As each turkey sold for w Rupees, the money I cleared for 
all the turkeys was 0 ?“; f<^ a similar reason and represent 
the produce of the sales or the geese and ducks. 

Then by the second condition 


64 
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from 


Eliminating z 


64 

y* 

K 

h 

2 

y 


144 


we 



4 and x 


The general enunciation of this problem would be : 

15. There are three square numbers of which the product 
of the 1 st by the the product of the 9/nd by the Srd^ and the 
product of the by the Srd give respectively the nwnbers a, 
b, c. What are they f 

a?* = a 

y" «* = A 
»*;»*= c 



16. I bought two pieces of Gros de Naples^ one measured 
ells more than the other^ and some cases of claret ; I had 
to pay for each ell of Gros de Naples as many rupees as I 
bought cases of claret^ and for the claret / paid as many anas 
per case as there were ells of Gros de Naples in both pieces^ 
Disposing of my purchase I gained 12 per cent, and received 
for the whole Rs. 476, On the following day I bought as 
many cases and one more of the same claret as I had bought 
ells of Gros de Naples^ and sold them again for Rs, 486, by 
which I gained 20 per cent. How many ells did each piece of 
Gros de Naples contain^ and how many cases of claret did I 
buy ? 

Let X represent the number of ells in both pieces 
y cases of claret. 

Then x y will be the price of both* pieces of Gros de Naples 


and ^ all the cases of claret. 

16 

The value of both was x y + 

lo lo 

by gaining 12 per cent, on it I got Rs. 476, we have then the 
equation, 

2 E 
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17 

16 

17 

16 


a>y + 

+ 


12 ^17 


204 

1600 


.» y 


-=476 

476 


1904 ici/ 761600 

or X y — 400. 

My next purcliase was x 4- 1 cases of claret, for each I paid 

* 

CD X 

as )re ~ Rs. ; I pai<l tlieii for my Snd purchase (a: -f 1 ) — 
16 16 


for which with the profit of 20 per cent. I received Rs. 486, 
which gives the equation 

(. + 1 ) -+(. + 1)^.^„486 

or (.V + 1) .V + (» + 1) ic. — = 7776 

5 

or • 6 ap* -f- 6 cl? «= 38880 

«»* tV =s 6480 

1 ^ 1 ^ 

= 6480 X 4 


the lesser piece therefore contained 36f ells, and the greater 
and from a? y = 400 or y = = 77 ^ = o = the number of 

X 80 


cases of claret he bought on the first daj', and r + 1 the 
number he bought on the second day, or 81 cases, 

17. It is required to find two numbers^ such that their 
snm^ product^ ajid difference of their squat es, shall be equal. 
Be ,r = the greater number, and y = the less. 

X 4 . y =ax y ■=x’‘ — y’. 


Divide the last quantity by its equal the first, we get 


‘Ijny’ _ 1 . 

* + y"~ ’ 

hut without taking into consideration the equality of these two 
expressions, we ha^e generally 


.p — - y = 1 or a.' = y 4 1 . , 
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SubstitatiDg this Talue of « in the ]st and Snd expressions 

y + i + y=(y + i)y 

oty*—y=^i 

,.s,_i±v^ 

2 

and y + \= — * ^ ^ + 1 

8 ± v/ 5 

X s= ^ 

2 

18. In a foundry theu cast a certain number of cannon 
of two different calibre. The first soft weighed as many cwL 
as they cast cannon of that sort ; of the second sort they cast 
as many as two pieces of both sorts weighed cwt. and yet 
there were used 31 cwt. of metal more for this than for the 
sort. Subsequently they receioed order to cast ^tk the 
number of cannon of the firsts and two more of the second than 
of the first sorty but to add 5 cwt. of metal more to each of the 
two sorts ; they now used 3 cwt. of metal more for the first sort. 
How many cannon of each calibre wete cast f 

X =a number of cut. of each of Ist kind 
y — ditto, 2nd ditto, 

then indicates flie r^iiaiitity of metal used for all the cannon 
of the ist sort ; the numher of the 2nd sort is .v + y ; the ine> 
tal used for ail the cuiiiion of this sort, is expressed then by 

y (•» + y) 

but as tliis quantity of metal weighs 31 cwt. more than the me- 
tal used for the cannon of the 1st soit, we may express this 
condition by the following equation : 

x^ — y (.V + y) — SI 

or ojt^ ^ y^ -|- a? y — 31 {A.) 

By a similar reasoning the condition of second order for can- 
non is expressed by 

(.v + 5)^=(y +5)^1- + + 8 

5 a 

a?’ sBs ci7 y + 10 y 66 (B.) 

2 R 


or 
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Eliminating by eqaaliaing the eqnatioua J and B, we have 
y* + » y — 81 *=■ df y ■+ 10 y + 65 
y* — 10ya=96 
y Ks 5 ± S5 +W 
.•.y«=5 ± 11 «16 

Substituting this value of y in equation (B) we get 
** ■— 16 « 160 + 65 

or 16 » *= 225 

a; =a» 8 i 64 + 225 
® — 8 ± 17 =« 26 


19. I bought 2 casks of brandy for Rs. 114, one of which 
contained 6 gallons more than the other, and the price per 
gallon was 5 two anas pieces less than one-seventh of the 
number of gallons in the less. Required the price per gallon 
and the number of gallons in each cask. 

If X represents the number of gallons in the less cask, 

X + 6 represents that in the greater, 
and 2 X + 6 «=> the total number of gallons ; 
the price of each gallon will then be 

. £ * 

7 8 

consequently, the cost of the whole number of gallons 

(2® + 6) (f 

2 a?* 10 07 , 6 0? 80 - - . 

" — --8- + 17— r= "* 


16 x’ — 70 X + 48 X — 210 = 6384 
16x’ — 22xs= 6594 
, 22 _ 6594 

• • 0? L A ^ « « 


07 = 



16* 16 
11 ±325 

■ ■ ■ I. II sss 

16 


121 +6594x16 
: 21 gallons 


the price of each ■£— — £.««3 — £a«8 1? 

7 8 7 8 8 16 

■w Bs. 8 — anas 10, Rs. 2 6 anas. 
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SO. I haw two vesseU of which the first is S inches longer y 
S inches narrower and half an inch deeper than the second. 
When both are filtedy the first contains 81 cubic inches more 
than the others but when only partly filled wanting one inchy 
then the first contains 83 cubic inches more. The total sur- 
face of the vessel has S8 square inches more than the 
total surface of the second. The volume of a third vessely 
whose bottom is a squarsy of which the side has 2 inches more 
than twice the depth of the second vessely with a depth equal 
to the breadth of the same vessely is 25 cubtc inches less than 
that of the two first vessels together. Required the dimensi- 
ons of the 8 vessels. 

Expressing the length, breadth and depth of the 2nd vessel 
by coy y, 

that of the 1st vessel by + 2, y — 2, « + i 

Volume of 1st ve88ela«(ir 2)(y — 9){x + i) — 81 iP y jS 
the volume of the second. 

Again, (w + 2)(y — • 2)(sr — . i) — 88 a? y (« ~ 1). 

By reduction we get 

—1. 

The surface of Ist vessel 

2 (a? + 2)(y - 2) + 2 +2) (« + i) + 2 (y-2) (sr +*) - 28 

== (the surface of 2iul) ^ xy + %wz + %y9i 

By substituting the value of a? s=y — 1 into this equation, 

X vanishes, and we get for 

y = 14. 

The last condition is expressed, by 

(2 X + 2)V + 25 = 0 ? y X + (ic + 2)(y — 2)(«f + i) 
substituting the values found for a and y, and reducing, we get 

56 a?" — 250 z = 9 
or » = ^ ± v^n25*'+ 9 X 56 

DO DO 

SI. Being asked respecting my monthly salary, I answered 

If 1 add Its. 40 to it, and also subtract Rs. from it, and 
take the squares of the numbers thus obtained, the difference 
of these squares is more than the square of half my salary 
added to twelve times my salary, by Rs, S4,880.” How much 
do I receive per month f 


Jns, Rs. 560. 
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29. Two merchants A and B jointly invested in 

business. A, lets his money remain 17 months^ and receit^ed 
back in capital and profit Rs. 1710; allowed his money 
to remain ]9 months^ and received in capital and interest 
Rs. 1040. How much did each advance t 

Jne. A, Ks. 1200, B, Rs. 800. 

23. A horse-dealer buys a horse^ and pays a certain sum 
for he afterwards sells it again for Rs. 171, and gains 
exactly as much per cent, as the horse had cost him. How 
much did he pay for the horse f 

Ans, Rs. 90. 

24. A cask, whose contents are 20 gallons, is filled with 
brandy^ a certain quantity of which is then drawn off into 
another cask of equal size ; this last cask is then filled with 
water ; after which the first cask ^ filled with the mixture, 
and it appears, that if 6? gallons of the mixture be drawn off 
from the first into the second cask, there will be equal quan- 
tities of brandy in each. Required the quantity of brandy 
first drawn off. 

Ans. 10 gallojis. 

25. A ship containing 74 sailors, and a certain number of 
soldiers besides officers^ took a prize. The sailors received 
each one-third as many rupees as there were soldiers, and the 
soldiers received Rupees 8 apiece less, and Rupees 768 fell 
to the share of the officers. Had the officers received however, 
nothing, the soildiers and sailors might have received half as 
many rupees per man, as there were soldiers. How many 
soldiers were there, and how much did each receive ? 

Ans, There were 36 soldiers, each soldier received Rs, 9, 
and each sailor Rs. 12. 

26. Two men, A and B, undertake to perform a piece of 
work in four days, for which they are to receive a certain 
number of rupees ; but, after some time, finding that they 
shall not be able to finish it in the time proposed, they call in 
C to assist them, and upon an equitable division of the money, 
C receives a sum equal to the square root of the whole number 
of rupees, but had they been obliged to call in C to their assist- 
ance 1 i day sooner, his share of the money would have been 
two-fifths more. How long did C work, and what did he re- 
ceive f 

Ans. He worked 2 days, and received Rs. 5. 

• 27. Two women carried to the bazar a certain number of 
mangoes, one however had 80 mangoes more than the other, 
fbr isrhich they jointly receive Rs, 18. I should have 
received,'"'' said the first to the other, “ at my price, Rs. 7 : 8 
for your mangoes.*'" I must admit,'"' the other answered 
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Aer, ** that at my low price I should have got no more than 
Rs. 6 : 10 for your mangoes J"* Row many mangoes had each t 

Ans. The one 190, the other ISO ; or the one S94, the 
other S24. 

B and C wished to buy a houses but neither had money 
enough for the purpose, A begged of B and C the third part of 
their money in order to enable him to buy it ; on the other 
hand^ B asked A and C for the fourth pa rt only of their money 
to enable him to buy it for himself On which C soid^ if A 
lends me only the 5th part of his money and B, the third part 
of his minus Rs, 90, — I can buy it alone, A and B ayreeing^ 
A saidy that he should now content himself with buying the 
garden attached to ity valued for as much as the square root 
of what all three possessed added to Rs, ^ could 

pay with the sixth of his money. How much money had each t 
Ans, A, Rs, 600, B, Rs, 768 : 19 and C, Rs. ToO. 

29. A trader had on hand three chests y each contahtiug an 
equal quantity of Hyson tea of the same sort. On oncy being 
slightly damagedy he lost Rs, 100, on another y he gained 
Rs, 100 ; and on the thirdy by selling it per Ih.y for as many 
rupees as the Wth part of the number of lbs, it contained^ 
he gamed Rs. 120. Had he been able to sell the whole quon^ 
tity at the price he sold the last chesty he would have gained 
20 per cent. 

How many Ihs. did a box contain ? at how much per lb, 
did he buy the tea? and at what price per lb. did he dispose of 
each chest ? 

Ans. A chest contained lbs, 120. 
he paid for the tea per lb Rs. 5 0 0 


of the chesty he sold the lb, for 4 2 8 

2A/d 6 13 4 

2rd 6 0 0 


30. A shopkeeper sold 320 seers of pepper ^ and \^5 seers of 

sugar for Rs. 135 ; but he sold 4 seers more of sugar for Rs, 4, 
than he did pepper for Rs^ 5, What was the price of a seer of 
each ? Ans, Pepper 5 anas a seer. 

Sugar 5 seers for one rupee, 

31. A and B were going to market , the first with cucumbers 
and the second unth three times as many eggs ; and they find 
that if B gave all his eggs for the cv cumbers y A would lose 10 
picBy acetyrding to the rate at which they were then selling, A 
therefore reserves ^ths of his cucumbers ; by which B wotUdlose 
six pice, according to the same rate* - But B, selling the cucum- 
bers at 6 pice a piece, gains upon the whole the price of six eggs. 
Required the number of eggs and cvmmbers, and their price, 

Ans, 30 eggs, 10 cucumbers. Price of an egg 1 pice, and that 
of a cucumber 4 pice. 
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S2. What 5 Humbert poatest these propertua, that if each, 
beginning with the !«/• be multiplied by the one which suo^ 
emit ( follows) it, but the last again by the Is/, the products 
a, b, e, d, e, are obtained t ' 


Ana. 


V 


ace • abd ■ bee . aed 
bd ce ad be 

X 


and .f 


bde 

ac 


33. But iff instead, of b, seven numbers be required, and 
the products be &, c, d, e, f, g; what numbers are they then ? 


Ana. 




ifc. t^e. 


34. ■ There are two numbers, one of which is greater than the 
other by 8, arui whose product is 240. What numbers are they ? 

f Ant. 12 and 20. 

35. The sum of 2 numbers =£= a, their product a b. What 
numbers are they ? 

^ Jd 

36. It *9 required to find a number y whose square exceeds its 
simple power by 306 ? 

Ans, 18, 

37* It is required to find a number, such, that if we multi- 
ply its ^d part by its Ath, and to the product add 5 times the 
number required, this sum exceeds the number 200 by as many 
as tlb€ numbei' sought is less than 280 ? 

Ans, 48. 

38. A person who was asked his age, answered, My mo- 
ther was 20 when I was bom ; her age multiplied by mine, ex- 
ceeds our united ages by 2500.^^ What was his age ? 

Ans, 42. 

39. Determine the fortunes of 3 persons. A, B, C, from 
the following data : — For every 5 rupees which A possesses, 
B has 9, and CIO. Farther, if we multiply A^s money (ex- 
pressed in rupees, and considered merely as a number) by B^s^ 
and B^s money by C’s^ and add both products to the united 
fortunes of all 3, 'we shall get 8832. How much had each ? 

Ans. A, 40, B, 72, C, 80. 

40. A person buys some pieces of cloth at equal prices for 
60 mype^s. Had he got 3 more pieces for the same sum, each 
piece would have cost him 1 rupee less. How many pieces did 
heh^r 


Ans, 12. 
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41. A ehtaritaiJe parum diuidetanm ^ 90, At. •» tytwl. 
tAaret amongtt the poor ofo emM tom. But aeSOqf thoee 
whom he thought o/reUeving stood no Unger iu need of assist- 
ance, each of the remaining paupers had for his share 4 annas 
more than he otherwise would have had. How many paupers 
were there at first f 

Ans. 120. 

42. A person dies, leaving children and a fortune ^46^800 
rupees wMch, by the will, is to be divided equally amongst 
them. It happens, however, that immediately after the death of 
the father, two of his children also die. If, consequently, each 
child recces 19^ more than he or she was entitled to by 
the vnti, how many children were there f 

Ans. 8 children. 


43. Required to find a number, such, that \f a given number 
c be divided by it, and ako by a number greater than it ^ a, 
the difference of the two quotients »» d. What number is it f 

44. Twenty persons, men and women, together ipend 48 Rs. 
at a tavern ; viz. the men 24 Rs., and the women the same sum. 
Now, on inspecting the bill if is found, that the men have to pay 
1 R. each more than the women. How many men, therefore, 
were there in company f 

Ans. 8. 

45. Tico travellers, A and set ovit at the same time from 
two different places, C and D, A from C to D, and B from D 
to C. It appears that A has already gone 30 miles more than 
B, and according to the rate at which they travel, A calculates 
that he can reach the place i» 4 days, and that B can arrive 
at the place C in 9 days. What is the distance between C and D ? 

Ans. 150 miiet. 


46. In the preceding woblem, let d be the distanee which A 
had travelled more than B ; a the time which A reqmres to finish 
the remainder of his Journey, and b the time which B requires, 
in order to finish his. What expression will give the distanee 
between C and HI 


Ans. 


d{d 5 4* o) 

5 — 


47. TTure ore two numbers, a and b> given ; it is required 
to divide each of them into two such parts, that the one part qf 
2f 
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his to one part 0 / as m to Uj and that the product of the 
other two parts == p. How must they be divided ? 

Am. Let » ^ ^ v'L ^ ”.p] ^ ^ 

2 mn ' 


then 1 part of a = m ayfi one part ^ b =• n A. 

48. Again. Let it be required^ as in the preceding problem, 
to divide the two numbers a, so that the first parts may be to 
one another as in to n, but the sum of the squares of the two 
others = s. How then must they be divided ? 

am \ bn :i:i \/{ + n^)8 — [an — b m)*} 

-f w"* 


Ans. Let 


A, then the 1^/ part o/* a = m A, and the part o/* b = 11 A. 

49. It is required to find a number, consisting of 3 digits, 
such, that the sum of the squares of the digits, without consi- 
dering their position^ may be — 104 ; but the square of the 
middle digit exceeds twice the product of the other 2 digits 
by 4 \ farther, that if be subtracted from the number sought, 

the 3 digits become inverted ? 

Arts. 862. 

We must not always immediately infer that the quantities 
required to be found, are the unknown quotients in the calcu- 
lation ; we should otherwise not unfrequently hit upon higlver 
equations thaA are necessary for the solution of the problem, 
and this we must try to avoid as much as possible. It is often 
better to seek first any combination of the quotients, as, for 
instance, the sum, the difference, the product, the sum of the 
squares, the difference of the squares, and so on, and hence 
to determine the quotients themselves. As this is a very im- 
portant point in Algebra, and one which cannot be too well 
observed, we shall now give a tolerable number of such pro- 
blems ; more of this kind will occur in the examples of geome- 
trical progression. 

60. Find two numbers, whose difference, multiplied by the 
difference of their squares, — 160 ; and whose swm, multiplied 
by the sum of their squares, gives the number 680. 

Ans. The sum of the two numbers is 10, and their product 
21 ; therefore the numbers themselves are 3 and 7- 

61. A person wishes to find two numbers such, that the sum 
and product of the numbers together amount to 34, and the sum 
of their squares exceeds the sum of the numbers themselves by 
42. What numbers are they ? 

Arts. The sum of both numbers is 10, their product 24, and 
the numbers themselves are consequently 4 and 6. 

62. If, in order to make the foregoing problem more gene^ 
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raly a be pat instead of 34, and b instead of 42 : in this case, 
by what form will the numbers sought be expressed? 

Am. Let — l±v^(4A+8a+l)=‘2 A; 2 A ^ IhF 
^(4 A + 8a + 1) = 2 jB; then, the two number's sought 
A + ^{A^ ~ A B) A- ^(A^ -4B) 

2 " # 2 

53. TVhat two numbers are they, whose sum a, and the 
sum of ivhose fourth powers = b ? 

Ans. Call the difference of the two numbers sought d, 
then d = v^{ — 3 g* d: v^(8a* -j- 8A) } ; the numbers them* 

selves are consequently ^ ^ 

2 2 

54. The sum of two numbers is = a, the sum of their hth 
powers — b. What numbers are they ? 

Ans. The ])roduci p of both numbers is =-l- 1 ± /?- - \ ; 

^ L 5 G J 

therefore the numbers themselves are 
i {« + •/ («* — \ {a — — 4;;)}, or 




65. The sum of two numbers is = a, their products multi* 
plied by the sum of their squares is =b. What numbers are they ? 
Ans. Let the products of the two numbers = if p — 

1 [a* ± 8 then the numbers themselves are 

\ {a ■\r s/{a^ — ^p))-,k {<i — —4p)}. 

56. The sum of two numbers added to the sum of their 
squares — a, m times the sum of their squares added to n 
times the product of the numbers =* b. What numbers are 
they? 

Ans. The sum s and the product p of both numbers are ex- 
pressed by the equations ns^ ^ {n — 2m)s = 2b + (» — 2 m) a; 

2 p =>= s"^ + s — a. Having determined from these s and p, 
then both the numbers themselves may be found, by solving the 
equation a?* — s x + p = 0. Each number, therefore, has four 
values. 

&7. o. geometrical proportion the sum of the means =«= a, 
the sum of the two extremes = b, and the sum of the squares 
of all four terms — c. What is the prfjportion ? 

Ans. The product of the two means, consequently of Qie two 

extremes — j l A - TI Lfj therefore the required proportion is 
i [b — x/ {^ — a")] •• i [« — -/(^ — **)] “ i C« + -/ • 

2 F 2 
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68. The difference between the meane of a geometrical pro 
portion = the difference of the two extremes «■* Cj and the 
sum of the squares of all tw four terms >»> c. IVhat is the 
proportion ? 

Ans. The product qf the two extremes, or of the two means, 

a 

c a pr^fyrtim itself is 


: i [-6+/(c-a*)] :H — «+^(c-0]“H+« + 

69. In a geometrical proportion the product of the two 
extremes^ or meansg = a> the sum of all four terms — b, and 
the sum of their squares c. Find the proportion. 

Ans. For shortness-sake g let ±: 1 / (8 « + 2 c — b*) = A; 


is the sum of the two means, and 


b + A 


the sum 


of the two extremes; consequently the proportion sought is 
X [b + A — V(2 € — 8 a + 2 b A)]: i[b — A— if C2 c 
— 8a — 2 b A)] = i [(b — A-j-x/ (2c~8a + 2bA)]- 
i[b + A + f{2c — 8a + 2b A)]. 

60. The product of the two extremes, or means, of a geo- 
metrical proportion « a, the difference between the sum of the 
extremes and the sum of the means and the sum of the 
squares of all four terms =* c. What is the proportion ? 

Ans. Again ; let ±i V (8 « + 2 c — V) ^A\ then ^ 


A 4- b 

is the sum of the means, — ^ — the sum of the extremes, md 


n. the proportion sought is i [(A + b — f (2 c — 8 A)] : 

i[A — b — f (2 c — 8 a — 2 b A)] :: i[(A — b + 
^(2c—8a—2bA)]:i[A + b+fi2c—8a + 2bA)]. 

When a *=« 18, b — 2, c s= 130, then 2 : 3 6: 9. 

When a — 270, 6 = 20, c = 3922, then 5 : 9 : : 80 : 54. 

61. It is found, by experiment that bodies in falling to the 
earth., pass through about 16 feet m the first second of their 
motion, and it is known that the spaces passed through, from 
the commencement of motion, are as the squares of the internals 
elapsed. Suppose then that a body be observed to fall through 
J of its height during the last two seconds of Us descent ; re- 
quired the height from which it felt? 

• Ans. 1900, 6 feet. 

62. A body was observed to have descended through 4Slf)feet 
in the last one and a half second of time, from what height did 
it commence its motion ? Supposing, as in the preceding exam-- 
pie, a body to fall through 16 feet in the first second. 

Ans. 1440 feet. 
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Of the solution of quadratic equations, by the 
tables of tangents and sines. 

CXXV. When the numeral garts of a quadratic equation 
are either large iiumberB, or complicated fractions, such as 
examples 73, 74 and 75, page 195, its solution may be more 
readily obtained by the application of trigonometry, than by 
the common method, which in this case is verydaborious. 

Every equation of the second degree is represented by the 
general formula 

(A) + jt> ,1? + g aa 0 

whence we get 

(B) x = 

If JO and q are large or fractional quantities, the solution of such 
an equation becomes exceedingly laborious ; but trigonometry 
furnishes prompt and easy means to draw the value of either 
exact or approximate, as the case may be ; for should the 
quantity under the radical not be a perfect square, the value 
of.r cannot possibly be obtained otherwise than by approxi- 
mation. 


CXXVI. Examining the case where the radical is positive 
and q under the radical, also positive, the equation (B) may 
then be expressed 

(C) Supposing tan. A =» ; (this supposition 


can 


not be contested, as a tangent can have every possible value,) 

p q cos. A ^ q 

2 ” “ 


consequently 


tan, A 


sin, A 


sin, A 


/ 1 \ gjjg cos. A y/ q ^ 

\ cos. a) sin, A 


1 _ cos, A ^ 
cos. A 

(D) m 


1 — COS. A 

sto. A 

• tan. -g •/ 9 


^9 
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By means of the equation (C) we get the value of Ay by 
equation (D) we obtain that of /r. 

Supposing now that the radical in equation (B) be negative, 
g uncfer the radical remaining positive^ the equation (C) will 
then become 

1.(1 + X ^ = 

2 \ cos. A/ sin. A cos. A 

1 + cos. A , ^ j j 

^ q = — cot. A a/ q. 

sin. A ^ y 

The second value of a? will then be 

(E) a? = — coL ^ q- 

It will be found by the same method, that the preceding 
formula can also be applied to the case where the particular 
equation to be solved is of form a?* — p .v — q = 0. The only 
difference is that the negative value of x is given by the equa- 
tion (D), and the positive by equation (E). 


CXXVII. Let now the equation (A) to be resolved, be of 
the following particular form 

x^ + px + q — O; 

From what has been said, page 164, line 10th, 4 7 , represented 
here as negative, must be less than p\ otherwise the quantity 
represented here under the radical sign becomes imaginary, and 
there would exist no real value of x to satisfy the equation. 

This premised, considering the radical at first as positive, 


we have 


«— f(.- y 


making 


(F) sin. A = 


_ 2^q 


P 


we get 


^9 . 

" F ’ 

= ^ 
sin. A 


a; sdi- (1 —cos. A) = — ^ 9 X tan. 

stn. A S 

here we have the equation (D) with the negative sign in the 
second member. 

Considering now the radical as negative, which does not alter 

Hi 

the equation (F) ; w^e have a? = — —(1 + cos. A) 

2 stn. A 


(1 + cos. A) bsb — ^ q cot* ; which is again equation E. 





If ikb- e^osHoa ^ 

i* — » » 4- Of ( 
ttboald find( Um 
n«(fative radicMS^ (IHia ^ 

(D) ; and for tbe oaae of 1 
« is that given b}^the<^e4pfeM^ 
the second member 



:ve 


CXXVIII. TIte eqdatioefe^y *«d (S) ttibeut give the tw 
values of « in ever^Poase; sbonta q (mtbf seemid nfMBiber), be 
positive P we obtain the are A by tbiS formnla tUff, and tti* 
two values of x will alwaytbbe of dijliTent signs i bnt slionM 9> 
(in the second member,) be negative P the are A will be found 
by the formnia (F), and both ^ vmiies of x will be nej^tive, 
if p is positive in the firrt member, but both poritive u ^ be 
negative. 

Let it be required to solve the eqm^OD 


w’ + 


§5 


X 


By (C) and (D) we get 
, . 10 /606564 

^ - T 'yma 


606564 

SssSis* 


/606664 
* V858616‘ 


tan. 


A 

It 


from ♦ log. 606564 « 5.7828766 

subtract log. 858615 -» 5.6812620 

difference of logs. «» 9.8516146 dividing this 

difference by 2 ....... d«625^T8 

log. 70 . . 1.846w80 

comp. log. 9 . > -w 9.0457575 


log. tan. J — 0.8166628 — 81% W* 40" 


l<w. tan. ^ or tan. 40* 89' 50" 9.9840188 

* 2 


the above difference of logs, divid* 
ed by 2 ....... w* 



log. 9.8898^6 6,72414. - 

To ascertain if this approximate mfei e Of 'n, «Ui be expMieed 
exactly by a vnl^ fwKl!t»«»» whifPwfb terms may be w^. , 
numbers, take the complement iff'tM Ihg. of*, vi*. 0,l4017wl 


-.r * 


* NoTE.~t'or thecalcclstiowbyWsritliniiWesMtfeftwthetlndentto 
a subsequent artide ( 318 ) hasdsd. tlx 



log. 9960 9.5976952 
„ 49249 4,6928798 

I(^. q or dilfereiMM of logs. «> 8,9058154 

log. v' 9 • • • • *« 9.4526577 

log. 74 ... . — 13692817 

oompKlog. 21 .... — 8,0777807 

log. nn. At..-.. 


9,9996701 — 87* 46' 


log. ««a. 4 "" 9,9889673 

% 


lojgf* 4/ 9 . . io o . • ■ 

* 



jo ^ 4k9o4 yajae ol«. 
Taltiog tli« ezontple (75) 

'4 


9,4526577 

9,4357[250 toking the com. 


. '■-ll — S'”*"''*®' 

\/q cot. A 

^ •*. » «• ^q cot. 2 Of (*®« “rt. 1®7) 
ettploying 6»t the pontivo aa4 then the 
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ftu 


here. 9.5 

V 98847 4 

log. 89559 — 4,5972458 
„ 98847 — 4,9701004. 


9— 9,6271449 


— 9.8185725 
9.5 — 0,9777286 


log. tan. A — 0.7912961 « 

cot. ~ or cot. 40* 24' 26" »- 0,0699404 
2 

^/q 9,8185725 

n/ q cot. — = 9.8885129 of which the 
s 


complement 0,1164871 *== , 

1 

multiplying both terms of this fraction by 13, we get 
a? e= — the exact value. 

n> 

Of the Extraction of the Square Root of Alge- 
braic Quantities. 

CXXIX. We have suflSciently illustrated, by the pre- 
ceding articles, the manner of conducting the solution of lite- 
ral questions. We have given also an instance of a transfor- 
mation, namely, that of m into a w, page 183, which 
is worthy of particular attention ; since, by means of it, we 
have been able to reduce the factors, contained under a radical 
sign, to the smallest number possible, and thus to simplify very 
much the extraction of the remaining part of the root. 

This transformation consists in taking the roots of all the 
factors which are squares^ and writing them without the radu 
cal sign^ as multipliers of the radical quantity^ and retaining 
under the radical sign., all those factors^ which are not squares. 

This rule supposes, that the studei^piis already able to deter- 
mine, whether an algebraic quantity is a square, and is acquaint- 
ed with the method of extracting the root of such a quantity. 
In order to this, it is necessary to distinguish simple quantities 
from polynomials. 

% G # 


j\ 


89559 

98347 


80* 48' 58" 
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OF THE EXTRACTIOTJ OP THE SO0ARE ROOT. 


CXXX. It is evident, from the rule given for tlie exponents 
in multiplication^ that the second power of any quantity has 
an eccponent double that of this quantity. 

We have, for example, 

X a* == a*, a* X a* *= a* x a* == o®, 5:c. 

It follows then that every factor^ which is a square., must 
have an exponent which is an even quantity., and that the 
root of this factor is fomid by writing its letter with an ery o- 
neut equal to half the original exponent. 

Thus we have 

^ x=L a} or a, \/ ^ z=r a®, &c. 

With respect to numerical factors, their roots are extracted 
when they admit of any, by the rules already given. 

Whence the factors a*, 6*, in the expression 

iy/ ()4 rt* // 

are squares, and the number 64 is the square of 8 ; therefore, 
as the expression proposed is the product of factors., tchich are 
squares., it will have for a root the product of the roots of 
these several factors (CXXX) : and, consequently, 

0 * = 8 0 *^ c. 

CXXXI. In other cases, different from the above, we must 
endeavour to resolve the proposed quantity, cofisidered as a 
product., into two other products^ ojie of ichich shall contain 
only such factors as are squares^ and the other those factors 
which are not squares. To effect this, we must consider each 
of the quantities separately. 

Let there be, for example, 

x/WVVT^. 

We see that among the divisors of 72. the following are perfect 
squares, namely, 4, 9, and 36 ; if we take the greatest, wa have 

72 = 36 X 2. 

As the factor a* is a square, we separate it from the others; 
passing then to the factor ft®, which is not a square, since 3 is 
an odd number, we observe that this ftictor may he resolved 
into two others, ft* and ft, the first of which is a square ; \vc 
have then ^ 

6 ® *= 6*.6 ; 

it is obvious also that 

c® = c^.c. 
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By proceeding in the same manner with every letter^ whose 
exponent is an odd number, the quantity is resolved thus, 

72 a" «. 36.2 o" h\b c\e ; 
by collecting the factors, which are souares, it becomes 
36 a" 6* c" X 2 & c. 

Lastly, taking the root of the first product and indicating that 
of the second, we have 

x/ WTiHFT* = 6 h d x/YVc. 


See some examples of this kind of reduction, with the steps 
by which tl}ey are performed ; 



It will be seen by the first of these exaiiipJes, tliat the deno- 
uiinatnr of an algebraic fraction may be taken from under the 
radical sign by being made a complete square, in the same 
manner as we reduce the rout of a numerical fraction (104). 

CXXXII. We now proceed to the extraction of the square 
root of polynomials. It must here be recollected, that no bino- 
mial is a perfect square, because every simple quantity raised to 
u square produces only a simple quantity, and the square of a 
binomial always contains tiiree parts (34). 

It would be a great mistake tosujipose the binomial a -|- 6 to 
he the square root of (/*' -f* b% although, taken separately, a is 
the root of a\ and b that of 1/ : for the square of a -f 6, or 
^ a b + b\ contains the term -f* 2 « />, which is not found 
in the expression 

Let there be the trinomial 

24 c ^ 16 <?* + 9 b\ 

In order to obtain from this expression the three parts, which 
compose the square of a binomial, we must arrange it wUk 

2 2 
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reference to one of its letters, the letters a, for example ; it 
then becomes 


1 6 c* + 


24 a* 6* c + 9 6^ 


Novr, whatever be the square root sought, if we suppose it 
arranged with reference to the same letter a, the square of its 
first term must necessarily form the first term 16 a* c% of the 
proposed quantity ; double the product of the first term of the 
root by the second must give the second term, 24 o’* 6“ c, of 
the proposed quantity ; and the square of the last term of the 
root must give exactly the last term, 9 of the proposed 
quantity. The operation may be exhibited, as follows : 


— 16ar 


+ 24 a* 6* c + 9 6® f 4 


f _ 
18 


c + 3 5* root 

T+l6» 


+ Ua^b^c +9 />• 
— 24 a" 6* c — 9 6® 


0 0 

We begin by finding the square root of the first term, 
16 a* c*, and the result 4 a* c (130) is the first term of the root, 
which is to be written on the right, upon the same line with 
the quantity, whose root is to be extracted. 

We subtract from the proposed quantity, the square 16 a* c% 
of the first term, 4 a* c, of the root; there remain then only 
the two terms 24 a* 6* c 9 b*. 

As the term 24 a* c is double the product of the first terra 
of the root, 4 c, by the second, we obtain this last, by divid- 
ing 24 a* b* c by 8 a!* c, double of 4 a** c, which written below 
the root ; the quotient 8 5® is the second term of the root. 

The root is now determined ; and, if it be exact, the square 
of the second term will be 9 b®, or rather, double of the first 
term of the root 8 a® c together with the second 8 b®, multiplied 
by the second, will reproduce the two last terms of the square 
(91) ; therefore we write + 3 b® by the side of 8 a^ c, and 
multiply 8 a* c + 8 b® by 8 b® ; after the product is subtracted 
from the two last terms of the quantity proposed, nothing 
remains ; and we conclude, that this quantity is the square of 
4 a® c + 8 b®. 

It is evident that the same reasoning and the same process 
may be applied to all quantities composed of three terms. 

CXXXIII. When the quantity, whose root is to be ex- 
tracted, has more than three terms, it is no longer the square 
of a binomial ; but if we suppose it the square of a trinomial 
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tti + n + p) and represent by I the sum m + fh ibis trinomial 
becoming now / -f p, its square will be 

/• + 2 / p + pS 

in which the square of the binomial m + produces, when 
developed, the terms wt* + 2 m n -f w*. Now, after we have 
arranged the proposed quantity, the first term will evidently 
be the square of the first term of the root, and the second will 
contain double the pi;oduct of the first term of the root by the 
second of this root ; we shall then obtain this lust by dividing 
the second term of the proposed quantity by double the root of 
the first. Knowing then the two first terms of the root sought 
we complete the square of these two terms, represented here by 
; subtracting this square from the proposed quantity, we have 
for a remainder 

2/p + p% 

a quantity, which contains double the product of /, or of the first 
binomial m -f- w, by the remainder of the root, plus the square of 
this remainder. It is evident, therefore, that we miint proceed 
w ith this binomial as we have done with the first term m of the 
root. 

(m -f n -f p)* =3 4- n* + p* + 2 m n + 2 »i + 2 n p. 

Let there be, for example, the quantity 
64. he ^ 2o a* t/ _ 40 a’ 6 + 16 + 64 6* c* — 80 c ; 

we arrange it with reference to the letter a, and make the same 
disposition of the several parts of^the operation as in the above 


example, 

1 6 a* — 40 a^b + 25 a^b*— SO aVc + 6 4 6*c" bah^Sbo 

+ 64a‘'6c I 8a^— 5ab 

— 16^" < 8a*— 10tt6+86o 

1st rem. — 40a*’6 + ^on*b* — SOnb^c + 646 1 
+ 64a*6c L 

+ 40a^6— 25a*6* 

2nd rem + 64a^6c — 80a6*6* + 646V 

— 64a“6c + 80a6*f — 646*c* 


0 0 0 

We extract the square root of the first term 16 and ob- 
tain 4a* for the first term of the root sought, the square of which 
is to be subtracted from the proposed quantity. 

We double the first term of the root, and write the result, 
8a*, under the root ; dividing by this the term — 40 a*6, which 
begins the first remainder, we have*— 5 a 6 for the second term 
of the root ; this is to be placed by the side of 8 a*; we then 
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multiply the whole by tliis second ierm, and subtract the result 
from the remainder, upon which we are employed. 

TIius we have subtracted from the proposed quantity the 
square of the binomial 4 a* — 5 </ h / the second remainder can 
contain only double the product of this biiioriiiaU by the third 
term of the root, together with the square of this term ; we take 
then double the quantity 4 a* — 5 a or 

8 a" _ 10 a A. 

which is written under S — 5 a and constitutes the divb 
sor to 1)6 used uith the second remainder ; the first term of the 
quotient, which is 8 A c, is the third of the root. 

This term we write by the side of 8 a* — 10 a A, and multi- 
ply the whole expression by it ; the product being subtracted 
from the remainder under consideration, nothing is left ; the 
quantity proposed, therefore, is the square of 

4 , — b a b S h c\ 

The above operation, which is perfectly analogous to that, 
which has been already applied to numbers, may be extended 
to any length we please. 


Miscellaneous Examples, in the Extraction of the 
Square Root, and in Reductions of Algebraic 
Expressions. 


1 . 


i. 


y( 


rt (,/ 3 + 6 v' ^» + 3 6 v/ 8 

3 v' 

rt’ -(■ 6 ~ « — 2 v' a — . 
%/ 


^+!») 


a A 


s= a "b 3 ““ 


a 

“3”^ 


3. 


y + + 


^ m r — IZ m n 


n 


S m — * + ~ 





+ 2 + 


♦n* 
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m 


(f + » + T - ‘Vt - *y t) “ + 

yi-i 

’• y (“+^-*''“+’“4+7) 


✓«-!+- 


8 

>J\n'b* n*b nb m 

nb 1 ^ 4. !!!\ ULl + ^ — i + — 

"m ^ T n ^ n‘) nb m 2 » 

8. 


r* q’ T q . 3 

2 


10. y [2*’(2*’ + m|-;(6+ |7) + T+®^ 


, 2 ar’ + — + -^ 


n / rflsi! + I^ + i!iT^ + 2®*+2y’ + 2m*] 
* V L «»“ «* » 




mi* ' xxBtewM. IK nm^xvtmonos 



i« “ X ® j. ® _ o<i/+ fec/ 4 - &de 

bdf 

Kv 3aj_ c _|_j^ a d 5 h c h dh 

bb’^id'^ “ Wbd 


T+7-7-f-‘- 

a d f h •{■ b c f h — b d e h — b d f g — b df h k 
b dfh 

bo — a c + ab 


19. 

20 . 
21 . 


i_> +i. 

a o € 

g c 

Jn + ^n-r 


ab C 

{a~-h) efg~-dg~~ef 
ff9 


o c , 

aC"-* ' V 


, d a + ci^ + rf*’’' 

T ~ fen 

I o— c * + d af +» 


a!" 


23. c + 2«6 — 8oc— 

2 a 6’ — 6 0 * + 8 o 6 c* — a* 
6‘ — fee 


V — be 


84 g — 5 ^ 7 a — 2 6 ___ ^ ^ 89 a — 55 6 

4 6 5 “ 60 

9 a — 4 b 8a — 6-- c, 15 a — 4c 

7 8 la = ^ 

85a — 205 
84 


26. 

* 


8a4.85 5ft</ — 2a — 8d 12arf + 8ft<H- 2a-f 8<t 

c 4cd “ 4c<r 

_« . g — 8 ft , o»— 5» — a 5 c d — 4 ft* .f g* 

ft c d bod bed 



«r «i|l» IX xBVffCTWIk 
28. <« + *> <0 -i- ^ - 

it 

86‘(c + »)" (aH-*) “• 

(a + a:)^ — 8 6"^®’ 

•» x — £- “ 

8 b‘(c + ®) “ (a + ®) *• 


S9. 

80. 

81. 


a ^ » 


a* + *• 


a + 2*a — « a* — »* 

f + 9 _ Sf—Zg ^ 9fg--l8f^l8g^ 

^^f—9g 6f ^Slfg + I8g^ 

a 3c Q . 8 fc jy* + (8 6* + 4» o — c) a? ~6c 

fc + j? 0? 4 j? 462^ + 4 0?“ 


3 a 4- ^ «v 5 a — - tV . a 

oj?. ■■ — — ■ — + — - 

a -f- j? a — X 2a^ 

o* — 4 a’ ® — 1 1 a »* — 2 .r* 

2 ® (o* — x') 


83. 


a ® 


a — ® 8a*--o* — »* 


o’ — «* o + ® 


o’ — »* 


oc , fid oc’ + oftd — 26dy 

84. -r r-r T 


86. 


86 . 


«• __ 4y* ^ o c + 2 c y 


c (o’ — 4 y*) 


fl 6 6 o* + o 6 ’ 4- 6’ 


(a + by (a + by a + b (o + 6)* 


;f 




o»-*6’’ 


(0 + 6)"’^ (a + 6)"-‘ (o+6)"“* 

a'" — a"~* b'*^ — a"*~‘6’’ + * 


87. 


(a + *)" 

1 1 


1 _ a:* «* + 1 + («n — J) ® 

f» (1 + «’) 


m (1 — ®*) + (1 — *’)’ 


38. 


8 1 1 — » 


4(1— ®^‘ 4 8(1 — ^ 8 (1 + ») 4(1 + ®') 

1 + ® + ®’ 


■ 1 — a — ®* 4- ®* 
2 H 
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89 8A _ 2A+a> _5_ 

(A — S it)* ( A + ») (A — S ») A •{- Of 

20 A ® — 22 *’ 

(A -f ») (A — 2jr)^ 

rt ar + .r* o + * 


40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 
60. 
51. 
62. 
58. 
54. 


b b X — V X 8 b — e 
1 4a» — 7a b ^ 7^. 

10a c — bbc Bo 

12 a* a* 4- 2 a* Of* 2 o* »* 

18a6'a;+TFT?~ 3 6" 

6ar + 96c — 6<’ 


12«d./+ ]8 6rf/— lOed/ 2 d/ 
45 o’ 6* <• + 27 «' 6V d — 9 o* 6’ d* 


t> o 


30 «" 6“ f" d* + 18 «' b’ c’ d' — 6 a' c" d’ 2 c" d* 
30 «•“- ‘//c’ + — 6 «*”-* 6’ r*- d'-}_ 6 a’"-’ h c’’ 
.4a-®6*d'+* 


20 a" 6’ -*Vd" 

Sa’ + Saa* 5a 


4d" 


- X 

n.,3 


a — X 

a’ + rt a; 4- x* 

(« — a?!" a *— a? 

n’ — 2 « 4- 1 n — 1 

w" ■— 1 w 4“ 1 

tt* 4- (1 4- a)ay 4- y* _ a 4- y 
a* — y‘ a" — y 

ac4-bd4-ad-\-hc c4-d 


a/-+-^6.v4-2o.r4- bf f ^ % x 
6a<!4“ 106^*4" 9ad 4" 156d 3 a 4* 5 6 


6c’ + 9cd — 2c — 8d 
«• — 2 n* n’ 


3c 


n* — 4»4*4 « — 2 

a?* 4- 2 ap — 3 1 

*’'-|-5a;4-6 a?4-2 

9 g* 4- 58 a-* — 9 ay — 18 
as" 4 . 11 X 4- 80 


X 5 
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SS + 6 ) (g •{■ fe + tf) (o -f 6 ■— c) 

+ *‘a‘ 0 * + 2 6* c’ _ a* — 6* — ' c* 

(ff fe) (a + 6 + c ) (a + 6 — c) a + 6 

4 6“ c‘ — (a* •— 6* — c*)‘ * (c -J- o — 6) (6 — a + o) 

56. v/«ar+ gy®^ 

a — X (7-— a ^ of 

67 <^ + \/ — ^ g — ^ — 6 ^ ^ (g* b) 

a — — b a + 1^ — b a* + 6 

68 ^ + ^^) + y/ (« ~ <y ) _ g + \/ (g* — tr*) 

v/ (a 4* A’) — y/ 

® + _i_ 

CQ a — b a + b fl* + ^a6-- 6* 

oj* — = 

a b €t -i- b 

a—b <7+6 


1+ («• -#•) 

€0. _ ^ i'tlti:!) = L._ 

-/ (a^ + f') + ^ (a- («*' + x‘) 


61 . 


y/{l - 


gg -f g , 1 ? 4 - ^ ft * — J ?' 

g* + g" a; + g“ -f- a -f- a?* a' — 

g® — fl* .V + g ® 

_ g* i 4 . ci^ — g'* -f g 0 .’* — u 

g* 4 . 2 g X 4- ^ ^ g® -f 8 

/ g® — 2 g^ ct? + 4 a .a?^ — S x* ft* — 1 6 d?* 

g g®-}- -f 4* 4- ^br a — 26 

— b* — c* — :ibc a -J- b — c 


^ o* OP* 

g* — g?* 


g® f 8 


2h2 
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Of (he l^omiation of Powers and the Extraction 
of their Roots, 

CXXXIV. The aritlinijetical aperation, upon which the 
resolution of equations of second degree depends, and by 
which we ascend from the square of a quantity to the quantity^ 
from which it is derived, or to the slplare root, is only a parti- 
cular case of a more general problem, namely, td Jind a num^ 
her,, any power of which is known. The investigation of this 
problem leads to a result, that ^ still termed a root, the differ- 
ent kinds being called degrees ;:bnt the process is to be under- 
stood only by a careful examinatfbn of the steps by which a power 
is obtained, one operation beiiig the reverse of the other, as we’ 
observe with respect to division and multiplication, with which 
it will soon be perceived that this subject has other relations. 

It is by multiplication, that wc arrive at the powers of entire 
numbers (24*), and it is evident, that those of fractions also are 
formed by raising the numerator and denominator to the power 
proposed (96). 

So also the root of a fraction, o^hatever (begree, is obtained 
by taking the corresponding rooMR the numerator and that of 
the denominator. 

As algebraic symbols are of great use in expressing every 
thing, which relates to the composition and decomposition of 
quantities, we shall first consider how the powers of algebraic 
expressions are formed, those of numbers being easily found 
by the methods that have already been given (24). 

Table of the first Seven Powers of Numbers from 1 to 9- 



1 

2 

8 


5 

6 

7 

8 

9 


D 

■ 

9 

16 

25 

86 



81 

8rd 

1 

8 

27 

64 

125 

216 

343 

. 

512 

729 

4th 

1 

16 

81 

256 

625 

1296 



6561 

5 th 

1 

32 

243 


3125 

7776 


32768 

59049 

6tb 

1 

64 

729 


15625 

46656 

117649 

262144 

531441 

7th 

1 

128; 

2180 

16384 

78125 

279936 

828543 

2097152 

4782969 


This table is intended particularly to shew with what rapi- 
dity the higher powers of numbers increase, a circumstance 
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that will be found to be of great importano^eredBIr ; we 
for instance, that the seventh power ofleis 1S8, and thssfSt'S 
amounts to 4782969. 

It will hence be readily perceived that the powers of frac- 
tions, properly so called, debase very rapidly, since the powers 
of the denominator becoi4^ greater and greater in comparison 
with those of the nume^or. (See Note to pjige 100.) "J'he 
seventh power of iy for^Phmple, is and that of ^ is only 

-a_. 

47S2969 

f* 

V 

CXXXV. It is evident from what has been said, that in a 
product each letter has for an exponent the sum of the expo- 
nents of its several factors (26), that the power of a simple 
quantity is obtained by multiplying the exponent of each 
factor by the exponent of this power. 

The third power of a* b^ c, for example, is found by multi- 
plying the exponents 2, 8, and 1, of the letters «, ft, .and r, by 
3, the exponent of the pow-er required ; we have then a® ft® c* ; 
the operation may be thus mpresented, 

a® ft® c X a* ft* c X a* ft’ c =: a*-’ ft’ “ c‘*’. 

If the proposed quantity have a numerical coefficient, this 
coefficient must also be raised to the same power ; thus the 
fourth power of 3 a ft^ c’, is 

81 a® ft’ c’®. 


CXXXVI. With respect to the signs, with which simple 
quantities may be effected, it must be observed, that every 
power, the exponent of which is an even number, has the 
sign 4*, and every power ^ the exponent of which is an odd 
number, has the same sign as the quantity from which it is 
formed. 

In fact powers of an even degree arise from the multiplication 
of an even number of factors ; and the signs — , combined two 
and two iq the multiplication, alw.ays give the sign -f hi the 
product (31). On the contrary, if the number of factors is 
uneven, the product will have the sign — , when the factors 
have this sign, since this product will arise from that of an even 
number of factors, multiplied by a negative factor. 

CXXXVI I. In order to ascend from the power of a quan- 
tity, to the root from which it is derived, we have only to re- 
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Terse tlie^es j^iTen above, that is, to divide the exponent of 
each letter by tfiat^ which marks the degree of the root re- 
quired. 

Thus we find the cube root^ or the root of the third degree^ 
of the expression a® />* c*, by dividing the exponents 6, 9, and 3, 
by 3, which gives 

a* V c. 

When the proposed expression numerical coefficient, 

its root must be taken for the coefficient of the literal quantity, 
obtained by the preceding rule. 

If it were required, for example, to find the fourth root of 
81 a* 6® f*®, we see, by referring to the table, art. that 81 is 
the fourth power of 8 ; then, dividing the exponent of each of 
the letters by 4, we obtain for the result • • 

S a b^c\ 

When the root of the numerical coefficient cannot be found 
by the table inserted above, it must be extracted by the methods 
to be given hereafter. 

CXXXVIII. It is evident, that the roots of the literal part 
of simple quantities can be extrAted, only when eacli of the 
exponents is divisible by that of the root ; in the contrary case, 
we can only indicate the arithmetical operation, which is to be 
.performed whenever numbers are substituted in the place of 
the letters. 

We use for this purpose the sign ^ ; but to designate the de- 
• gree of the root, we place the exponent as in the following ex- 
pressions, 

the first of which represents the cube root, or the root of the 
third degree of o, and the second the fifth root of a\ 

We may often simplify radical expressions of any degree 
whatever, by observing, according to art. 185, that any power 
of a product is made up of the product of the same power of 
each of the factors^ and that, consequently, any root of a pro- 
duct is made up of the product of the roots of the same degree 
of the several factors. It follows from this last principle, that, 
if the quantity placed under the radical sign have factors^ 
which are exact powers of the degree denoted by this sign^ 
the roots of these factors may be taken separately^ and their 
product multiplied by the root of the other factors indicated 
by the sign. 

Let there be, for example, 

yi>ti a' 
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It may be men that, 

96 =a 32 X 8 = . 3, 

that' a‘ is tlie fifth power of a, 

that b' = 6\ 6', 

that c" = f‘° . c { 

w e have then 

96 a” b' c" == 2‘ o» fc‘ c'" x 3 ft’ c. 

As the first factor, 2* <#ft’ c*°,*lm8 for its fifth root the quan- 
tity 2 a ft o’, tlie expression becomes 

4/Wa bW' = 2 a 6 c* 

CXXXIX. As every even power has the sign -f (136), a 
quantity, nfiected with the sign — , cannot be a power of a 
degiee denoted by an even number, and it can have no root of 
this degree. It follows from this that every radical etvpression 
of a degree which is denoted by an even number ^ and which 
involves a negative quantity is imaginary^ thus 

— c/, ^ ^ — a b\ 

are imaginary expressions. 

We cannot, therefore, either exactly or by, approximation, 
assign for a degree, the exponent of which is an even immber, 
any roots but those of po^sitive quantities, and these roots may 
be affected indifferently with the sign +, or — , because, in 
either case, they will equally reproduce the proposed quantity 
with the sign -h, and we do not know to which class they 
belong. 

I’he same cannot be said of degrees expressed by an odd 
number, for here the powers have the same sign as their roots 
(136) ; and we must give to the roots of these degrees the 
sign^i with which the power is affected; and no imaginary 
expressions occur. 

CXL. It is proper to observe, that the application of the 
rule given in art. 137, for the extraction of the roots of simple 
quantities, by means of the exponent of their factors, leads to a 
more convenient method of indicating roots, which cannot be 
obtained algebraically, than by the sign 

If it were required, for example, to find the third root of a‘, 
it is necessary according to the rule given above, to divide the 
exponent 5 by 3 ; but as we cannot perform the division, we 
have for the quotient the fractional number f ; and this form 
of the exponent indicates, that the extraction of the root is not 
possible in the actual state of the quantity proposed. We may, 
therefore, consider the two expressions 

s/ a? and a% 


as equivalent. 
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The second. hovrever» lias this advantage over the first, that 
it leads, directly to a more simple form, which the quantity 
\/ is capable of assuming ; for if we take the whole number 
contained in the fraction we have 1 -f* | as an equivalent 
exponent ; consequently, 

n^asara'^ ^ »» U X 

I 

from which it is evident, that the quantity is composed of 
two factors, the first of which is rational, and the other becomes 

The same result, indeed, may be obtained from the quantity 
under the form by the rule given in art. 138, but the 

fractional exponent suggests it immediately. We shall have 
occasion to notice in other operations the advantages of fraction- 
al exponents. 

We will merely observe for the present, that as the division 
of exponents, when it can be performed, answers to the extrac- 
tion of roots, the indication of this division under the form of a 
fraction is to be regarded as the symbol of the same operation ; 
whence, 

and a ” 

are equivalent expressions. 

We have rules then, which result fr6m the assumed manner 
of expressing powers, which lead to particular symbols, as, in 
art. 37, we arrived at the expression a® I, 

CXLI. It’ may be observed here, that as we divide one 
power by another, by subtracting the exponent of the latter 
from that of the former (36), fractions of a particular descrip- 
tion may readily be reduced to new forms. 

By applying the rule above referred to, we have 



but if the exponent n of the denominator exceed the exponent 
m of the numerator, the exponent of the. letter a in the second 
member will be negative. 

If, for example, m «= 2, w =» 3, we have 


but by another method of simplifying the fraction we find it 

is equal to the expressions 
a 

-i. and a"“', 
a 


axe therefore equivalent. 
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In general, we obtain by the rule for the exponents, 


n-l-n 


and by another method 


a*“ 1 


a" ’ 

it follows from this, that the expressions 

and a'~\ 


are equivalent. 

In fact, the sign — , which precedes the exponent n, being 
taken in the sense defined in art. 62, shews that the exponent in 
question aiises from a fraction, the denominator of which con- 
tains the factor o, n times more than the numerator, which 

fraction is indeed — ; we may, therefore, in anv case which 
a" 

occurs, substitute one of these expressions for the other. 


The quantity 
lent to 




for example, being coiibidered as equiva- 


6' X 





may be reduced to the following form, 

a* ; 

that Is, we may transfer to the numerator all the factors of 
the denominator^ which have positive exponents^ by gioing to 
their exponents the sign — . 

Reciprocally, whefi a quantity contains factors^ which have 
negative exponents^ we may convert them into a denominator^ 
observing merely to give to their exponents the sign -f- ; thus 
the quantity 

a" b^ d-% 


becomes 


o* 



94S 


FORMATION OF THE POWERS 


Of the Formation of the Powers of Compound 

Quantities. 

CXLTI. We ehall begin this section bv observing, that the 
powers of compound quantities are denoted by including these 
quantities in a parenthesis, to which is annexed the exponent of 
the power 
The expression 

(4 a* — 2 a 6 + 5 hy, 

for example, denotes the third power of the quantity 
^ — 2ab ^ T) b\ 

This power may also be expressed thus, 

4 a'* — ^ a b b . 

CXLIII. Binomials next to simple quantities are the least 
complicated, yet if we undertake to form powers of tlic'-e bv 
&ucceh^ive multiplications, we in this way anive only at pinti- 
cular results, as in art. 34, we obtain the second and thud 
power ; thus 

(a? aY = % a -f- a*, 

(r -j- aY = 0 ?^ -b 3 a <»• -f- 3 a* .r -f o®, 

(a? 4“ d- 4 a 4* ^ ^ + ^**5 

&c. 

It is not easy from this table to fix upon the law, which 
determines the value of the numerical coefficients. But by con- 
sidering how the terms are multiplied into each other, we 
perceive, that the coefficients have their origin in reductions 
depending on the equality of the factors, which form a power. 
This is rendered very e>ident by an arrangement, which pre- 
vents these 1 eductions from taking place. 

It is sufficient for this purpose, to give to the several binomials 
to be multiplied, different second terms. If we take, for example, 
a: + a, a: -b 6, a? -f- c, a? + d, &c. 
by performing the multiplications indicated below, and placing 
in the same column the terms, which involve the same power 
of u’, we shall immediately find, that 

(a? -b a) (a? -b = a* + a .v -b ab 

+ btV 

(a? -b a) (a" + fc) + c) = a?* -b a ^ 1 ?* a A 07 -b a 6 c 

+ b X* + a c X 
+ c x^ ^ b c X 

{x + a) + b) (a? + <?) (*r + d) = + ax^ + ab x*-^abcx-jrcibcd 

-b bx^ + ac x*-^abdx 
+ c x^ + ad x^’j'ucdx 
4- d a?** -b 6 c af*4"6cdiV 
+ 6 da?* 

4- c d a?*. 
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Without carrying these products any further, we may disco- 
ver the law according to which they are formed. 

By supposing all the terms involving the same power of .r, 
and placed in the same column, to form only one, as, for ex- 
ample, 

a a?* + c jj® + d X* = (a + 6 + c -f- d) »i?*. 

Sic. ^ 

(1.) IVe find in each product one term more than there are 
units in the number of factors. 

(^.) The exponent of x in the first term is the same as 
the number of factors^ and goes on decreasing by unity in 
each of the following teims. 

(S.) The greatest power of x has unify for its coefficieyit ; 
the iollowingy or that^ whose exponent is one less^ is multi* 
plied by the sum of the second feims of the bhiomials ; thaf^ 
ivhose exponent is two less^ is multiplied by the sum of the 
different products of the second terms of the binomials taken 
two and two ; that^ whose exponent is three tessy is multiplied 
by the sum of the different products of the second term of the 
binomials^ taken three and three^ and so on ; in the last term^ 
the exponent of x, bebig considered as xero (87), is equal to 
that of the first diminished by as many units as there are 
factors employed^ and this term contains the product of all the 
second terms of the binomials. 

Jt is manifest, that the form of these products must be sub- 
ject to the same laws, wdiatever be the number of factors; as 
may be shewui by other evidence beside that from analogy. 

CXLIV. It will be seen immediately, that the products, of 
which we are speaking, must contain the successive pow'ers of a?, 
from that, wdiose exponent is equal to the number of factors 
employed, to that, w lio^e exponent is zero. To present this 
proposition under a general form, we shall express the number 
of factors by the letter m ; the successive pow'ers of x will then 
be denoted by 

x'^-\ &c. 

We shall employ the letters, /?, C, T, 

to express the quantities, by wdiich the^i j)owers, beginning 
with are to be multiplied ; but as the number of terms, 

which depends on the particular value given to the exponent, 
will remain indeterminate, so long as this exponent has no par- 
ticular value, we can write only the first and last terms of the 
expression, designating the intermediate terms by a series of 
points. 


^ I ^ 
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The formula then 

-f- A + B + C + K, 

represents the product of any number m of factors^ 

X X X X &c. 

If we multiply this by a new factor a? -f it becomes 

^m+l ^ J x”' ^ -f C A*' ) 

+ / a?” -f ^ ^ + I B + / r j ■ 

It is evident, 1. that if A is the sum of the m second terms 
n, 6, c, d, &c. ^ + / M'ill be tljat of the m + 1 second terms 
n, fc, c, d, &:c. /, and that consequently the expression employed 
to denote the eoefficieut will be true for the product of the 
degree 1, if it is true for that of the degree m. 

2. If B is the sum of the products of the m quantities o, 6, c, d, 
&c. taken two and two, B I A will express that of the pro- 
ducts of the m + 1 quantities a, fe, r, d, &c. /, taken also two 
and two ; for A being the sum of the first, I A will be that of 
their products by the new^ quantity introduced /; therefore the 
expression employed will be true for the degree m -f- 1, if it is 
for the degree ?». 

3. If C is the Sum of the products of tlae m qua))tities n, 6, c, d. 
See, taken three and tliree, C \ L B w ill be that of the products 
of the in + 1 quantities 6, c, d, Stc. /, taken also three and 
three, since I B, from wdiat has been said, will express the sum 
of the products of the first taken two and two, multiplied by 
the new quantity introduced I ; therefore, the expression em- 
ployed will be true for the degree w -j- ], if it is true for the 
degree in. 

It Avill be seen, that tlirs mode of reasoning may be extended 
to all the terms, and that the last, I Y will be the product of 
W 2 + 1 second terms. 

The propositions laid down in art. 143, being true for expres- 
sions of the fourth degree, for example, w ill be so, according to 
what has just been proved, for those of the fifth, for those of 
the sixth, and, being extended Urns from one degree to another, 
they may be shown to be true generally. 

It follows from this, that the product of any number what- 
ever w/, of binomial factors a; + a, a* + 6, a? + c, ^ + cf, &c. 
being repi-esented by 

-h A + B + C x^-'^ + &c. 

A will always lie the sum of the m letters «, A, r, &e., B that 
of the products of these quantities, taken tw’o and two, C, that 
of the products of the quantities, taken three and three, and so on. 
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To comprehend the law of this expression ia a single term, we 
take one, whose place is deteriiiiiiate, and which may be repre- 
sented by N 

7’his term will be the second, if we make w =*» 1, the third, 
if we make 7i = 2, the eleventh, if we make w =«= 10, &c. In 
the first case, the letter N nill be the sum of the w letters, 
a, by c, &c., in the second, that of their product'^, when taken 
tuo and two ; in the third, that of their products, when taken 
ten and ten ; and in geneial, that of their products, taken 
n and n, 

CXLV, To change the products 

(.r ^ a) (x + b)y {x + a) (x -f- h) (x + c), 

(O' 4" (e + 6') {x 4“ rf), &c. 

into powers of a? -f- namely, into 

(x + ay (x + a)\ 

{x -f a)*, &c. 

it is only necessary to make, in the development of these pro- 
ducts, 

a = by a ~ h — Cy 

a = b = c c=z dy ike. 

All the qinantities, by which the same power of x is mnUipH- 
ed. become in this case equal ; thus the coefficient of the second 
term, which in the product 

(a? -f- a) {x -{- b) {t -f- c) (x -j- d) is r/ -f ^ “h H" dy 
is changed into 4 a ; that of the third term in the same pro- 
duct, which is, 

ab+fic-^-ad + bc’{-hd-\-cdy 

becomes 6 Hence it is easy to see, that the coefficients of 
the different powers of a? will be changed into a single power of 
Oy repeated as many times as there are terms, and distiiignished 
by the uumher of factors contained in each of these terms. 
Thus, the coefficient iV, by which the power or'""” is multi/died, 
w ill, in the general development, be that j)ow'er of a denoted 
by 72, or rt”, repeated as many times, as we can form different 
products by taking in every possible way a number w of letters 
from among a number m ; to find the coefficient of the term 
containing then is reduced to finding the number of these 
products. 

CXLVI. In order to perform the problem just mentioned, 
it is necessary to distinguish arrangemeiUft or pernnitationa 
from products or combinations, Tw'o letter.^, a and by give only 
one product, but admit of two arrangements, a b and b d ; three 
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letters, «, c, which give only one product, admit of six ar- 
rangements (88), and so on. 

'i o take a particular case, we will suppose the whole number 
of letters to be nine, namely, 

6, C, rf, e, ty 

and that it is required to arrange tlioni in sets of seven. It is 
evident, that if we take any arrangement we please, of six of 
these letters abode fy for example, we may join successively 
to it each of the three remaining letters, A, and i ; we shall 
then have three arrangements of bcveii letters, namely, 
a h c d e f a h c d e f a h c d e f L 

What has been said of a particular arrangement of six letters, 
is equally true of all ; we conclude, therefore, that each ar- 
rangement of six letters will give three of seven, that is, as many 
as there remain letters, which are not employed. If, therefore, 
the iinniher of arrangements of six letters he represented by -P, 
we shall obtain the number consi^jling of seven letters by multi- 
plying P by 3 or 9 — 6. Representing tlie numbers 9 and 7 
by m and w, and regarding P as expressing the number of ar- 
rangement^, which can be furnished by m letters, taken n — 1 
at a time, the same reasoning may be em])loyed : we shall thus 
have for the number of arrangements of n letters, 

P [m — (72 1)], or P {m — ii + 1). 

This formula comprehends all the particular cases, that can 
occur in any question. To find, fur example, the number of 
arrangements, that can be formed out of m letters, taken two 
and two, or two at a time, we make n — 2, which gives 

_ 1 = 1 ; 

we have then 

P = VI ; 

for P will in this case be equal to the number of letters taken 
one at a time ; there results then from this 

m {m — 2 + 1), or vi {vi — 1), 
for the number of arrangements taken two and two. 

Again, taking 

P =. m (m — 1) and 7i = S, 
we find for the number of arrangements, which m letters admit 
of, taken three and three, 

m (m — 1) (m — 3 -j- 1) = m (m — 1) (m — 2). 
Making 

Psss m {tn •^l) (771 — 2) and n = 4, 


we obtain 



OF COMPOUND aUANTITTKS. 


247 


w (w 2 1) (m — 2) (rn — 8) 

for the number of arrangoments taken four and four. We may 
thus determine the number of arrangements, which may be 
formed from any number whatever of letter^*. 

CXLVII. Passing now from the number of arrangements of 
n letters, to that of tlieir different products, we must find the 
number of arrangements, which tlie same product admits of. In 
order to this, it may be observed, that if in any of these ar- 
rangements, we put one of the letters in the first place, we may 
form of all the others as many permutations, as tlie product of 
71 — I letters admits of. Let us take, for example, the product 
abode f composed of seven letters ; we may, by putting a 
in the first place, write this product in as many ways, as there 
are arrangements in the product of six letters hod e f g ; but 
each letter o^‘ the proposed product may be placed first. Desig- 
nating then the number of arrangements, of wliich a product ®f 
six letters is susceptible, by Q, we shall have ^ X 7 for that of 
the arrangements of a prodiicj; of seven letters. It follows from 
this, that if Q designate the number of arrangements, which 
may be formed from a product of n — 1 letters, Q 7i will ex- 
press the number of arrangements of a product of a letters. 

Any fiarticular case is readily reduced to tliis formula ; for 
making n = 2, and observing, that when there is only one 
letter, Q = 1, ue have 1x2 = 2 for tlie number of arrange- 
nieiits of a product of two letters. Again, taking Q — 1 x 2 
and n = 8, we have 1 x 2 x 8 = G for the number of ar- 
rangements of a product of three letters ; further, making 
Q = 1 X 2 X 3 and 7i = 4, there result 1 X 2 x 3 x 4, or 24 
possible arrangements in a product of four letters, and so^oii. 

CXLVIII. What we have now said being well understood, 
it will be perceived, that by dividing the whole number of arrange- 


* In these arrangements, it is supposed by the nature of the inquiry, 
that there are no repetitions of the same letter ; hut the theory of permu- 
tations and combinations, which is the foundation of the doctrine of chances, 
embraces questions in which they occur. The effect may be seen in the 
example we have selected, by observing, that we may write indifferently 
each of the 9 letters a, b, c, d, e,f, g, h, i, after the product of 6 letters 
a, b, c, d, e,/. Designating, therefore, the tiumhcr of arrangements, taken 
six at a time, by we shall have x 9 for the number of arrangements 
taken 7 at a time. For the same reason, if P denote the number of 
arrangements of m letters, taken n — 1 at a time, that of their arrange- 
ments, when taken n at a time, will be P m. 

This being admitted, as the number of arrangements of m letters, taken 
one at a time, is evidently m, the number of arrangements, when taken 
S and 2, will be m x or m^, when tal^en 3 and 3, the number will bo 
m X m X m, or ; and lastly, will express the number of arrange- 
ments, when they are taken n and n. 
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nients obtained fiom m letteis, taken w at a time, by the num- 
ber of arrangements of which the same product is susceptible, 
we have for a quotient the number of the difierent products, 
which are formed by taking in all possible ways n factors 
among these m letters. This number will, therefore, be ex- 


pressed by 


P (m 


« + !)*. 


Q, n 


; which being considered in 


connection with what was laid down in art. 145., will give 
a” for the term containing tv***“'* in the 

Q n 

development of (jr -f- o)'". 

It is evident, that the term which precedes this will be ex- 

p 

pressed by — ; for in going back towards the first 

Q 

term, the exponent of x is increased by unity, and that of a 
diminished by unity ; moreover, P and Q are the quantities, 
which beloiie to the number n — i. 


CXLIX. If w'e make — = J/, the two successive terms 
indicated above become 


M 


o"-' and M Vi±Jl a" , 


n 


These results show how each term in the development of (x -{- a)”*, 
is formed from the preceding. 

Setting out from the fiist term, which is we arrive at the 
second, by making n = 1 ; we have M = 1, since has only 

• 1 

unity for its coefficient ; the result then is a or 


fn . 
— ax* 


In order to pass to the third term, we make M = — > 
and n — and we obtain — a* a?"’*”®. The fourth is 


* It may be observed, that if we make successively 
w = 2, n = 3, n = 4, &c. 

the formula ^ ^ — ^ becomes 

Qn 

m (»a — 1) m (m — 1) (m — 2) w (w — 1) (m — 2) (m — 3) 

1.2 ’ 1 T 2 T 3 ’ 1 . 2 . 3 . 4, ’ 

numbers, which express respectively, how many combinations maybe made 
of any number m of things, taken two and two, three and three, four and 
four, 5fc. 
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found by supposing M • and n = 3, which 

fn (m — 1) (w — 2) 8 , 1 1 

gives ^ i a ana so oiii whence we 

1 . Aw • O 

liave the formula 

(a* + «)'" = a”* -|- — a a*'““’* -|- a' a”* 

^ ^ ^ 1.2 


' 1.2.3 

which may ho converted into this rule. 

To pass from one term to the followhtg^ we multi phf the 
nnmerival coeffivients by the exponent of \ in the firsts dioide 
by the 'number whirh marks the place of this term^ iuct ease 
by unity the exponent of a, and diminish by nnity the expo-- 
nent of x. 

Althoiiuli we cannot determine tlie number of terms of tliis 
formula without a^K'^i^niing a particular value to m ; yet, if we 
observe the dependence of the terms upon each other, ue can 
have no doubt respecting the law^s of their formation, to wliat- 
ever extent the series may be carried. It will be seen, that 


m (m — 1) (w — 2) 
3 


{m 


” rh-ifj a" x”'~” 


1 . 2 . 71 

expresses the term, which has n terin> before it. 

This last formula is called the general term of tlie series 

.t- + a r-> + A--* + &c. 

J 1*2 

because if w'e make successively 

n = 1, 71 ~ % n — &c. 

it gives all the terms of this serieKS. 


CL. Now, if (r 4- ay he developed, according to the rule 
given in the preceding article ; the first term being 

or (37), ‘ 

the second will he 


the third 


2 K 


1 


0 ?* or 5 a 


a w OT It/ a » 5 

2 
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thf powers 

the fourth 

10 X a 

3 

a* j?® 

or 10 a® 

the fifth 

O 

X 

■ a* X 

or S a x^ 

the sixth 

5 X 1 


/M* 


Here the process terminates, because in passing to the fol- 
lowing term it would be necessary to multiply by the exponent 
of X ill the sixth, which is zeio. 

This may be shewn by the formula ; for the seventh term, 
having for a numerical coefBcient 

m (m — 1) (/M — 2) (m — 3) (m — 4) (m — 5) 
.3,4. 5 . 6 

contains the factor m — 5, uhich becomes 5 — 5 = 0; and 
this same factor entering into each of the subsequent terms, 
reduces it to nothing. 

Uniting the terms obtained above, %ve have 
(r -|“ + 5 a x*‘ + 10 a?* + 1 0 a® a?** 4- 5 a* a? -|- a*. 

CLI. Any power wliatever of any binomial may be de\e- 
loped by the foi inula given in art. 149. If it weie requiied, 
for exani])le, to form the sixth power of 2 x^ — 5 we have 
only to substitute in the formula the powers of 2 x"^ and — 5 
respectively for those of x and a ; since if w^e make 
2 = x' and — 5 «* = a\ 

we have 

(2 a* — 5 ay = {x* + ay = 

cr' • + 6 tt' x'^ + U x‘ * -f SO a' * a? ^ 

+ J5 a' * a:' * + 6 cl?' -f- a ® (^49), 

and it is only necessary to substitute for x' and a* the quanti- 
ties, which these letters designate. We have then 

{2 xy + 6 ( — 5 a») xy + 15 ( ~ 5 ay {2 xy 
-h 20 ( — 5 ay {2 xy -h 15 ( — 5 ay (2 xy 
6 ( — 5 «•)* (2 <r^) + (_5a%- 

or 

64 a:'* — 960 a* a?*® -j- 6000 a® x^ 

— 20000 a® a® + 87500 a‘* .i?® 

— 37500 a*® a:® + 15625 a**. 
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Tlie terms produced by this development are alternately 
positive and negative ; and it is manifest, that they will 
always be so, when the second term of the proposed binomial 
has the sign — . 


CLir. The formula given in art. 11*9, may be so expressed 
as to facilitate the application of it in cases analogous to the 
preceding. 

Since 




a?”' 

X 


*tn— 3 




the foimula may be written 


^ I X ^ 1 . 


1) a 


- cT'" 4- &c. 


v\bich may be reduced to • 

..mfi , m a ^ m (in — 1) a* ^ m (m — 1) (w —2) \ 

^ ^ 1 . a ■ IT' + 1 . 2~: > 

by insulating tbe common factor i?'". In applying this rormnla, 
the several steps are, to form the series of nnmbersj 

m m — 1 m — 2 m — S ^ ^ 
a 

to multiply the first by the fraction — , then this product by 


the second and also by the fraction — , then again this last 

\ 


a 

result by the third and by the fraction — , and so on ; to unite 

alt these terms^ and add unity to the sum ; and lastly^ to muU 
tiply the whole by the factor x”*. 

In the example (2 — 5 «')% we must wiite (2 x^f in the 

place of cr”*, and in that of We shall leave the ap- 

2 x^ X 

plication of the forinula as an exercise for the learner*. 


• The formuLi for the de\ elopment of (jp -f- «)"» ans^»eIs for all values 
of the exponent m, and is equally applKable to < xi^es in which the expo- 
nent is fractional or riegati\e Thi', pi operty, which is very importdiit, 
is generally demonstrated by the Difteiential and Integral Calculus. 

For example 



m — 1. m — 2. w — 3. 


2 3 4 

±. 


m m — 1 


m. m ■ 
_ _ 




• I 


m. m — 1 fm — n + IJ m — n 

■ ■ ' ' - — — ,, , , I.,... ■ I. —> jp 

I 2 /* 


2 Mi 2 
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CLIII. We may easily reduce the development of the 
power of the polynomial whatever, to that of the poweis of a 
binomial, as may be shown with respect to the trinomial 
ff ^ /j ^ r, the third power for instance being requiied. 

Fust, we make /> + c = m, we then obtain 

(o + 6 -f — 0^ + = ^/“ + 3 m + S a -f rn ^ ; 

substituting for m the binomial & + c, which it represents, we 
have 

{n + ^ + c) + ^ ^ +^)’- 

It only remains for us to develop the pouers of the binomial 
h -p c, and to perfoim the multiplications, which are indicated; 
we have then 

+ Sa^b+ n a // f fe' 

+ S a* c + 6 o ft c + 1/ c 

+ Sa + fl ft 

+ 6 -*. 

Of the Kxtrnctifm of the Roots of Compound 
Quantities. 

CLIV. Having explained the formation of tlie poums of 
compound quantities, ue now pass to the ox ti action of their 
loots, beginning with tlie cube root of numbers. 

In order to extract the cube root of numbeiN, ue must fust 
become acquainted uith the cubes of numbeis, consisting of 
only one figure; these are gi\en in the second hue of the fol- 
lowing table ; 

12 3 4 5 6789 

1 8 27 64 125 216 843 512 7.^9 

and the cube of 10 being 1000, no number consistin£> of three 
figures can contain the cube of a number consisting of more 
than one. 

The cube of a numbei consisting of two figure^ is formed in 
a manner analogous to that, by which ue arrive at the square ; 
for if ue resolve this numbei into tens and units, desigmiting 
the first by o, and the second by ft, we have 

(a + ft)^ = + S ft + 3 rt ft^ f h\ 

Hence it is evident, that the cube, or third power^ of a number 
composed of tens and nnits^ contains four parts., nameiy. the 
citbe of the te7is. three times the square of the fens matti plied 
by the nnits., three times the fens multiplied by the squat e of 
the units, and the cube oj the units. 

If it weie reqniied to find the third power of 47, by making 
ijt 4 tens or 40, ft =*= 7 units, we have 
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«’ = f)400() 
s h = 3;i6*UO 
S a = 58<S0 

= ilV3 

Total, 103828 = 47 x 47 X 47. 

Now to go back from the cube 103823 to its root 47, we 
begin b^ observing that 04000, the cube of the 4 tens, conlaiiis 
no significant figure inferior to thousands ; in seeking the cube 
of the tens therefore, we may neglect the hundreds, the tens, 
and the units of the number 103823. Pursuing, therefore, a 
inetliod similar to tliat emj)lo\ed in extracting the squan‘ root, 
ne sejiarate, by a comma, tlie fii'^t tliree figures on the right ; 
the greatest cube contained in 103 will be 103,823 17 

the cube of the tens. It is evident from the 01* 48 

table, ^tbat this cube is 64, the root of 398, 2r] 

which is 4 ; we therefore put 4 in the j>lace assigm*d for tlie 
root. We then subtract 64 from 103; ami hy the side of the 
remainder, 39, bringdown the last thrie figure's. Tlie uhoh* 
remainder, 39823, contains still three jiarts oftliecnlx*, namely, 
three times the square of the tens njultiplied hy the units, or 
o (i^ by three times the tens multiplied hy the square of the 
units, or S a b\ and the cube of the units, or b\ If tlie value of 
the product S a* b were known, we might obtain ilje units 5, 
by di\iding this product by 3 a\ which is a known quantity, 
the tens being now found ; l)Ut.on the supposition that the pro- 
duct, 3 by is unknown, we readily perceive, that it can have 
no figure inferior to hundreds, since it contains the factor rP, 
which re|)resents the square of the ten^ ; it must, tlnuefore, be 
found in the part 398, which remains on tlie left of the number 
39823. after the tens and units have been separated, and which 
contains, besides this jiroduct, the liundreds arising from the 
])rodnct, 3 a b\ of the tens by the square of the units, and from 
the cube of the units. 

If Ave divide 398 by 48, which is triple the square of the ten«, 
3 or 3x16, we obtain 8 foi the quotient; hut from what 
precedes, it appears that wc ought not <o adopt this figure for 
the units of the root sought, until we imve made trial of it, hy 
eni|)loying it in forming the last three parts of the cube, wliich 
must be contained in the remainder 39828. Making 5 = 8, 
we find 

S b = 38400 
S a b^ = 7680 
512 


Total, 


46592 
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As this result exceeds S9823, it is evident that the number 8 is 
too great for the units of the root. If we make a similar trial 
with 7, we find tliat it answers to the above conjjijtions ; 47 
tlierelore is the root sought. 

Instead of verif}ing the last figure of the root in the manner 
ahoie described, we may raise the whole miniber expressed by 
the two figures, immediately to a cube ; and this last method 
is generally preferred to the other. Taking the number 48 and 
proceeding thus, we find 

48 x 48 x 48 = 11059^. 

As the result is greater than the proposed number, it is evident, 
that the figure 8 is too large. 

O O 


CIjV. What we have laid down in the above example may 
be applied to all cases, wliere the proposed number consists of 
more tlian three figures and less tlian seven. Having separated 
the first tliiee figures on the right, we seek the greate^^t cube 
in the part which remains on the left, and write its root in the 
usual place; we subtract this cube from the number to which 
it relates, and to the remainder bring down the la^'t tliree fi- 
gures ; separating now the tens and the units, we proceed to 
divide what remains on the left, by three times the square of 
the tens found ; but before writing down the quotient as a part 
of the root, we verify it by raising to the cube the number con- 
sisting of the tens known, together with this figure under trial. 
If the result of this operation is too great, the figure for the 
units is to be diminished ; \vq then proceed in the same manner 
with a less figure, and so on, until a root is found, the cube of 
which is equal to the proposed number, or is the greatest con- 
tained in this number, if it does not admit of an exact root. 
As ue have often remainders that are very considerable, we 
will here add to what has been said, a method, by which it 
may be soon discovered, whether or not tiie unit figure of the 
root he too small. 

The cube of a + 6, when 5 == 1, becomes that of a -j" 
or -f- S a* -j- 3 •+• 1, 

a quantity, which exceeds a\ the cube of a, by 

Hence it follows, that whenever the remainder^ after the cube 
root has been erfravteci, is less than three times the square of 
the root^ plus three times the roof^ plus unity^ this root is not 
too small. 
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CLVI. Ill order to extract the root of 105823817, it may be 
observed, that whatever be the number of figures in this root, if 
we resolve* it into units and tens, the cube of the tens cannot 
enter into the last three figures on the right, an<l must conse- 
quently be found in 105823, But the greatest cube contained 
in 105823 must have more than one figure for its root; this root 
then may be resolved into units and tens, and. as the cube of 
the tens has no figure inferior to thousands, it cannot enter into 
the three la^t figures 82o. If, after these are separated, there 
remain more tlian three figures on the left, we may rejieat the 
reasoning just employed, and thus, dividing the number pro- 
posed into portions ot three figures each, proct^ediiig from right 
to left, and observing that the last portion may contain less 
tlian three figures, we come at length to the place occupied by 
the cube of tlie units of the highest order in the root sought. 

Having thus taken the preparatory steps, we seek, h^^ the 
rule given in tlie preceding article, -the cube root of the two first 
portions on the left, and find for the 105,823,8 17 473 

result 47 ; v\e subtract the cube of this 04 48 

number from the two first portion^, and 41 8 ,23 6627 

to the remainder 2000 bring down tlie 103 8 23 

following portion 817. I'he number 2 0 00 8,17 
2000817 will tlieu contain the last thiee 105 8 23 8 17 
paits of the cube of a mimher, Uie tens of 000 0 00 0 00 
which are 47, and tiie units lemain to he found. These units 
are therefore obtained in the example given in the preceding 
article, by sejiarating the last two figiiiesonthe right of the 
remainder, ami dividing the part on the left by 6627, tiiple 
the square of 47. Then making trial with the quotient 3, 
aiising from this division, by raising 473 to a cube, we obtain 
for the result the proposec^ number, since this number is a per- 
fect cube. 

2’he explanation, we have given, of the above evample, may 
lake the place of a general rule. If the niimhcr juoposed had 
contained another portion, we should have continued tlie opera- 
tion, as we have done for the third ; and it is to be lecollected 
always, that a cipher must he placed in the loot, if the luimher 
to be divided on the left of the remaindci liappeii not to contain 
the number used as a divisor; we shonid then bring down the 
following portion, and proceed with it as with the preceding, 

CLVII. /Since the cube of a fraction is found by multipty^ 
ing this fraction by its square^ or which amounts to the same 
thing j by taking the cube of the numerator and that of the 
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denoinhinfor ; leversing this process^ we arrive at the roof, 
by extract my the root of the new niimeiator and that of the 
new doLominator, I’lie cube of for example, is ; tukiiig* 
the cube root of and of 216, we find 

We always pioeeed in tins way, when tlie numerator and 
deiioininator are perfect cubes ; but when this is not the case, 
wo may a\oid the iiecc'^sity of extracting the root of the deno- 
minator, by multiplying the two term-* of the {Proposed fraction 
by the square of this denominator. The denominator tlienee 
arising, will be the cube of the original denominator; audit 
\^ill be only necessary then to find tlie root of the numerator. 
If we have, foi example, J, by multipKing the two terms of 
this fraction by 25, the square of the denominator, \\e obtain 

75 

~bx 5x5* 

This root of the denominator i-* 5 ; while that of 75 lies between 
4 and 5. Adopting 1), we have } for the cube root of | to 
within one-fifth. If a gi eater degree of accuracy be lequired, 
wc mubt take the ap[)ioximate loot of 75, by the method we 
shall soon pioceed to explain. 

If tlie denominator he already a perfect square, it will only 
be necessaiy to multipl}^ the two terms of the fraction by the 
square root of this denominator. Thus in order to find the cube 
root of we multiply the two terms by 3, the squaie root of 
9 ; we thus obtain 

12 

3 X 3 X 

Taking the root of the greatest cube 8, contained in 12, we 
have 3 for the root sought, within one third. 

• 

CLVIII. It follows from what has been demonstrated in art. 
97, that the cube root of a number, whieli not a peifect cube, 
cannot he expressed exactly by any fraction however great may 
be the denominator; it is theiefore an irrational quantity, 
though not of tlie same kind with the square root ; for it is 
very seldom that one of them can be expressed by means of 
the other, 

CLIX. We may obtain the approximate cube root by means 
of vulgar fractions. The mode of proceeding analogous to 
that given for finding the square root (103) ; but, as it may be 
readily conceived, and is besides not the most eligible, we shall 
not stop to explain it. 
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A better method of employing vulgar fractions for this pur- 
pose, consists in extracting the root in fractions of a given kind. 
Thus, if it were required to find, for example, the cube root of 
22, within a fifth part of unity, observing that the cube of ^ 
is yjy, we reduce 22 to ViV ’ then taking the root of 2750, so 
far as it can be expressed in whole numbers, we have y, or 2|, 
for the approximate root of 22. 

CLX, It is the practice of most persons, however, in ex- 
tracting the cube root of a number, by approximation, to con- 
vert this number into a decimal fraction, but it is to be observed, 
that this fraction must be either thousandths or millionths, or 
of some higher denomination ; because when raised to the third 
power, tenths become thousandths, and thousandths millionths, 
and in general, the number of decimal figures found in the 
cube^ is triple the number cofitained in the root. From this 
it is evident, that we must place after the proposed number 
three times as many ciphers, as there are decimal places requir- 
ed in the root. The root is then to be extracted accoidiiig 
to the rules already given, and the requisite number of decimal 
figures to be distinguished in the result. 

if we would find, for example, the cube root of 327, within a 
hundreth part of unity, we must write six ciphers after this 
number, and extract the root of 327000000 according to the 
usual method. This is done in the following manner : 

327.000,000 
210 

111 000 
314 482 

12 508 000 
325 660 672 
1 339 328 

Separating two figures on the right of the result fV j ciinals 
we ha\e 6,88; but 6,89 would be more exact, because the 
cube of this last number, although greater than 327, aj)proache3 
it more nearly than that of 6,88. 

If the proposed number contain decimal already, before we 
proceed to extract the root, we must place on the riglvt as many 
ciphers, as will be necessary to render the number of decimal 
figures a multiple of 3. Let there be, for example, 0,07, we 
must write 0,070, or 70 thousands, which gives for a root, 0,4. 
Ill order to arrive at a root exact to hundredths, we must annex 
three additional ciphers^which gives 0,070000. The root of 


688 

108 

13872 



868 FOilM.VTION OF THE FOWERfll 

the greatest cube contained in 70000 being 41, that of 0,07 
becomes 0,41, to within a hundredth. 

CLXI. Hitherto we have employed the formula for binomial 
quantities only in the extinction of the square and cube roots 
of numbers ; this formula leads to an analogous process for 
obtaining ihe root of any degree whatever. \Ve sliall proceed 
to explain this process, after offering ‘^ome Temarks upon the 
extraction of roots, the exponent of wliich is a divisible number. 

W(* may find ihe fourth root by extracting tlie square root 
twice successively; for by taking first the square root of a 
fourth power, for example, we obtain the square, or a*, the 
square root of which is o, or the <|iiaiitity souglit. 

It is obvious also, that the eighth root may he obtained by 
extracting the square root tliree times sncccs'^ively, since the 
square root of a" is a*, and that of a* is a\ and lastly, that of 
a® is a. 

In the same manner it may he shewn, that all roots of a degree, 
designated by any of the numbers 4, 8, 16, &e., that is, 

by any jiouer of 2, aie obtained by successively extracting the 
gquaie root. 

Jloots, the exponents of which are not prime numbers, may 
be reduced to others of a degree less elevated ; the sixth root, 
for example, may be found by extracting the square and after- 
wards the cube loot. Tims if we take and go through this 
process with it, we find by the fust step «/, and by the second 
a ; we may also take first the cube root, which gives a\ and 
afterwards the square root, whence w'e have a^j before. 

CLXI I. We now proceed to treat of the general method, 
which w^e sliall opply to loot'^ of tlie fifth degioe. 'J’he illustra- 
tion will be leiidered more easy, if we take a particular exam- 
ple ; and h}" coin|)anug the difteieiit steps with tlie methods 
given for the exti action of the squaie and the cube root, w'e 
shall readily pcrcei\e, in what manner we are to proceed in 
finding roots of any degree wdiatever. 

Let it he requiied then to extract the fifth root of 2fno54007. 
Now tlie least number, it may he observed, consisting of 2 
figures, that iss 10, lias in its fifth power, which is 100000, six 
figures ; we theiefoie conciude, that the fifth root of the num- 
ber proposed contains at least two figures; this root may then 
he represented hy a 6, a denoting I lie tons and b the units. 
The expression for the projiGsed number wull then he 

(a 4“ by = 4 - 5 r/* /> 4" ^0 a® // 4“ 
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We have not developed all the terms of this power, because it 
is sufficient, as uill l»e seen immediately, that the composition 
ol'the first two be known. 

Now it is e\ideiit, that as or the fifth power of the tens 
of this loot, can have no fi|>iire, that falls below hundreds of 
thousands it docs not enter into the la^t five figures on the 
ri^ht of the j)ropo&ed number; ue, therefore, separate the^e 
fi\e fii(nres. If .there remained more tlian five figures on the 
left, we 8houl<l repeat the same reasoning, and thus separate 
the proposed number into portions of five figures each, proceed- 
ing from the right to tlie left. 'I'he la^t of these portions on the 
left, will contain the fifth powei of the units of the highest 
order found in the lOot. 

We find, by foiniiug the fifth powers 2JI5,5 4001 47 

of mimhers consisting of only one figme, 1()'^4 
that 2513 lies between tlie fifth power of 1291 5,l-0()7 1280 

4, or 1024. and that of five, or 1323. We take, therefore, 4 
lor the tens of the loot sought ; then subtracting the fifth power 
of this number, or 1024, fiom the first portion of the proposed 
number, w e have for a remainder 1291. I’he nunainder, toge- 
ther with the lollouing portion, which is to he brought down, 
must contain 5 h + 10 a' + &e. wlueh is left, after has 
been subtracted from (a + by ; but among these terms, that of 
the highest degree is 5 a*‘ 6 , or five times the fourth power of 
the tens niiiltijjlied by the units, because it has no figure, which 
falls below ten-, of thousands. In order to consider this term 
by itself, w^c separate the last four figures on the right, wdiich 
make no part of it, and the number 12913, remaining on 
the left, will contain this term, together wfith the tens of thou- 
sands aiising from the bucceeding terms. It is obvious, there- 
fore, that hy dividing 12913 by 5 or five times the fourth 
power of the four tens already found, we shall only approximate 
the units. The fourth power of 4 is 236 ; five times this gives 
1280 ; if we divide 12915 by 1280, w e find 10 for the quotient, 
but we cannot put more than 9 in the place of the root, and it 
is even necessary, before we adopt this, to try whether the 
whole root 49, which we thus obtain, will not give a fifth pow’er 
greater than the proposed number. We find indeed, by pur- 
suing this course, that the number 49 must be diminished by 
tw^o units, and that the actual root is 47, with a remainder 
2209000 ; for the fifth power of 47 is 229345007 ; that is, the 
exact root of the proposed number fulls between 47 and 48. 

If there were another portion still, w'e should bring it down 
and annex it to the remainder, resulting from the subtraction of 
the fifth power found as above, from the first two portions, and 

2 L 2 
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proceed with this whole remainder, as we did with the preced- 
ing, and so on. 

After what has been said, it will be easy to apply the rules, 
which have been given, as well in extracting the square and 
cube root of fractions, as in approximating the roots of imper- 
fect powers of these degrees, 

CLXIII. We may by processes, founded on the same prin- 
ciples, extiact the loots of literal quantities. The following 
example will be sufficient to illustrate the method, which is to 
be employed, whatever be the degree of the root required. 

-We found in art. 161, the sixth pow'er of 2 a?* — 5 a*; we 
shall now extract the root of this power. The process is as 
follows : 

64 V*— 960a* a?’*+ 6000 a" a?** — 20000 a® a?" 2a?*— 5 a* 

+ 37500 a?" — 87500 a'* .V 792 

' + 15625 a‘* 

— 64 * 1 ?** 

rem. — 960a* &c. 

The quantity proposed being arranged with reference to the 
letter .r, its first term must be the sixth power of the first term 
of the root arranged with reference to the same letter; taking 
then the sixth root of 64 a?’*, according to the rule given in art. 
145, we have 2 cr^ for the first term of the root required. 

If we rai«!e this result to the sixth power, and subtract it 
from the proposed quantity, the remainder must necessaiily 
commence with the second term, produced by the develop- 
ment of the sixth power of the first to terms of the root. But, 
in the expiessioii 

(a + 6)” = a® -p 6 a* 5 + &c. 

this second term is the pioduct of six times the fifth power of 
the first term of the root by the second ; and if we divide it by 
6 a*, the quotient will be the second term b. 

We must, therefore, take six times the fifth power of the 

6x32<V* or 192a?'\ 

and divide, by this quantity, the term — 960 a* a?**, which is the 
first term of the remainder, after the preceding operation ; the 
quotient — 5 a* is the second term of the root. In order to 
verify it, we raise the binomial 2 a?® — 5 a* to the sixth power, 
which we find is the proposed quantity itself. 

If the quantity were such as to require another term in the 
root, we should proceed to find, after the manner above given, 
a second remainder, which would begin with six times the 
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product of the fifth power of the first two terms of the root by 
the third, and which consequently being divided by 6 (2 x* 
— 5 the quotient would be this third term of the root; 
we should then verify it by taking the ^sixth power of the 
three terms. The same course might be pursued, whatevcJir 
number of terms might remain to be found. 


Of Equations tvith Two Terms. 


CLXIV. Every equation, involving only one power of the 
unknown quantity combined with known quantities, may always 
be reduced to two terms, one of which is made up of all those 
which contain the unknown quantity, united in one expression, 
and the other comprehends all the known quantiticb collected 
together. This has been already shewn with respect to equa- 
tions of the second degree, ait. 105, and may be easily pioveJ 
concerning those of any degree whatever. 

If w e have, for example, the equation 

— a* 6* = 6" f a c 

by bringing all the terms involving x into one member, we 
obtain 

a’ a** — a c =« 6* c® + 5% 

or (a^ — a e) c® + a'* b* 

Now if we represent the quantities 

— a c by p, 6* c® -f a® 6^ by g, 
the preceding equation becomes 

p x^ = q ; 

freeing from the quantity, by which it is multiplied, we have 



whence we conclude 



In general, eveiy equation with two teims being reduced to 
the form 


p x’’* 5= 




9 . 
P 


gives 
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taking the root tlien of the degree tw of each Eneinbei'> we have 



CLXV. It iniibt be observed, that if the exponent m is an 
odd number, the radical expression will have only one sign, 
which will be that of the original quantity (139). 

When the exponent m is even, the radical expression will 
have the double sign ± ; it will in this case be imaginary, if 

the quantity — is negative, and the question will be absurd, 
V 

like those of which we have seen examples in equations of the 
second degree (139). 

See bonie examples. 

The equation a/' *= — 1024, 

gives 

47 = ^ — 1024 = — 4 , 

the exponent 5 being an odd number. 

1 he equation 

A* :^625, 

gives a? = ± ^ 625 — dt 5^ 

as (he exponent 4 is even. 

Lastly, the equation 

47* -r: — 16, 

which gi\ OS __ 

47 = ± — 16 , 

leads only to imaginary values, because while the exponent 4 
is even, the quantity under the radical sign is negative. 


CLXVI. We shall here notice an analytical fact, which de- 
serves attention on account of its great utility, in the remaining 
part of the present treatise, ami which is sufficiently remarkable 
in itself ; it is this, that all the expressions 4? — 4 ?^ — a\ 47 * 

— a“and in gen^eral — a”* being any positive whole num- 
ber), aie exactly divisible by a* — a. This is obvious with re- 
spect to the first. We know that the second 

a;* — a* = (,r + a) (x — a) (34), 

and the others may be easily decomposed by division. If we 
divide 4 ?"* — a"* by 4 ? — we obtain for a quotient 
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+ aV“-^ + &c. 

the exponent of .r, in each term, being less by unity than in the' 
preceding, and that of a increasing in (lie same ratio. But 
in«^iead of pnr<«uing the operation through its several steps, wc 
shall present immediately to view the equation 

4- 4- t 4- 

,v — a 

\Ahich may be verified by multiplying the second luembQr by 
,v — a. It then becomes 

-f a + x' -f x 

— n 1^’"“^ — — o® — x — a”' ; 

all the terms in the upper line, after the first, being the same, 
’with the exception of the sigms, as those preceding the last in 
the lo“uer line, theie only remains .after reduction .r”* — 
tliat is, the dividend proposed. 

It must he observed, that the term at* in the upper line, 
is necessarily follow'ed by the term cr”’“\ which is destroyed 
by the corresponding^ term in the Iowti* line ; and that, in the 
same manner we find, in the low^er line, before the term o'”""* .r, 
n term — x\ wliieh destroys the corresponding one in the 
upper line. These terms are not expressed, hut are supposed to 
be comprehended in the iiiteiva! denoted by the points. 

CLXVII. Tins leads to veiy important consequences, rela- 

tne to the equation wi^h two teaiis a'’ =- — • 

, P , 

If we designate by o the number, wdiicli is ol)lained by directly 
extracting^ the root according to the rules given in ait. 162, we 
have 

JL. = a”' or 
P 

transjiosing the second ineiuber, we obtain 
,1”* _ a'^' = 0. 

^i'lie quantity ,i:'" — a"* is divisible by x — and wc have by 
the preceding article 

= (x — n) -|- a + ^ + ft"*~*)* 

This last result, which vanishes when x — a, is also reduced to 
nothing, if we have 

-f a 4- x -f = 0. (120) ; 

and, consequently, if there exists a value of which satisfies 
this la&t equation, it wdll satisfy also the equation proposed. 



OF EQUATIONS WITH TWO TERMS. 


^6i 


These values have with unity very simple relations, whioh 
may be discovered by making .v a y ; then the equation 
(T”* — **= 0 becomes 


— <7"* = 0, or — 1 = 0, 

and we obtain the values of by multiplying those of y by the 
number a. 

The equation y^ — 1 a=r 0, gives in the first place 

r = Ky* >CXT = 1 ; 

then by dividing y"* — 1 by y — 1, we have 

ym-l ^ ^ + y* + y + 1 . 

Taking this quotient for one of the members, and zero for the 
other, we form the equation on which the other values of y 
depend ; and these values will, in the same manner, satisfy the 
equation 

y’" — 1 ==r 0, or y”* ** J, 

that is, their power of the degree m will be unity. 

Hence ue infer the fact, singular at first view, that unity may 
have many rootb beside itself. These roots, though imaginary, 
are still of frequent use in analysis. We can, however, exhibit 
here only those of the four fiist degrees, as it is only for these 
degrees, that we can resolve, by preceding observatioiH, the 
equation 

ym-X ^ yn.-2 + 1=0, 

fioni which they are deiived. 

(1.) Let m = 2, we have 

y’ — 1 = 0, 

whence we obtain 


y== + l. y = _l, 
(2.) By making m = »3, we have 

y^ - 1 = 0, 

whence we deduce 

y == 1. 

then y’ + y "I" 1 — 0* 

This last equation being resolved, gives 

y ^ . y 


__i_ v/ — 8 


thus we have for this degree the three roots 

- 1 + _ 1 _ 


1 , y 


2 


2 



I^CftTAf fOl^S WifA V#0 Ttl^Wi> 


Me 

The last two are Imaginary ; bat if ire taka the onbi) ftMning 
that of the numerator, by the rale given in aVt. Se, alitd ol^ 

serving that the square of — 8 being — > S, its cube is 
o— 8 — 3, we still 6nd y'«» 1, in the same manner as when 

we employ the root y 1. 

(3.) Taking m •»> 4, we have 

»* — 1 •*» 0, 

from which we deduce 

y = 1, 

then y" + y* + jf -f 1 ~ 0» 

which can he expressed by 

y’ (y + 1) + y + 1 = (y + 1) (y* + 1) = Ok 

from which we get 

y+l=0ory*+l=0; 
these equations give 

y — 1, y = + \/— i, y -= — 
the four roots then of the proposed equation are 

y = -j- 1, y SES — 1 J y sxss -j- . 1 J y s±x — --«• 1 

of these four values, only the two first are real, the other two 
are imaginary. 

These values are also found by observing that 

= 1 ) 

whence we have successively 

- 1 = 0 , 9 * + 1 = 0 , 

consequently * 

y = + i> y= — 1) y =: + V'— h y = — — i 

This multiplicity of roots of unity is agreeable to a general 
law of equations, according to which any unknown quantity ad- 
mits of as many values, as there are units in the exponent 
denoting the degree of the equation, by which this unknown 
quantity is determined ; and when the question does not adni4 
of so many real solutions, the number is Completed by purely 
algebraic symbols, which being subjected to the operations, 
tliat are indicated, verify the equation. 

Hence it follows, that there are two kinds of expressions or 
values for the roots of numbers ; the first, which we shall term 
the arithmetical determinatioHy is the number which is found? 
by the methods explained in art. 162, and which answers to 
each particular case ; the second comprehends negative valu/es 
2 N f 
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EQUAflOKS WHICH MAY BE RESOLVED 


and imaginary expressions, which we shall designate by the term 
algebraic determinations^ because they consist merely iii the com- 
bination of algebraic signs. 

Of Equations which mcty be resolved in the same 
manner as those of the Second Degree. 

CLXVIII. These are equations, which contain only two 
different powers of the unknown quantity, the exponent of one 
of which is double that of the other. Their general formula is 
a:*"" + p J?” + q = 0, 

p and q being known (Quantities. 

Now if we take for the unknown quantity, and make ic™ 
SB u, we have 

whence 

u* p u = q, 
u = — p± y/p* — 4q , 

restoring in tbe place of we have 

^ — p± ^ p* — 4 

2 

an equation consisting of two terms, since the expression 

• — P±>n/p* — 49, 

2 

as it implies only known operations, to be performed on given 
quantities, must be regarded as representing known quantities. 

After a little pi actice, these substitutions are not made use 
of, as we can diaw directly from the equation 

+ p + q =:= Q 

*"* = — p ± >/ p" — 4 q, a; = ± '” / —p± v^p" — t g 
even t|be intermediate step. 



is more commonly omitted. 

Designating the two values of this expression by a and o', we 

have 

ai" a and < a'. 



AS THOSE OF THE SECOND DEGREE. 
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from which we obtain 

X 3= a and x = a'. 

If the exponent m be even, instead of the two values given 
ahova. we shall have four, since each radical expression may 
take the sign ± ; then 

07 = + a, 07 » -f 
X — — X — — vZ a^, 

and these four values will be real, if the quantities a and are 
positive. 

All the values of x may be comprehended under one formula, 
by indicating directly the root of the two members of the equa- 
tion 


r” = — p ± p‘ — 4>q, 


which gives 


07 = db 


p ± p (p* — 4 q. ) 


The following question proilnces an equation of this kind. 
CLXIX. To reboive the number 6 into two such factors^ 
that the sum of their cubes shall he 35. 

Let ,v be one of these factors, the other will be — ; then tak- 
er 

216 

iiig the sum of their cubes and , we have the equation 

cc 


which may be reduced to 


+ !1|_ = 35, 
or** 


or 


+ 216 = 35 
_ 85 07 * = — 216 . 


If we consider x^ as the unknown quantity, we obtain, by the 
rule given for equations of the second degree. 


oated 


and consequently. 


a;»= V ±\/(V)’ 

lumerical cal 

/'S 3\a 1 8 C 9 

W ; 4^ 5 

V'(¥r — = « y, 


213. 

By going through the numerical calculations, which are indi- 
’, we find 


55 I 1 » 
STB 
,«.* 5 * 1 9 

5 — J 


y 

y 


2 N 2 


27, 

8 , 
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whence, • 27 = 

^8 = 2. 

The first value gives for the second factor $ or 2, while the 
second value presents $ or 8 ; we have, therefore, in the one 
case 8 and 2 for the factors sought, and in the other 2 and 8. 
These two solutions differ only in the order of the factors of the 
given number 6. 

CLXX. The equations, we have been considering, are «aIso 
comprehended under _Uie general law given in art. 167; for 
the values of ^ a, ^ are to be multiplied bv the roots of 
unity belonging to the degree denoted by the exponent m. 

Applying what has been said to the equation, 

— 35 a?® = — 216, 
we find the six following roots ; 

a? == 1 X 3, a? = 1 X 2, 


1 

M 
\ 1 

> 

+ 

1 

1 


— 1 + a/ — S (p 

07 = ^ 

X Oy IP 


— 1 — v/ _ S 




X W =a 

2 

of which the first two only 

are real. 



Calculus of Radical Expressions. 

CLXXI. The great number of cases, in which no exact 
root can be found, and the length of the operation necessary 
for obtaining it by approximation, have led algebraists to en- 
deavour to perforin immediately upon the quantities subjected 
to the radical sign, the fundamental operations intended to be 
performed upon their roots. In this way we simplify the ex- 
pression as much as possible, and leave the extracting of the 
root, which is a more complicated process, to be performed last, 
when the quantities are reduced to the most simple state, which 
the nature of the question will allow. 

The addition and subtraction of dissimilar radical quantities 
can take place only by means of the signs + and — • For ex- 
ample, tbe^ums 

O, ^ by 

and the differences 

^ a — a, 4^ a, ^ 6, 
can be expressed only under their present form. 
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The same cannot be said of the expression 

4ia^Tb + 4 / 16 a*fc — ~ 

ad 

because the radical quantities, of which it is composed, become 
similar, when they are reduced to their more simple forms, ac- 
coi'ding to the method explained in art. 130. First, we have 

=z ^8 a*, 26 = 2 « ^¥1 

— = a*4/Wb; 

tlie quantity, therefore, becomes 

4 a 4/rb + 2 a \/¥b t^^¥b, 

ad 

which gives, when reduced, 

6 a ^ 2 6 6, or (6 d — 6 c)— 4^2 6. 

CLXXII. With respect to other operations, the calculus of 
radical quantities depends upon the principle already referred 
to, namely ; that a product^ consisting of several factors^ is 
raised to any power by raising each of the factors to this pow^ 
er. So also, by suppressing the radical sign, prefixed to a quan- 
tity, we raise this quantity to the power denoted by the expo- 
nent of this sign. For example, a raised to the seventh 
power, is a simply, since this operation, Jbeing the reverse of 
that which is indicated by the sigiiy/ , merely restores the 
quantity a to its original state. 

According to the principles here laid down, if, for example, 
in the expression 

we suppress the radical signs, the result a b will be the seventh 
power of the above product; and taking the seventh root, we find 

^ a X ^ a b. 

This reasoning, which may be applied to all similar cases, shews, 
that in order to multiply two radical expressions of the same 
degree together^ we must take the product of th% quantities 
under the radical sign, observing to place it under a sign of 
the same degree. 

We have by this rule 

8 7 ^bVTc = 21 v/lO a * Vc = 

21 o’ 6* 
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Since 

ffl* — b* -= (a’ + b‘) (a* — by 


CLXXIII. As the seventh power of the expression 
for example, is ~ it will be seen, by taking the seventh root 

O 1 

of this last result, that 


y / a. 

Hence to divide a radical quantity by another of the same de- 
gree^ we must take the quotient arising from the division of 
the quantities under the radical sign, recollecting to place it 
under a sign of the same degree. 

We find by this rule, that 

^ ^ /S a b 

s/Wa “ = \^¥bi 


_ 6 * 6 “ ^ 

^^a+b =Va-b; 
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CLXXIV. It follows from the rule, given in art. 172, 
for the multiplication of radical quantities of the same degree, 
that to raise a radical quantity to any power whatever^ we 
have only to raise to this power the quantity under the radi- 
cal sign^ observing that the result must take the same sign : 

thus to raise for example to the third power is to take 

the product 

^abx \/ab X ^ a 6, 

and as the radical signs are all of the same degree, the quanti- 
ties to which they belong are to be multiplied together, and the 
radical sign to be prefixed to the product, which gives 

J/Vb\ 

111 the same manner^ 6** raised to the fourth power, gives 
>y fl* which may be reduced to 

a h \/ a 6% 

by resolving r/ into a^ b' x a b\ and taking the root of the 
factor (138). 

Jt may be observed, that when the exponent belonging to the 
radical sign is divisible by that of the potver to which the pro^ 
posed quantity Is to be raised^ the operation is per/oi tried by 
dividing the first exponent by the second. For example, 

because ^ 3. 

Indeed \/ a denote'- a quantity, which is six times a factor 

in a, and the quantity /y/ a, which is obtained by dividing 6 by 
2, being only three times a factor in a, is consequently equiva- 
lent to the product of two of the first factor^, an<l is theiefore 

the second power of one of these factor&, or 

Ihc same reasoning may be applied to all similar cases, as 
iji the following example ; 

CLXXV, If we reverse the method«i given in the preced- 
ing article, we shall be furnished with rules fur extracting the 
roots of radical quantities. ° 

We perceive by attending to the rule first stateif, that if the 
exponents of the quantities under the radical sign ate divisi- 
ble by that of the root required^ the operation may he perfoim- 
ed as if there were no radical stgn^ only it is to be observed^ 
that the result must be placed under the original sign. 
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We find, for example, that 

^ = 7 ^ =</?. 

From the second mie given in the preceding article, it is evi- 
dent, that the general method for finding the root of radical 
quantities^ is to multiply the exponent belonging to the radi- 
cal sign by that of the root^ which is to be extracted. 

By this la««t rule, we find, that 

Indeed, 4 / is a quantity, which is five times a factor in a* 

(S4, 137) ; but the cube root being also three times a 

factor in this last quantity, is found 5 >C 8 times or 15 times a 


factor in the first a* ; therefore 



manner it might be shewn, that 




= '^a\ In the same 



CLXXVI. Since by multiplying the exponent of a quantity 
under a radical sign, by any number (174), we raise the root 
which is indicated, to the power denoted by this number, and 
by multiplying also the exponent belonging to the radical sign ; 
by the same number (175), we obtain for the result a root of a 
degree equal to that of the power which was before formed, it 
is evident, that this second operation reduces the proposed 
quantity back to its original state. 

The expression ^ for example, may be change^ into 
by multiplj ing the exponents 5 and 3 by 7 ; for multiplying the 
exponent of a* by 7, we have, making use of the radical sign, 
4 / a^\ the seventh power of the proposed radical quantity, and 
multiplying by 7 the exponent 5 belonging to the radical sign in 
the expression ^ we obtain the seventh root of the former 
result ; this last process, therefore, restores the expression to 
its original value. 


CI4XXVII. By this double operation, we reduce to the 
same degree any number of radical quantities of different 
degrees^ by multiplying^ at the same iime^ the exponent belong’^ 
ing to each radical siguy and those of the quantities under 
this siguy by the product of the exponents belonging to all the 
other radical signs. That the new exponents, which are thus 
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fo^md for tlie rndical 85|?ns are the oame, is obvious at once, 
since they ari«*e from the product of all the exponents belonsf- 
incf to the oricfinal radical sig'ns: and after what has been ‘^aid 
above, it is evident that the value of each radical quantity is 
the ^aine as before. 

By this rule we transform 

4 / a® fe® and c® d\ 

into and 

In the same manner, the three quantities, 

^ oTf?, y y 

become respectively 

If we meet vritli number^ under the radical signs we shall be 
led, in applying this rule, to raise them to the power denoted by 
the product of the exponents belonging to the other radical 
signs. 

CLXXVIII. In the ^ame way, we may place under a radi- 
cal sign a factor which is without one^ by raising it to the 
power denoted by the exponent which accompanies this sigit. 
We may change, for example, 

o'* into y a^\ and 2 a y b into y b o^ 6. 

CLXXIX. After having, by the transformation explained 
above, reduced any radical quantities whatever, to the same 
degree, we may apply to them the rules, given in articles 173, 
and 173, for the multiplication and division of radical quantities 
of the same degree. 

Let there bq the general expressions 

a” bt X ^ O' c’ 

we change (16.9) 

y a^ 6^, y5F7% 

into 

X/ O'"' o'"’, 

then by the rule given in art. 17^', we have 

X/ tt”' 6"« X X/ •= 0”^+”'' c”', 

for the product of the proposed radical quantities. 

We have also by the rule, art. 173- 

^ a” 6« h”'> n,n /' a”” _ mn 

y'V~r‘ ~ “y 6""' c*"* V o’"’ ‘V ("w ■ 

» o 
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Remarks on some peculiar cases, which occur in 
the Calculus of Radical Quantities. 

CLXXX. The rules of which we hare reduced the calcu- 
lus of radical quantities, may be applied without difficulty, 
when the quantities employed are real. But they might lead 
the learner into error with regard to imaginary quantities, if 
they are not accompanied with some remarks upon the proper- 
ties of equations with two terms. 

For example, the rule laid down in art. 172, gives directly 

\/ — ax \/ — a ^ — ax — a=« ; 

and if we take + a for a\ we evidently come to an erro- 
neous result, for the product \/ — a X — o, being the 

square of \/ — a, must be obtained by suppiessing the radical 
sign, and is therefore equal to — a. 

This difficulty is obviated by observing, that when we do not 
know by what method the square has been formed, we must 
assign for its root both + a and — a ; but when, by means of 
steps already taken, we know which of these two quantities 
multiplied by itself produced a\ we are not allowed, in going 
back to the root, to take the other quantity. This is evidently 

the case with respect to the expression \/ — ax \/ — a7 
here we know, that the quantity contained under the radi- 
cal sign in the expression y/ a% arises from — a multiplied 
by — a ,* the ambiguity, therefore, is prevented, and it will be 
readily seen, that in taking the root, we are limited to — a. 

The difficulty above mentioned would present itself in regard 

to the product ^ ax s/~a^ if vre were not led by the circum- 
stance of there being no negative sign in the expression, to take 
immediately the positive value of \/ a\ In this case, since 
arises from + a multiplied by + a, its root must necessarily 
be -f a. 

There can be no doubt with re«ipect to examples of the kind 
we have been considering ; but there are cases, which can be 
clearly expla ued only by attending to the properties of equa- 
tions with two terms. 

CLXXXI. If, for example, it were required to find the 

product ^ a ^ — 1 ; reducing the second of these radical 
expressions to the same degree with the first (177), we have 

yS X -v/ C^)’ X 
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a result which is real, although it appears evident, that the 
quantity ^ a multiplied by the imaginary quantity h/ — 1 
ought to give an imaginary product. It must not be supposed, 
however, that the express^ii ^ a is in all respects false, but 
only that it is to be taken in a very peculiar sense. 

In fact, \/ a, considered algela*aically, being the expression 
for the unknown quantity x, in the equation with two terms, 

a?* — a **= 0, 

admits of four different values (167) ; for if we make a = 
by taking a to represent the numerical value of ^ o, consi- 
dered independently of its sign, or the arithmetical determina- 
tion of this quantity, we have the four values 

otX + l, otX — 1, «X+ V — 1. «X— — 1, 

the third of which is precisely the product proposed. 

By a little attention, it will be readily perceived, whence the 
ambiguity, of which we have been speaking arises. The second 
power, + 1 of the quantity — 1 under the radical sign, as it 
may arise as well from -f- 1 x + 1, as from — 1 x — 1, causes 

the quantity 4^ 1 to have two values, which are not found 
in \/ — !• 

In general, the proce&s by which the product Hy a x ^ b 

is formed, is reduced to that of raising this product to the powA 
m n ; for if we represent it by that is, if we make 

\/ a X b ^ z, 

by raising the two members of this equation, first to the power 
w, we have 

a 4/6^ = 

again, raising it to the power n, we obtain 

or z 

This product, therefore, being determined only by means of 
its power of the degree m w, or by an equation of this degree 
with two terms, must have m n values (167). This will be per- 
ceived at once, if we reflect that the expressions ^ a and ^ 8, 
being nothing but the values of the unknown quantities x and y 
in the equations with two terms, 

2 o 2 
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X*" — a s=a 0, y" — 6 = 0, 


/. (a? y)*"" = y*" = o" 6"* .*. .r y = 6”* ; 

and, consequently, admitting of and of determinatioiiSy. u'e 
ha\e, by uniting the seveial m determinations of the 

seveial n determinations of y, m n determinations of the pio- 
duct required. 

When we aie employed upon real quantities, there is no dif- 
ficulty in finding the \alue 9 , because the number of those, tliat 
are real, is never more than two (165), which differ only in tlie 
sign. 


CLXXXll. If we use the transformation explained in art. 
167, the difficulty will be confined to the roots of + 1 and — 1 ; 
for if w e make x — at and y = p w, a and p denoting the nume- 
rical values of ^ o, ^ b considered without regard to the 
sign, the equations 

T a = 0, y« qp 6 = 0, 

beoome 


ip 1 = 0, qp 1 = 0, 

whence 

w y ~ >/ ± ^ X ^ ±6==apfW~-aP y/ ± J X ± 1 ; 

in which a p lepreseiifs the pioduct of the numbers ^ a, y/ 6, 
or the aiithmeticul detennination of the root of the degiee in n 
of the number 6”*. 

If w^e would give a determinate value to the product of the 

radical quantities V ±~^ ± 6, by fixing the degiec of the 

radical signs, we must obtain fiom the equations 


r + 1 = 0, T 1 = 0, 


the several expressions for-v^ ± 1, ^ — 1, and combine them 
in a suitable manner*. 

To conclude, these operations are not often required, except 
in some very simple cases, of which the following are the prin- 
cipal ; 


* When the exponent wi, is an odd number, then — 1 = — v/ + 1; 
but^hen an even number, it does not hold. Making, for example, m = 4 
we find that ^ 


y* + 1 = (/ +y V « + 1) (y’* - y V 2 + 1) 
equalising each of these factors to zero, we obtain the 4 expressions of 
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(1.) s/ — a X -v/ — 6 ■=\/ ax\/ b (v/ — 1 X\/ — 1) ; 

We suppress the radical sign in the expression y/ — 1, and 
obtain 

»y — ox — 6 = ■%/ o 6 X — 1 = — 

(3 ) 4 /^ X = 4/Ta ( 4 / — 1)^ 

We do not here multiply — 1 by — I, because this would lead 
to the ambiguity mentioned in art, 181 ; but observing, that the 
^liiare of the fourth root is simply the square root, e have 

v/ — ax \/ — h — ^ a b X >/ — 1. 

(SO-y^ X ^~b »= 4/Ta X 

= 4/^6 X -^ = X — 1 = — 4/ o 6. 

The re^^ults will be thus found to be alternately real and ima- 
ginary. 


Calculus of Fractional Exponents. 

CLXXXIIL If we substitute in tlie place of the radical 
signs, their corresponding fi actional evponeiit> (140), and apjdy 
immediately the lules for the exponents, ue shall obtain the 
same results, as those furnished by the methods employed in 
the calculus of radical quantities. 

If we transform, for example, 

b\ 

into 

59 « 

6^, c^, 

we have 

• Ay" a* b^ X ^ ^ b^ X = 

5 ® 6 2 2 

; 

then, since ^ + y, and consequently, 

J =o‘ + r = 0X0^ (25), 

and is equivalent to 4 / b* c' we have 

^ V X ^ o" c* = u b^ c% 
a result which is not only exact* but is reduced to its most 
simple form* 
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Let there be the general example ^ ¥ x ^ the 

radical expressions here employed may be transformed into 

f L JL J. 

we then have, according to the rules for exponents, (25), 

p_ j JL ^ j L S 

a*^ xh^ 

Now in order to add the fractions — , — , we must reduce 

m n 

them to the same denominator; and to give nnifoiinity to the 
results, we must do the same with respect to the fi actions 

; we obtain by this means, 

m n 

np »^tn} WIT 
^wrn ^ nm ^mn , 

and placing this result under the radical sign, we have 


CLXXXIV. The manner of performing division is equally 
simple, we have for example 


^ a* 6* 


3 3 

i T 

5 


3 


c 

which may be reduced to 


4_3 1 


2 

-T-I5 


this placed under the radical sign becomes 

'5^“'^-. yzi. 

^ ac 


C/a* 


(38), 


We have in general 

t ^ 

\/ a 5”* 

▼ ^ssat • 

— *= r 9 t j 

(f V c” 

reducing the fractional exponents to the same denominator, in 
order to perform the subtraction, which is required, we find 


np nq — rm 

a™ h^' 

7 rM 

v/ c* 


run y 


^np ^nq^mr 



EXAMPLES IV THE FORMATION, &C. 


m 

It is obvious, that the reduction of fractional exponents to 
the same denominator, answers here to the reduction of radical 
expressions to the same degree, and leads to precisely the same 
results (171). 

CLXXXV. It is also very e\lJent, by the rule given in 
art. 127, that 

and by the rule laid down in art. 1S5, that 



The calculus of fractional exponents affords one of the most 
remarkable examples of the utility of signs, when well chosen. 
The analogy which prevails among exponents, both fractional 
and entire, renders the rules, that are tu be followed with re- 
spect to the latter, applicable also to the former; but a parti- 
cular investigation is necessary in each case, when we use the 

sign \/ , because it has no connexion with the operation that 
is indicated. The further wc advance in algebra, lue more 
fully shall we be conduced of the numerous advantages which 
arise from the notation by exponents, introduced by Descartes. 


F.xain pies' m the Formation of Powers of Com- 
pound Algebraic Expressions. 

1. (f, — ft) ' = a' — 3 a’ 6 + 3 a 6* — b’. 
y. (4 _ fj ft)’ = G-t — 144 6 + 108 b‘ — 27 b\ 

3. (5 — 4 xf =- C25 — 2000 x + 2400 x‘ — 1280 x‘ 

+ 256 X*. 

4, {«“ + 3 a by =a'‘ + 12 ft + 54 ft* + 108 a* ft* 

+ 81 a* ft*. 

6 (5n^r:‘ d — ^ab (i*)* = 625 a* c' <1* — 2000 n' ft «* d* 
+ 2400 a* ft* c* d* — 1280 ft’ c‘ d’ + 256 a* ft* d*. 

6 (3 a c — 2 ft d)' = 243 a’ c‘ — 810 a* c* ft d + 1080 aVb'd* 
— 720 a* c* ft' d* + 240 a c ft* d* — 32 ft’ d\ 

7. {\/~a + \/ ft )* = a* -|- 6 a 6 -I* 6’ + (4 a + 4 ft) a ft. 
8 (a + 6 + c)’ = a* + 3 a* ft -J- 3 a* c -{- 3 a, ft* -f 6 a 6 c 
+ 3 a c* + 6' + 3 ft* c + 3 6 c* + c*. 



l<XAMrL £6 IN EXTRAC'TION OF THE CUBE ROOT. 


9 . (a 2b cY — a* + a* b + S c a b c 

+ g a 6 ‘* + 8 6 * + 12 6 ^ c + 6 6 c* + c\ 

10. (a-}-6 + r + d)* = a* + 2a6 + 2rtc + 2ad + 6* 

+ 2bc-{-2bd'\‘c'^ + 2cd + d*. 

n. (rt ±bY=^a’‘±~ a”-’ 6 * + ” ~J > o»-® 6 ‘ 

' 1 1 x 2 

± (»-^)a«- 3 y+ 

1 x 2 x 8 

12 , ^IhI^G J 5 rt W jy j ■,,,. >*, 


Examples in the Extraction of the Cube Roots of 

Numbers. 


1 . y 12 m = 23 . 

2. y 75207 = 48. 

3. iy 45^503 = 77. 

4. y 881736 = 96. 

6. 191016 = 106. 

6. ^216037‘5 = 135. 

7. y 3474^9 " n == 703. 

8. 4/ 12 == 2.28942 

9. -y 8 = 1.79670 

10. y i 1* 

11. y — 1- 

12. y j = 0.87358 .. .. 

13. y^ii = 0 91103 

14. v/'jJf = 1.56049 


Eixampics ill the Extraction of the Cube Roots of 
Algebraic Expressions. 

1 . 4 / (6 a:-' f «“ -(- 8 + 12 .») = 0 ? + 2 . 

2. y 6c + 12 c' .t‘ — 8 f‘ x') 0 ?’ — 2 c .c. 

3. 4 / ( o®“ — 6 o®"+‘ a?" + 12 a”+* — 8 a® a?®") 

= a” — 2 a a". 
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4 , (fl* + S/i*&+ 3 a*c -f* 

-j-3 6*c-J* 36 6*^ + c*) = o + 6 + c. 

5. -^(Sa’ — 4a*6 + 12a*c* + l|*'_6a6c*+6«c' 


fc* , Sfc’c’ 
8 - ■*■ — 


8 6 c* 
Q 




G. ^ (o’ — ^'c") = « 


.r’ 



5 

81 a* 


10 .t” , 

248 a" " 


* ••• 


7. 


^ (a’ + a-’) == a + 


X 


9 a 


T + 


5 »• 
81 a* 


10 u” 
243 


8. = 

, 0 . 4 / (1 + ^) = 1 + y 


9 81 243 ■ 

a' J.t’ 10** 

y 81 213 


Examples in the Multiplication of Radical 
Expt'essions. 

1. a * X 6 ytf y X c \/ V = a h c -y/ a y x. 

2 . X 7 X i ^yi = J ^ 120 . 

5. 4 X 2 ys X Vti = 8 y?. 

4. 5 yj X 7 y/Tx v ''2 = 140. 

5. c y a X d y/ a = a V d 

6. y/F X ^"3 X ys = y G48000 

7. y 2 X y J X y3 = 

8 ’* /-fL. V * / = ®* /_ 2 -!Z^ 

6 c ■v 6 ■v 6’ c' 

9 AL VAlffx «/i^li-f==-L « / 

■ 6* d* V « V o' C' 6 d' V d* e ‘ 

2 p 
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10. (v^ 5 + 2 7 + 8 10) X 2 v/ 6 = 10 + 4 ^35 

+ 30 v^2. 

11. (3 + \/"6) X (2 — -v/^) = 1 — >/ 

12. (7 + 2 -s/*6) X (9 — 6 v/'B) =3 — 17 

13. (— 6 — X (- 5 + ^1) = 24i. 

14. (9 + 2 \/ lO) X (9 — 2 v' 10) = 41. 

16. (4/6-24/T)x(8-^T-4/36) = 12 + 3^20 

— Ov^li— 4 /T 8 (k 

16. (2 v/^ +4/‘a)x (2 + 4/'o)= V''3 + 2 ^“2 

+ 18 + 6 t>- 


17 

18 

19 

20 


. (s/ a — V" 6^ X a -j- = o — *• 

. (c s/~a + d ^x(cv^ a — dv^6^ = «c* — bi 

• (y-^+ 

/ 6* c/\ / a c 

+(“+^)y-T- 

I. (v/ a -f- ft ® \/ ft -}“ -v^ c 

+ 2 a ft -f* 2 - 4 ^ a c + ^ ft 


Examples in the Division of Radical Expressions. 

1 . c-Z-^^d ^'■ 6 ==^ ^T- 

, , 3 / t’ C* 

2. 2 o 6* 0* + 4 -yZ a’ b c‘ d — i ^ 

/ o» 

3. a* b c a b* c* = 

4. 4 .yi2 .A. 2 -vZT= 2 ^yy*. 

6 . 1 ^ (V^ + 2 ) = 2 — 

6 . (1 + >ZT) ^ (2 — ^ZT) = 2 + 1 

7. (5 — 7 -s/T) + (1 + ^"8)== 6 -vZl— 13. 
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8. (6— Sv^j-r — v/l — |. 

9. (v'Tf v''2)*r(V'3— \/T)— 6 + 2 VeT 

10. 1 - (V^ + .,/8 _vT)_ 4^ + 

+ 6 • 

1 1 . ^o’ + 6’ + c* + 2 (o6 + ac + be) + 2 (a + 6 + c) {^ab 
+ ^ac + -»/6c)J -T- (a + 6 + c) = (^a + ^ fc + 


Examples in the Calculus of Fractional Exponents. 


(a) Multiplication. 


1. a*xo’=a” 


2. a ^ X X a 


1 


ai 


*»/ — 
a V «• 


i. a 


7 

X a ^ == a 


04/ 


4. a ^ 6 * X a® 6*^ c = o'® 6 '® 


5. «'■' X 4 / o' X ^ o‘ 

c 7(£l-yT. 

■ V (o 


c 

X2 S S 


— ® 
"ryi*' 


367 


a ^ = a iw 




(« + a?)® V a + a? 

7 . (y^+4/T-)x(-yo«_4/6‘)= (0^ + 60 

X (a* 6^) « o® — 6® «= o v/« — V 6*. 


2 F 2 
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CALCULtrS OF FKACTIONAl. EXPONENTS. 


(h) Division. 


m p m p mqUnp 

1 . a ” ^ ==a " ^ — a • 


2. c 


c a 


^ 1 
T 5 


3. J />2 a~^ b~~^ e = = — ^6*. 

O. ^ 


‘diya 

c 


4.- 


9 2 

!? I 5 

a h 


14 I 10 

e t d 


_«9 _1 I 


R 

A^c 


«’A’r / d‘ — 

" - y -.v ” -y *•• 

S. (4/~a- — i I") -!- (^a — ^4) _ ii 

4-6 s= ^ a -{- \/b + ^ ab. 


(c) Powers of Powers, 



3. (a" = l/~^. 

40 / ^ _ 

V 0 “^ 

5 . y (a^h^l^hc"^—a'by 7 . ’ 

6 . \ = 6 / (« + fc)“ 

\(a + 6)’/ V c‘d‘ ‘ 


4. (a^ 6“® c 
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General Theory of Equations 

CLXXXVI. Equations of the first and second degree are, 
properly speaking, the only ones, which admit of a complete 
solution ; but there are general properties of equations of what- 
ever degree, by which we are able to solve them, when they are 
numerical, and which lead to many conclusions, of use in the 
higher parts of algebra. These properties relate to the parti- 
cular form, which every equation is capable of assuming. 

An equation in its inobt general form must contain all the 
powers of the unknown quantity, from that of the degree of the 
equation to the first degree, multiplied each by some known 
quantity, together with one term wholly known. 

A general equation of the fifth degree, for example, contains 
all the powers of the unknown quantity, from the first to the 
fifth ; and if there are several terms involving the same ])o\ver 
of the iiiiknowii quantity, we must suppose them to be united 
ill one ; according to the method given for equations of the 
second degree, art. IIS. All the terms of tl»e equation are then 
to be brought into one member, as in the article above referred 
to ; the other member will necessarily be zero ; and when the 
first term is negative, it is rendered positive by changing the 
signs of all the terms of the equation. 

Ill this way we obtain an expression similar to the following ; 

n + p + q + r y + s <v + t — Oy 

in which it is to be observed, that the letters n, p, q^ r, s, ty 
may represent negative as well aS positive luimbers ; then 
dividing the whole by w, in order that the first term may have 
only unity for its coefficient, and making 

= p, ± ^ Q, JL n, ~ s, 

n 71 n 71 n 

we have 

.r ■ + Po?* + Q 0?^ + ^ a?* + + 7^ === 0. 

In future, we shall suppose, that equations have always been 
prepared as above, and shall represent the general equation of 
any degree w hatever by 

+ P + Q + r O’ + £7 0. 

The interval denoted by the points may be filled up, when the 
exponent n takes a determinate value. 

Every quantity or expression, whether real or imaginary, 
which, put in the place of the unknown quantity x in an equa- 
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lion prepared as above, renders the first member equal to zero, 
and which consequently satisfies the question, is called the root 
of the proposed equation ; but as the inquiry does not at pre- 
sent relate to powers, this acceptation of the term root is more 
general, than that, in which it has hitherto been used (90, 1S7). 

CLXXXVIl. Take a proposition analogous to those given 
in articles 116 and 167, and one which may be regarded as fun- 
damental. 

If the root of any equation whatever^ 

+ P + Q + T X + U ==r 0, 

be represented by a, the first member of this equation may he 
exactly divided by x — a. 

Indeed, since a is one value of a?, we have necessarily, 

p^n^l ^ Q^n-2 + 7^0+ = 0, 

and, consequently, 

U = — a^ — P — Q a”-* — T a, 

BO that the equation proposed is precisely the same as 

^ p ^-1 ^ Q .T"-* + Tx\ 

— a^ — P a^-^ — Q a*—® — T a) ~ ^ 

which may be reduced to 

f jP ) + Q (a:”--* — ) _ n 

+T{x-a) ; 

As the quantities 

— a", a””"®, x — a, 

are each divisible by a? — a (166), it is evident, that the first 
member of the proposed equation is made up of terms, all of 
which are divisible by this quantity, and may consequently be 
divided by a? — o, as the enunciation of the proposition requires*. 

* D'Alembert has proved the same proposition in the following 
manner. 

If we conceive the first member of the proposed equation to be divided 
by .r — a, and the operation continued until all the terms involving x are 
exhausted,, the remainder, if there be any, cannot contain x. If we repre- 
sent this remainder by M, and the quotient to which we arrive, by Q, we 
have necessarily 

q. P + &c. = Q (07 — a) + P. 

Now if we substitute a in the place of x, the first member is reduced to 
nothing, since a is the value of x; the term Q {x — a) is also nothing, 
because the factor x — a becomes zero ; we must, therefore, have P = 0, 
and it is so, independently of the substitution of a ; for, as this remainder 
does not contain x, the substitution cannot take place, and it still pre« 
serves the value it had before. 

Hence it follows, that in every case, P = 0, and that, consequently, 

07” + P d7«-l 4* Q &C. 

is exactly divisible hj x — lu 
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CLXXXVIII. To form the quotient we have only to sub- 
stitute for the quantities 

^ — a", w — a, 

the quotients, which are obtained by dividing* these quantities 
by — o, and which are respectively 

-f- a a?”""® + c? + 

a?"-* -J- a aP^ a”-*, 

+ a"-®. 


+ !• 

Arranging the result with reference to the powers of x, we have 

+ a -{- a? -f 0’*“*^, 

+ P a + p a a?"-* + P 

+ Q + Q a"-®, 


+ P. 


CLXXXIX. It is evident from the rules of division alone, 
that if the first member of the equation, 

a?” + P + Q ap-^ + &c, = 0, 
be divided by x — o, the quotient obtained will be exhibited 
under the following form, 

^n-l ^ ^-2 ^ Qf ,^n -3 ^ 

P', Q\ &c. representing known quantities diflerent from P, Q, 
&c. we have then 

0 ?" + P -}- &c. = (a? — a) + P' + &c.) ; 
and according to what was observed in art. 190, the proposed 
equation may be verified in two ways, namely, by making 
0 ? — a = 0, or aP”^ + P' -f- &c. = 0. 

Now if the equation 

^-1 + P' 4 . &c. = 0 

has a root 6 , its first member will be divisible by or 6 ; wa 
have then 

a?n-i 4. p' jcn-2 4. Spc. = (a? — - 6) (ikP-^ + P'f + &c.), 
and, consequently, 

aP + P + &c. == {x — a) (x — 6 ) 5 

the equation proposed may, therefore, be verified in three ways, 
namely, by making 
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X — « =s 0, or Of — 6 a 0, or d?""* -f P" -j- &c. «* 0. 

If the last of these equations has a root, c, its first member 
may still be decomposed into two factors, 

(x — c) + P''' -J- &c.) — 0 ; 

we then have 

a?” + P + &c. 

= (x — a) (.^ — 6) (x — c) + P''^ + &c.) ; 

from which it is obvious, that the proposed equation may be 
verified in four ways, namely, by making 

X — a = 0, X — 6=0, X — c = 0, a?”""* -[- P''^ 3?”“^ + &c. = 0, 

Pursuing the same reasoning, we obtain successively factors 
of the degrees 

n — 4, n — 5, n — 6, &c. ; 

and if each of these factors, being put equal to zero, is suscep- 
tible of a root, the first member of the proposed equation is 
reduced to the form 

(x — a) {x — b) {x — c) {x — d) {x — 1 ) ; 

that is, it is decomposed into as many factors of the first degree, 
as there are units in the exponent w, which denotes the degree 
of the equation. 

The equation 

a?” + P + &c. = 0, 
may be verified in n ways ; namely, by making 

X — a =r 0, or a? — 6 = 0, or a* — o = 0, or x — d = Oy 
or lastly, ' x — ^ = 0. 

It is necessary to observe, that these equations are to be 
regarded as true only when taken one after the other, and there 
arise manifest contradictions from the supposition, that they are 
true at the same time. In fact, from the equation x — a = 0, 
we obtain x== a, while x — 6 = 0 gives x = b, results, which 
are inconsistent, when a and 6 are unequal quantities. 


.. CXC. If the first member of the proposed equation, 
a?” + P + &c. = 0, 
be decomposed into n factors of the first degree, 

X Oy X by X Cy X rf, X ly 

it cannot be divided by any other expression of this degree. 
Indeed, if it were possible to divide it by a binomial a? — a, dif- 
ferent from the former ones, we should have 
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+ P + &c. = (u — a) (x” '^ + p a:"** + &c.) 
and, consequently, 

• (j? — a) (,v — 6) (.p — c) (v — rf) (r — /) 

= Cv — a) + p 0 ?'*-* + &c.) ; 

now by changing jp into a this becomes 

(flt — a) (a-r- b) (a — f?) (a — rf) (a — /) 

« (a — «) + p + &c.) ; 

The second member vanishes by means of the factor a — a, 
which is nothing ; this is not the case with respect to the first, 
which is the product of factors, all of which are different from 
zero, so lon^ as a differs from the several roots a, c, ... L 
The supposition we have made then is not true ; therefore, an 
equation of anq degree whatever does not admit of more bino* 
mial divisors of the first degree^ than there are units in the 
exponent denoting its degree, and consequently cannot have a 
greater number of roots*. 

CXCL An equation regarded as the product of a number 
of factors, 

x — a, .r — 6, iV — c, x — d, &c., 

equal to the exponent of its degree, may take the form of the 
product exhibited in art. 143, with this modification, that the' 
terms will be alternately positive and negative. 

If we take four factors, for example, we have 

.r* — a + a b — abC'V-{’abcd = 0 

— 6 <v® + a 6* a* — ah d X 

— c x^ + a d x^ — a c d Of 

— d + h c — b c d X 

+ b d 
4- o d a?*. 

The second terms of the binomials x — a, x — b, w — c, 
&c. being the roots of the equation, taken with the contrary 

* It ought to be remarked here, that because the binomial : a is 
prime with the factors x — a, x — h, &c. it does not divide their product. 
Referring to art. 97, it is obvious, that every quantity c which divides the 
product of two other quantities A and B, being prime with the one, muU 
necessarily divide the other. For example 

Be A =9, = 12, C = 4, C is here prime with the quantity A, and it 

divides their product AB = 108, it must therefore divide the other 
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fiign, the properties enumerated in art. HS, and proved gene- 
rally in art. 144, will, in the present case, be as follows. 

The coefficient of the second term^ taken with the contrary 
sign^ will be the sum of the roots ; 

The coefficient of the third term^ will be the sum of the pro- 
ducts of file roots^ taken two and two ; 

The coefficient of the fourth term^ taken with the contrary 
sign^ will be the sum of the products of the roots^ multiplied 
three and three^ and so on, the signs of the coefficients of the 
even terms being changed ; 

The last term^ subject also to this law, will be the product 
of all the roots. 

Making, for example, the product of the three factors 
X — 5, T + 4, a? + S, 
equal to zero, we form the equation 

+ 2 — 22 X — 60==^ 0, 

the roots of which are 

+ 5, — 4, — 3 ; 

we have for their sum 

5—4 — 3 = — 2; 

for the sum of their products, taken two and two, 

+ 5 X — 4 + 5 X— 3 — 4>; — S = — ^0 — 15 + 12 = — 23^ 
and for the product of the three roots, 

+ 5x — 4x — 3 = 60. 

In this way we form the coefficients, 2 — 23, — 60, changing 
the signs of those for the second and fourth terms. 

If we make the product of the factors 

X — 2, X — 3, and x + 5, 
equal to zero, the equation thence arising 
x^ — 1 9 -f 30 = 0, 

as it has no term involving a?*, the power immediately inferior 
to that of the first term, wants the second term ; and the rea- 
son is, that the sum of the roots, which, taken in the contrary 
sign, forms the coefficient of this term, is here 

2+3 — 5, 

or zero, or in other words, the sum of the positive roots is equal 
to that of the negative*. 

— ^ — 

* It may be thought, that in order to discover the roots of any equa. 
tion of the fourth degree 

+ p ar® + ^ 0 ?^ + r « + « = 0. 
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CXCIl. We have proved (190), that aa equation, consi-* 
dered as arising from the product of several simple factors, or 
factors of the first degree, can contain only as many of these 
faciTors, as there are units in the exponent n denoting the 


it would be sufficient to compare it with the product of article 191, observ. 
ing to put equal to each other the quantities by which the same power of 
X is multiplied ; and it is in this manner that most elementary writers 
think to demonstrate, that an equation of any degree whateter is (he pro* 
duct of ae many simple factors^ as there are units in the exponent of its 
degree. It will be seen by what follows, that the reasoning by which this 
is attempted to be proved, is defective. We stated the proposition with 
qualification in article 190, because it is necessary, in order to establish 
it unconditionally, to show that an equation of whatever degree has a root, 
real or imaginary, which is not easily done in an elementary work, and 
which happily is not necessary. 

By forming the equations, 

— a — h — c — d=zp, 
ah j^acJ^ad’^bc-\‘hd^cdz=zq, 

— ab c — ah d a c d — b c dz=z r, 
a b c d z=: s, 

in order to deduce from them the value of the letters, a, 6, c, d, the roots 
of the proposed equation, the calculation would be very complicated, if, 
€n the determination oF the unknown quantities, a, 6, c, d, we adopt the 
method of article 78 ; but if we multiply the first of the above equations 
by the secornl by the third by a, and add these thrft products to 
the fourth, member to member ; we shall have 

— = JO a-^ 4* 9 4- ^ 

from which we derive, by simple transposition, 

a* p q r a s :z:z 0. ^ 

This equation contains only «, but it is entirely similar to the one pro- 
posed. J'he difficulty of obtaining a, therefore, is the same as that of 
obtaining x. 

“ Thus/' says Castillon (Mem. de Berlin, annee 1789,) it is shown 
in every work on algebra, that an equation of any degree we please, is 
formed of several simple binomials, but it is not so evident that an equa- 
tion, formed by the multiplication of several simple binomials, can have 
sucli coefficients as we please.” 

If, instead of multiplying the first three equations in a, b, c, d, by a®, a*, 
and a, respectively, we multiply them by b^,b'\ and b, or by c^, c^, c, or 
iP, (P, d, and add the products to the fourth equation, we shall have in 
the first 

— 6* = p 6^ 4- g S'* + r 6 4* s, 

in the second 


in the third 


— c* = 4- g c’ -f. r c 4. 


— = /? 4- g d* 4. r d 4. / 

from which it follows, that we are conducted to the same equation in the 
case of a, in that of h, &c. Indeed the quantities, a, b, c, d, being all dis- 

2 a 2 
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degree of this equation ; but if we combine these factors two 
and two, we form quantities of the second degree, which will 
also be factors of the proposed equation, the number of which 
will be expressed by 

( 148 ). 


For example, the first member of the equation 

a?*— — a b c x ab c d ^0 

— — afcdzp 
— a cd X 

— c^*— b cd w 
b d x^ 

-f- c d a/’ 

being the product of 

(x — a) X (a? -r 6) X (a? — c) x (a? — d), 

may be decomposed into factors of the second degree, in the 
six following ways ; 

(a? ~ a) (a? — b) x (a? — c) (a? — d) 

\x — a) {x — c) X (a? — b) (a? — d) 

(a? — a) (a? — d) x {x — 6) {x — c) 

{x — b) {x — c) X Or — o) {x — d) 

{x — b) {x — d) X (a? — a) (op — c) 

(x — c) (x — d) X (x — a) (x — b) ; 

whence it appears, that an equation of the fourth degree may 
have six divisors of the second. 

By combining the simple factors three and three, we form 
quantities of the third degree for divisors of the proposed equa- 
tion ; for an equation of the degree n the number will be 


and so on. 


n (n — 1) (w — S) 

1T2T3 


posed in the same manner in each equation, it is not to be supposed that 
ono should be determined by a different operation from that of the others ; 
end, in general, if in the investigation of several unknown quantities, we 
ere obliged to employ for each the same reasonings, the same operations, 
and the same known quantities, all these quantities will necessarily be 
roots of the same equation. 
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Of Elimination among Equations exceeding the 
First Degree. 

CXCIIL The rule given in art. 78, or the method pointed 
out ill art. 84, is sufficient in all cases, for eliminating in two 
equations an unknown quantity, which does not exceed the 
first degree, whatever may be the degree of the others ; and 
the rule of art. 78, is applicable, even when the unknown quan« 
tity is of the first degree in only one of the proposed equations. 
If we have, for example, the equations 

ax* + b Off y + c sss m*, 

X* + X y = M*, 

taking, in the second, the value of which will be 



and substituting this value and its square, in the place of y and y* 
in the first equation, we obtain a result involving only x. 

CXCIV. If both of the proposed equations involved the 
second power of each of the two unknown quantities, the above 
method could be applied in resolving only one of the equations, 
eitlier with respect to x or y* 

Let there be, for example, the equations 

ax*+6xy + cy* = wi*, 

+ y* “ w*; 

the second gives 

y — dz\/ n* — X*. 

Substituting this value of y, and its square in the first, we 

obtain 

a ±h os y/ w* — X* + c (»* — X®) = w*. 

Our purpose appears to bo answered, since we have arrived 
at a result, which does not involve the unknown quantity y, 
but we are unable to resolve the equation containing x, without 
reducing it to a rational form, by making the radical sign, 
under which the unknown quantity is found, to disappear. 

It will be readily seen, that if this radital expression stood 
alone in one member, we might make the radical sign to dis* 
appear by raising this member to a square. Collecting together 
all the rational t erms the n in one member, by transposing the 
terms 6 x ^ n* — x* and w*, we have 
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o j?* + c (w* — ct^) — =a -h b a; ^ n* — tv "" ; 
taking the square of each meiuber we form the equation 




a'^ -f- + m* 

(w* — x "") — kam^x^ — 2cm“ (»* — 



whic h contains no radical eirpression. 

I’he inetliod, we have just employed for making the radical 
sign to disappear, deserves attention, on account of the frequent 
occasion we have to apply it ; it consists in insulating the 
quantify found under the radical sign^ and then raising the 
two members of the proposed equation to the power denoted 
by the degree of this radical sign. • 


CXCV. The complicated nature of this process, which in- 
creases in proportion to the number of radical expressions, 
added to the difficulty of resolving one of the proposed equa- 
tions wivh reference to one of the unknown quantities, a diffi- 
culty, which is often insurmountable in the present state of 
algebra, has led those, who have cultivated this science, to seek 
a method of effecting the elimination without this ; so that the 
resolution of the equations shall be the last of the operations 
required for the solution of the problem* 

In order to render the operation more simple, we reduce 
equations with two unknown quantities to the form of equations 
with only one, by presenting only that, which we wish to eli- 
minate. If we have, for example, 

a X y + b X — c if + d y e^ 

we bring all the terms into one member, and arrange them with 
reference to .r ; tlie equation then becomes 

+ {a y b) X — c 1 / — d y — e = 0 ; 
abridging this, by making 

ay-j-6==P, ^ c y* — dy — c = Q, 

we have 

a?* -h P 0? -f Q = 0. 

The general equation of the degree m with two unknown 
quautitiea must contain all the powers of x and y^ which do not 
exceed this degree, as well as those products, in which the sum 
of the exponents of x and y does not exceed m ; this equation 
then may be represented thus ; 


+(p+9y+»'y — +u'y”*=“0. 
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No coefficient is assigned to in this equation^ because ' we 
may always, by division, free any term of an equation we please, 
from the number, by which it is multiplied. Now if we make 
a = PiC + dy+ey^=Q,f + gy’jrky^ + ky^ = R, 


p + q y + w y — T’, p' + 9^ y + v' y"* = CT, 

the above equation takes the following form, 

+ P cr”*-' + Q + R + T x + U ^ 0. 


CXCVI. It should be observed, that we may immediately 
eliminate x in the two equations of the second degree, 

+ p 0? + Q = 0, A** + P' 0? + Q' = 0, 
by subtracting the second from the first. This operation gives 
(P ^P')x+ Q-Q'=. 0, 


whence 


X = 


Q-Q\ 

P—P’ 


substituting this value in one of the two proposed equations, 
the first for example, we find 


^r_?:(Q_-Q0 + 6) = o- 


(Q 

(P - PO 


making the denominators to disappear, we Jiave 

(Q — — P (P - PO (Q — Q') + Q(P~ Pf = 0, 

then developing the two last terms, by writing P — P' as their 
common factor 


(Q _ Qiy + (p _ p/) (PQf—Q P) = 0. 

We have then only to substitute for P, Q, P', and Q'. the par- 
ticular values which answer to the case under consideration. 


CXCVII. Before proceeding further, w^e shall show, how 
we may determine, whether the value of any one of the un- 
known quantities satisfies at the same time the two equations 
proposed. In order to make this more clear, we shall take a 
particular example ; the reasoning employed will, however, be 
of a general nature. 

Let there be the equations 

+ 3 y + 8 cT y* — 98 = 0 (1), 

x^ + 4f X y — 2 y* — 10 = 0 (2), 

which we shall suppose furnished by a question, that gives 
y = 3. 

In order to verify this supposition, we must substitute 8 in the 
place of y, in the proposed equation ; we have then 
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0?’ + 9 J?* + 27 ar — 98 — 0 : (a), 

a?* + 12 ^ — 28 — 0 (b), 

equation^), which must present the same value of cs^ if that, 
which has been assigned to be correct. If the value of x be 
represented by «, the equation (a) and the equation (b) will 
according to what has been proved in art. 187^ both of them be 
divisible by w — a ; they must, therefore, have a common divi- 
sor, of which X — a forms a part ; and in fact, we find for this 

common divisor x — 2 (48) ; we have therefore a = 2. Thus 

the value ^ ^ 3 fulfils the conditions of the question, and cor- 
responds to 07 ss 2. 

If there remained any doubt, whether or not the common 
divisor of the equations (a) and (b) must give the value of tr, 
we might remove it, by observing, that these equations reduce 
themselves to 

(o?* -I- 11 .1? + 49) (^ — 2) = 0, 

{x + 14) {w — 2) == 0, 

from which it is evident, that they are verified by putting 2 in 
the place of x. 

CXCVIIL The method vve have just explained, for finding 
the value of o?, when that of y is known, may be employed 
immediately in the elimination of x. 

Indeed, if we take the equations (1) and (2), and go through 
the process necessary for determining whether they have a com- 
mon divisor involving a?, instead of finding one, we arrive at a 
remainder, which contains only the unknown quantity y and 
numbers, that are given ; and it is evident, that if we put in the 
place of y its value 3, this remainder will vanish, since by the 
same substitution, the equations (1) and (2) become the equa- 
tions (a) and (b), which have a common divisor. Forming an 
equation, therefore, by taking this remainder and zero for the 
two members, we express the condition, which the values of y 
must fulfil, in order that the two given equations may admit, at 
the same time, of the same value for x. 

The adjoining table presents the several steps of the operation 
relative to the equations, 

x'^ + S x^ y + 3 X y* — 98 = 0, 
x*+*4ix y — 2y* — 10==0, • 

on which we have been employed in the preceding article. We 
find for the last divisor, 

(9 y* + 10) 0? — 2 — 10 y — 98 ; 

and the remainder, being taken equal to zero> gives 
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43 + 845 y^ — I960 \f + 750 y^ — S940 y — 430S = 0, 

an equation which admits, besides the value y = 3 given above, 
of all the other values of y, of which the ' questions proposed is 
susceptible. 

The remainder above mentioned being destroyed, that pre- 
ceding the last becomes the common divisor of the equations 
proposed ; and being put into an equation, gives the value of x 
when that oiy is introduced. Knowing, for example that y = 3 
we substitute this value in the quantity 

(9 y* + 10) a: — S — 10 2/ — 98 ; 

then taking the result for one member, and zero for the other, 
we have the equation of the first degree 

91 * 2 ? — 182 = 0, or j: = 2. 

CXCIX. The operation to which the above equations have 
been subjected, furnishe^occasion for several important remarks, 
First, it may happen that the value of y reduces the remainder 
preceding the last to nothing : in this case, the next Jiigher 
remainder, or that which involves the second power of .r, 
becomes the common divisor of the two proposed equations. 
Introducing then into this the value of y, and putting it equal 
to zero, we have an equation of the second degree, involving 
only the two values of which will correspond to the known 
value of y. If this value still reduce to nothing the remainder of 
the second degree, we must go back to the preceding, or that 
into which the third power of oo enters, because this, in the case 
under consideration, becomes the common divisor ot the two 
proposed equations ; and the value of y w'ill correspond to the 
three values of iX*. In general, we must go back until we arrive 
at a remainder, which is not destroyed by substituting the 
value of y. 

It may sometimes happen, that there is no remainder, or that 
the remainder contains only known quantities. 

In the first case, the two equations have a common divisor 
independently of any determination of y ; they assume then the 
following form, 

PxZ> = 0, QxJ9 = 0, 

D being the comm0i divisor. It is evident, that we satisfy both 
tho equations at the same time, by making in the first place 
= 0 ; and this equation will enable us to determine one of 
the unknown quantities by means of the other, when the factor 
D contains both ; but if it contains only given quantities and 
this unknown quantity will be determinate, and the other 
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will remain wholly indeterminate. With respect to the f ictors, 
which do not contain Xy they are found by what is laid down in 
art. 50. 

Next, if we make at the same time 

w'e have still two equations, which will furnish solutions of the 
question proposed. 

Let there be, for example, # 

(a X + b y — c) {m x n y — d) = 0, 

{a' X h' y — c’) (m x n y — d) = 0 ; 

by supposing, first, the second factor, common to the two equa- 
tions, to be nothing, we have with respect to the unknown quan- 
tities X and y only the equation 

m X ny — d = 0, 

and in this view the question Avill be indeterminate ; but if we 
suppress this factor, we are furnished with tlie equations 

a X h y — c == 0, .r + 6 ^ — v' = 0, 

or a X -{'by ^ Cy x -f y == c', 

and in this case the question will be determinate, since wc have 
as many equations as unknown quantities. 

When the remainder contains only given quantities, the two 
projiosed equations are contruclictory ; for the common divisor, 
by which it is shown that they may both he true at the same 
time, cannot exist, except by a. condition which can never be 
fulfilled. Tins case corresponds to that mentioned in art. 68., 
equations of the first degree*. 

CC, If then we have any two equations, 

^ p> ^.n-1 ^ Q' ^n-2 ^ p ^ ^ . f Y' f Z' = 0, 


* It will be readily perceived, by wbat precedes, that the problem 
for obtaining the final equation from two equations m ith two unknown 
quantities, is, in general, determinate ; but the same final equation an. 
swers to an infinite variety of systems of equations with two unknown 
quantities. Reversing the process, by which th^greatest common divisor 
of two quantities is obtained, we may form these systems at pleasure ; but 
as this inquiry relates to what would be of little use in the elementary 
parts of mathematics, and would lead us into tedious details, we shall not 
pursue it here. Researches of this nature must be left to the sagacity of 
the intelligent reader, who will not fail, as occasion offers, of arriving at a 
tttisfiictory result. 

2 R 2 
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where the second unknown quantity, y» is involved in the coeffi- 
cients, /^ Q, &c. P^, Q^, &c. the elimination of the unknown 
quantity w is effected : in seeking the greatest common divisor 
of their first members, we resolve them into other more simple 
expressions, or come to a remainder independent of w, wllich 
must be made equal to zero. 

This remainder will form the final equation of the question 
proposed, if it does not contain factors foreign to tliis question ; 
but it very often begins with j^Iynomials involving y, by which 
the highest power of .r, in the several quantities, that have been 
successively employed as divisors, is multiplied, and we arrive 
at a result more complicated than that which is souglit, should 
be. In order to avoid being led into error with respect to the 
values of y arising from these factors, the idea, which first pre- 
sents itself, is, to substitute immediately in the equations pro- 
posed, each of the vahiea furnished by the equation involving y 
only; for all the values, which give a common divisor to these 
equations, necessarily belong to the question, and the others 
be excluded. It will be perceived also, that tlie final equa- 
tion will become incomplete, if we suppress in the operation 
any factor involving y ; but all these circumstances together 
occa'^ion some inconvenience iu the application of the above 
method, and lead us to prefer the method given by Euler, which 
we shall explain in the following article. 

CCI. Let there be the equations 

^ P -j- Q P 
0?^ -f- P' 0?" -t- Q' .v" + iPcr -h 0; 

representing by .t — a the factor, which must be common to 
both, when y is determinate in a proper sense, we may consider 
the first as the product of .r — a by the factor of the second 
degree, d?® -f- p r a-nd the second as the product of .z' — a 
by the fiictor of the third degree -f p' -f q' x -f r', p and 
p', q* and r' being indeterminate coefficients. VVe have then 

+ P a?® + Q a; + = (a: — ol){x^ +px + q)^ 

+ P' x^ -i- 0! x*+ R X + (,r — a) + pV + q' x +t'). 

Exterminating the binomial {x — a), jn the same manner as an 
unknown quantity of the first degree (84), we find 

(a?^ -1- P a:^ -f- Q x + R) [x^ -f p' a?^ -J- q' x + r') 

{x^ + P' a?« -1- Q' a?2 + ^ + S’) + p a? -f- g) ; 

a result, which must verify itself without any particular valii 3 
being assigned to x ; this cannot take place, however, unless 
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the first member be composed of tlie same terms as the second ; 
we must, therefore, after performing the multiplications, which 
are indicated, put the coefficients belonging to each power of x 
in one member, respectively, equal to tho^e belonging to the 
same power in the other. Li this way we obtain the following 
equations ; 

+R'p-\'Qq 

Q+Pp' + q=^Q+Fp-^q, I{q-\^Qv>^Sp^Wq 

R + + +r' Qp + P% Rr'=^S'q. 

As we have here six equations, and only fiv^e indeterminate 
quantities, namely, p, q. p\ q\ and r\ all of which are of the first 
degree, these quantities may be exterminated ; we shall thus ar- 
rive at an equation, wliioli, involving only the quantities P, Q, 
if, P', Q', li\ and will express a condition necessarily im- 
plied in the conditions of the question, and which, consequent- 
ly, will be the final equation in 

Should this equation be identical, it follows, that the propos- 
ed equations have at least one factor of the form x — a, what- 
ever y may be ; on the contrary, if the final equation contain 
only known quantities, the proposed equations are contradictory. 

When the final equation takes place, we obtain the factor .r — a 
by dividing the first of the pro|)Osed equations by the polyno- 
mial + p X ^ q ; we find for the quotient 

X + P — 

and neglect the remainder, because it must necessarily be re- 


* The method of Euler, explained here, amounts to multiplying each 
of the proposed etiuations by a factor, the coefficients of which are indeter- 
minate, putting the products equal, and disposing the coefficients in such 
a manner, that the terms containing the unknown quantity destroy each 
other. In this form it is presented in his Introduction to the Analysis of 
Infinites. The exponent, uhich denotes the degree of the products, l>eing 
designated by /f, that of the factors is^ — m for the equation of the degree 
m, and k — n for that of the degree n. The first term of each of these 
factors, having unity for a coefficient, the one contains k — m iridetermi. 
nate coefficients, and the other k — n. The sum of the products contains 
a number k of terms involving or/ hut it is necessary to destroy — 1 
terms only, because that, wiiich contains the highest power of a?, vanishes 
of itself. It follows from this, that the whole niimher 52 /f — m — of in- 
determinate coefficients must he equal to k — 1, and consequently k = m 
^ n — 1 ; we must, therefore, multiply the equation of the degree m by 
a factor of the degree n — 1, that of the degi:ee n by a factor of the de- 
gree m — 1, and put the products equal, term to term, a method similar 
to that given in the text. It may be observed, that this former method 
of Euler contains the germ of that developed by Bezout in his Theoriedea 
Equations Aig^briques, 
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dnced to notlilnjgr, when we substitute in the place of y a value 
obtained from the final equation. Putting the above quotient 
equal to zero, we find 

v == p — P, 

and this value of . 2 ? will be known, or at least will be expressed by 
means of y, if we substitute for p its value deduced from the 
equations of the first degree, formed above. 

This expression assumes, in general, a fractional form, so that 

we have .v or Nx — Jf = 0 ; and it may be seen in this 

case, that the values of y, which would cause jl/and iVto vanish 
at the same time, would verify the preceding equation indepen- 
dently of .v ; tliis takes place in consequence of the fact, that 
by means of these values, the proposed equations would acquire 
a common factor of a degree above the first. It would not be 
.difllcult to go back to the immediate conditions in which this 
circumstance is implied ; but the limits we have prescribed 
in the present treatise, do not permit us to enter into details 
of this kind. 

cell. Now let there be the equations 

+ P a: + C = 0, 0?^ + P/ 0* + Q' = 0 ; 

the factors by which x — a is multiplied, will be here of the 
first degree, or x p and x + p^ simply ; in this case, 

i? = 0, P' = 0, = 0, y = 0, 9' =F= 0, = 0, 

and we have 

P p' = p/ + p 1 r p —p' = P — P' 

Q + P p' = Q' + Pf p Y or ^ P' p — P — Q — Q' 

Qp' = Q'p J — = 

From the first two equations we obtain 

_(P — P)P—{Q — Q) . 

p ^ ■ ’ 

P — p — p' 

Substituting these values in the third, we have 

p-,/") Q'P—(Q—Q') Q ={P — P) P'Q— (Q— Q')Q 

or (P — P) (P Q' — Q P') + (Q — Qy = 0. 

Now if in the equation 

w = p — P-, 
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we put in the place of p,its value found above, we have, as in (196) 

Q-Q' 


CCIII. In order to aid the learner, we shall indicate the 
operations necessary for eliminating (v in the two equations 
cr’ + r + Q a + i? = 0, a" + + Q' -f 0. 

Ill this case, we have 

*S" = 0, r' = 0 (^01), 
and are furnished with these five equations ; 

P + p‘ + p, 

Q-hPp'+q' =Q' +P'p + q. 

li + Qp'+Pq' = IP *+ Q'p + P' 7, 
Itp'TQ q' =^K'p + QW/, 

Ji q' = q, 

which may take the following form, 

p _ p' = P _ P', 

P'p_Pp/f q — q^ =Q_Q; 

Qi p^Qpi ^ P',^—Pq> — P', 

R' P —R p + Q' q — Q = 0, 

/p q — Rq'^0. 

We may, bi" the rules given in art. 88, obtain immediately 
from any four of these equations, the values of the unknoAvii 
quantities p, gaud q' ; but the simple form, under which 
the first and the last of the equations are presented, enables us 
to arrive at the result, by a more expeditious method. In 
order to abridge the expressions, we make 

P _ P = Q—Q'=e', R — IP = c 

and proceed to deduce from the first and last of the proposed 
equations, 


then substituting these values in the three others, and making 
the denominator R to disappear, we have 

(P —P)Rp + {R — R')q = R {P —Pe) ... (a), 
((p—Q) Rp + iRP'-PR')q^R (eJ' - Qe) ... (b), 

(R' — R)Rp + {RQ'—QR')q==^JL.R^e (c). 

If now we obtain, from the equations (a) and (b), the values of 
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p and (88), and suppress the factor R, which will be common 
to the numerators and the denominator, we have 

—P e) {RP' — P R ) _ {R — R ) — Qe) 

P (F _ P) {UP—P R) — {R _ R) {Q' — Q) r 
(pi — P) {e‘'—Cle)R—R{e^ — Pe) {Q! — Q) 

9 (/>/ — P) (RP—P R) — (« — R) (Q/ _ Q) ’ 

putting these values in the equation (c), we obtain a final equa- 
tion, divisible by /?, and which may be reduced to 
(5' — R) [[e> — Pe) {R P—P /? ) — {R — R) — Q e)] 
+ {RQ'—Q R) [(P' - P) —Qe)-{e^ — Pe) («' - Q)] 
— —Re [(P — P) {RP —PR') — {R — R') (Q — Q)]; 

it only remains tlien to substitute for the letters the 

quantities they represent. 

CCIV. If we have the three unknown quantities y, and z, 
and are furnished with an equal number of equations, distin- 
guislied by (I), (2), and (3) ; in order to determine these un- 
known quantities, we may combine, for example, the equation 

(1) with (2) and with (3), to eliminate ac, and then exterminate 
y from the two results, which are obtained. But it must be 
observed, that by this successive elimination, the three pro- 
posed equations do not concur, in the same manner, to form 
the final equation; the equation (1) is employed twice, while 

(2) and (3) are employed only once ; hence the result, to which 
we arrive, contains a factor foreign to the question (84). Bd- 
zout, in his Theorie des Equations^ has made use of a method, 
which is not subject to this inconvenience, and by which he 
proves, that the degree of the final equation^ resulting from 
the elimination among any number whatever of complete 
equations^ containing an equal number of unknown quanti- 
ties^ and quantities of any degrees whatever^ is equal to the 
product of the exponents^ which denote the degree of these 
equations. At present, we shall observe simply, that it is easy 
to verify this proposition in the case of the final equations pre- 
sented m Itrticles SOS, and S03. If we suppose the proposed 
equations given in those articles to be complete, the unknown 
quantity y enters of the first degree into P and P\ of the second 
degreb into Q and Q', of the third into R and 22' ; hence it 
follows, that e will be of the first degree, e' of the second, and 
6" of the third, and that of the terms of the highest degree 
found in the products indicated in the final equation given in 
art. SOS, will have 4, or S . S, for an exponent, and those of the 
final equation art. SOS, will have 9 or 3 • S. 
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Of Commensurable Roots and the equal Roots of 
Numerical Equations. 

CCV. Having made known the most important properties 
of algebraic equations, and explained the method of eliminating 
the unknown quantities, when several occur, we shall proceed to 
the numerical resolution of equations with only one unknown 
quantity, that is, to the finding of their roots, when their coef- 
ficients are expressed by numbers*. 

We shall begin by showing, that when the proposed equation 
has only whole numbers for its coefficients and that of its 
first term is unity., its real roots cannot he expressed by frac- 
lions., and consequently can he only whole numbers^ or num- 
bers., that are incommensurable. 

In order to prove this, let there be the equation 

*» + P + Q + Tx+ U=0, 

in which we substitute for x an irreducible fraction ; the 

b 


equation then becomes 

+P - — + Q - — 4- C7 = 0; 

in ^ ‘ ^ ln-2 & 

reducing all the terms to the same denominator, we have 

a” -f P b + Q + Ta 6”-* + = 0, 

which is equivalent to 

a" + 6 ( P f Q a”-' h .... + P a 6”-^ + U 6”-') = 0. 

Tlie first member of this last equation consists of two entire 
parts, one of which is divisible by b, and the other is not (.98), 

since it is supposed, that the fraction ^ is reduced to its most 

simple form, or that a and h have no common divisor ; one of 
these parts cannot therefore destroy the other. 


CCVI. After what has been said, we shall perceive the uti- 
lity of making the fractions of an equation to disappear, or of 
rendering its coefficients entire numbers, in such a manner, 
however, that the first term may have only unity for its coeffici- 


* There is no general solution for degrees higher than the fourth ; 
properly speaking, it is only that for the second degree, which can he re- 
garded as complete. The expressions for the roots of equations of the 
third and fourth degree are very complicated, subject to exceptions, and 
less convenient in practice than those, which we are about to give. 
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ent. This ia clone hy makinfj the unknown quantity proposed^ 
equal to a new unknown quantity^ divided by the product of 
all the denominators of the equation^ then reducing all the 
terms to tlie same denominator, by the method given in art. 52. 

Let there be, for example, the equation 

rn n p 


Tve take cg =i — ^ — , and introducing this expression for x into 
m n p 


the proposed equation, we obtain 

y' . ay' . 

// m® n* p^ m p 



0 ; 


as the divisor of the first term contains all the factors found in 
the other divisors, we may multiply by this divisor, and thus 
reduce each term to its most simple expression ; we find then 


y^ -j- a n p y^ h ni* n p^ y c w® /)* = 0. 

If the denominators, m n p, Jiave common divisors, it is only 
necessary to divide y by the least number, which can be divided 
at the same time by all the denominators. As these methods 
of simplifying expressions will be readily perceived, we shall 
not stop to explain them ; observing only, that if all the 
denominators were equal to m, it would be sufficient to make 



The proposed equation, which would be in this case, 


3 , a , 

^ + + 

m 



m m 


0 , 


then becomes 



m m m 


and we have 

y* + a y"^ b m y c m* = 0. 

It is evident, that the above operation amounts to multiply* 
ing all the roots of the proposed equations by the number m, 


since x = - - gives y — m x. 
m 


CCVII. Now since, if a be the root of the equation 
+ P + Q + Tx+ U^O, 

we have 
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U^ — a^^P _ Q a—* ^Ta (187), 

It follows, that a is necessarily one of the divisors of the entire 
mimber (7, and consequently, when this lunnber has but few 
divisors, we have only to substitute them successively in the 
place of a?, in the proposed equation, in order to determine 
whether or not this equation has any root among whole num- 
bers. 

If we have, for example^ the equation 

27 a? — 38 == 0, 

as the numbers 

1, 2, 19, 38, 

are the only divisors of the number 38, we make trial of these, 
both in their positive and negative state ; and v\ e find, that the 
whole number + 2 alone, satisfies the proposed equation, or that 
.r = 2. We then divide the proposed equation by a? — 2; 
putting the quotient equal to zero, we form the equation 

— 4 -f 19 == 9, 

the roots of which are imaginary ; and resolving this, we find 
that the proposed equation has three roots, 

x—% ^* = 2 -(- — 15, 07=*: 2 — — 15. 

CCVIII. The method just exjdaiued, for finding the entire 
mimber, which satisfies an equation, becomes impractical>le, 
when the last term of this equation ha« a great number of divi- 
sors ; but the equation 

_ Q — T a, 

furnishes new conditions, by means of which the operation may 
be very much abridged. In order to make the process more 
plain, we shall take, as an example, the equation 

^ P x' + Q .17* + R .r f = 0. 

The root being constantly represented by we have 
-j- a” -j- Q a* -j- jK G 9, 

S = ^ R a — Qa^ — P — a\ 
from which we obtain 

Po*— a*. 

a 

It is evident from this last eauatioo, that — most he a whole 

a 

number. 


2 s S 
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Bringing R into the first member, we have 

- + -Qo — Pa — o'; 

a 

S 

abridging the expression by making — 21 »=* J?, and dividing 

CL 

the two members of the equation 

R' = — Q a — P a* — a’ 

by a, we have 

— Q — Pa —a\ 
a 

R* 

whence we conclude, that — must also be a whole number. 

a 

R 

Transposing Q, and making — + Q = Q\ then dividing the 
two members by a, we obtain 


P-a. 

a 


Qt 

whence we infer, that — must be a whole number. 
a 

O' 

Lastly, bringing P into the first member, making — P 

a 

= P', and dividing by «, w'e have 



a 


Putting together the above mentioned conditions, we shall 
perceive that ^he number a will be the root of the proposed 
equation, if it satisfy the equations 

~ +p = p'. 
a 


— + Q = Q', 

a 


in such a manner, ns to make P', Q', and P' whole numbers. 

Hence it follows, that in order to determine, whether one of 
the divisors a of the last term S can be a root of the proposed 
equation, we must. 
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1st. Divide the last term by the divisor a, and add to the 
quotient the coefficient of the term involving x ; 

Snd. Divide this sum by the divisor a, aftd add to the quo- 
tient the coefficient of the term involving x* ; 

§rd. Divide this sum by the divisor a, and add to the quo- 
tient the coefficient of the term involving x® ; 

4th. Divide this sum by the divisor a, and add to the quo- 
tient unity^ or the coefficient of the term involving x* ; the 
result will become equal to zero^ if a in fact^ the root. 

The rules given above are applicable, whatever be the degree 
of the equation ; it must be observed, however, that the result 
will not become equal to zero, until we arrive at the first term 
of the proposed equation*. 

CCIX. In applying these rules to a numerical example, we 
may conduct the operation in such a manner as to introduce 
the several trials with all the divisors of the last terni, at the 
same time. 

For the equation 

_ 9 + T6 .v* — 20 a? + 15 = 0, 

the operation is, as follows ; 

+ 15, + 5, + 3, + 1, — 1, — S, — 6, — 15, 

+ 8, + 5, + 15, — 15,— 5,— 3,— 1, 

— 19, — 17, — 15, — 5, — 35, — 25, — 23, — 21, 

— 5, — 5, + 35, 

+ 18,+ 18, +5S, 

+ ti, + 18, — 58, 

— 3, + 9,-67, 

— 1, + 9, + 67, 

0 . 

All the divisors of the last term 15 are arranged, in the order 
of magnitude, both with the sign + and — , and placed in the 
same line ; (this is the line occupied by the divisors a.) 


* It would not be difficult to prove by means of the formula for the 

s IV cy 

quotients given in art. 188, that the quantities - , — , -- taken with the 

a a a 

sign — ; and with the order inverted, are the coefficients of the quotient 
arising from the polynomial 

47^ + P«3+Qd^ + ila; + iy 
divided hy a a, and which Is consequently, 


a * 
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The second line contains the equations arising from the num- 
ber 15, divided uuccessively by all its divisors ; (this is the line 

s 

for the quantities ^.) 

it • • 

The third line is formed by adding to the numbers found 
in the preceding the coefficient — £0, by which /v is multiplied ; 

^this is the line for the quantities iJ' = ^ + J?.) 

a 


The fourth line contains the quotients of the several numbers 
in the preceding, divided by the corresponding divisors ; (this is 

the line for the quantities ^ .) In forming this line, we neglect 


all the numbers, which are not entire. 

The fifth line results from the numbers, written in the pre- 
ceding, added to the number 28, by which is multiplied; 
(this line contains the quantities Q',) 

The sixth line contains the quotients arising from the num- 
bers in the preceding, divided by the corresponding divisors ; (it 

comprehends the quantities — .) 


The seventh line comprehends the several sums of the num- 
bers in the preceding, added to the coefficient — 9, by which 

a?* is multiplied ; (In this line are found the quantities — -j- P.) 

a 

Lastly, the eighth line is formed, by dividing the several 
numbers in the preceding by the corresponding divisors ; (it is 


the line for —.) 

a 


As we find — 1 only in the column, at the 

that the proposed 
namely + 8 ; it is, 


head of which + 3 stands, we conclude, 
equation has only one commensurable root, 
therefore, divisible by a? — o*. 

The divisors H- 1 and — 1 may be omitted in the table, as it 
is easier to make trial of them, by substituting them immedi- 
ately in the proposed equation. 


CCX. Again, let there be, for example, 
a?* — 7 4?* -1- 86 0. 

Having ascertained, that the numbers + 1 and — 1 do not 
satisfy this equation, we form the table subjoined, according to 


* Forming^the quotient according to the preceding note, we find 
— 6 .r ’ ^ 5 ^ 5. 
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the precedinj^ rules, q^servlng that, as tho term involvinj? x is 
wanting in this equation, ,v must be regarded as liaving 0 for a 
coefficient ; we must, therefore, suppress the third line, and 
deduce the fourth immediately from the second. 

J- 3(1.* 4< 18. 4. 12. 4- 9. 6. 4- 4. 4- 3, 4. 9, — 2. — 3. — 4. — fl. — P. — 12, — 1*. — 36 

4- 1,4. «, 4- 3. 4. 4. 4- 6. 4* 9. 4. 12. 4- 18, — 18, — 12. — !>, — 6, — 4. — 3. — 2. — I 

9ic ;ic ;|c 4 ; H: H: He % 3)f He sfc Hc)|e 4 : 4e He He ^ ^ He 4c ^ ^ ^ He ^ He He ^ 

+ 1, + 4, + 9, + 9, + 4, + 1, 

— 6, — 3, + 2, 4- % — 3, — 6, 

— 1 , — 1 , 1 , — 1 , + 1 , + 1 » 

0 , 0 , 0 . 

We find in this example three numbers, winch fulfil all the 
conditions, namely, + 6, + 3, and — S. Thus we obtain, at 
the same time, the three roots, which the proposed equation 
admits of; we conclude then, that it is the produoJt of throe 
simjile factors, a; — 6, . 2 ? — 3, and a? + 2. 

eeXT, It may he observed, that there are literal equation^, 
which may be transformed, at oiice> into ninnerical ones. 

If wc have, for exaiiqile, 

+ f/“ — S3 p" 2/ + U p’ = 0, 

making y =:p .r, we obtain 

/r* + 2 p^ — S3 a* + 14 == 0, 

a result, which is divisible by p\ and may be reduced to 

— 33 a? + 1 4* = 0. 

As the commensurable divisor of this last equation is a' + 7^ 
which gives x — 7^ we have 

y = — ^p. 

The equation involving y is among those which are called 
homogeneous equations^ because taken independently of the 
numerical coefficients, the several terms contain the same num- 
ber of factors*. 

CCXII. When we have determined one of the roots of an 
equation, we may take for an unknown quantity the difference 
betvveen this root and any one of the others ; by this moans 
Ave arrive at an equation of a degree inferior to that of the 
equation proposed, and which presents several remarkable pro- 
perties. 


* For a more full account of the commenmrnhle divisors of equations, the 
reader is referred to the third part of the Bl6mens d* Algibre of Ciairaut. 
This geometer has treated of literal as M'eil as numerical equations. 
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Let there be the general eqaation 

+ P + Q + R + T w + U =2 0, ‘ 

and let a, 6, c, cf, &c. be its roots ; substituting a + ^ in the 
place of Xy and developing the powers, we have 


o** + ma”^^y 


m {m — 1) 

i 


o”^y+...+r 


+Po"»-‘+ ( ot-^ 1 ) Pa”-»y+ • •» 

+Qo™-*+ (m— 2) Qo”-^y*+ . . . 

% 

+Po"^+(»i— 3)Ba’'-‘y+ ... 

% 


l>-0. 


+Po + Py 

The first colunrin of this result, being similar to the proposed 
equation, vanishes of itself, since a is one of the roots of this 
equation ; we may, therefore, suppress this column, and divide 
all the remaining terms by y ; the equation then becomes 

m -f -f ...+ 

+ (m— 1) F <r-' + ’K”*— p f ... 

+ (»-2) e Q .-.j, 

+ (m_S) B a— + (?!=?)(”:=t) n a~>, +... 


+ T 


This equation has evidently for its m — 1 roots 


— o, y = c — a, y 
We shall represent it by 


d — a 


&c. 


+»■-■' 


id). 


abridging th^ expressions, by making 

m + (m — 1 ) /^ + (wi — 2) Q a***”"® + T A 

m {#w — 1) + (m — 1) (m — g) P 

&c. ^ 

and we shall designate by V the expression 

+ P + Q + Ta + U. 


B, 
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CCXIIl. If the proposed equation has two equal roots ; if 
we have, for example, a — 6, one of the values of y, namely 
6 — o, becomes nothing ; the equation (d) will therefore be 
verified, by supposing y = 0; but upon this supposition all the 
terms vanish, except the known term A ; this last must, there- 
fore, be nothing of itself ; the value of a must, therefore, satisfy, 
at the same time, the two equations 

V — 0 and A = 0. 

When the proposed equation has three roots equal to cr, 
namely a = b = two of the roots of the equation (d) become 
nothing, at the same time, namely, b — a and c — a. In this 
case the equation (d) will be divisible twice successive!}^ by 
y — 0 (187) or y ; but this can happen, only when the coeffi- 
cients A and B are nothing ; the value of a must then satisfy, 
at the same time, the three equations 

F = 0, J == 0, = 0. 

Pursuing the same reasoning, ive shall perceive, that when 
the proposed equation has four equal roots, the equation {d) 
will have three roots equal to zero, or will be divisible three 
times successively by y ; the coefficients A^ and C, must 
then be nothing, at the same time, and consequently the value 
of a must satisfy at once the four equations, 

F = 0, ^ 0, ^ = 0, C = 0. 

By means of what lias been said, we shall not only be able to 
ascertain, wdiether a given root is found several times among 
the roots of the proposed equation, but may deduce a method 
of determining, whether this equation has roots repeated, of 
w hich w'e are ignorant. 

For this purpose, it may be observed, that when we have 
^ = 0, or 

m — 1) P Q + T = 0, 

we may consider a as the root of the equation 
m -(- (»i — 1) P + (fn — 2) Q + T = 0, 

representing, in this case, any unknown quantity whatever ; 
and since a is also the root of the equation F = 0, or 

+ P -+ &c. = 0, 

it follows (197), that /r — a is a facter common to the two 
above mentioned equations. 

Changing in the same manner a into a* in the quantities, 
B, C, &c. the binomial x — a becomes likewise a factor of the 
two new equations, P = 0, (7 = 0, &c. if the root a reduces to 
nothing the original quantities, P, C, &c. 

S r 



314 


OF COMMENSURABLE ROOTS AND TftE 


What lias heon said with respect to the root may be ap- 
plicMl to (jvery other root, which is several times repeated; thus, 
by seeking, according to the method given for finding the great- 
est comuion divisor, the factors common to the equations, 

F = 0, ^ = 0, J? = 0, C = 0, &c. 

we shall be furnished with the equal roots of the proposed equa- 
tion, in the following order ; 

The factors common to the first two equations only, are twice 
factors in the equation proposed ; that is, if we find for a com- 
mon divisor of F = 0 and ^ = 0, an expression of the form 
{of == a) (.17 — 6), for example, the unknown quantity (c will 
have to values equal to a, and two equal to 6, or the proposed 
equation will have these four factors, 

— a), {x — a), (x — C), (x — C ) . 

The factors common, at the same time, to the first throe of the 
above mentioned equations form triple factors in the proposed 
equation ; that is, if the former are presented under the form 
(.77 — a) (x — €), the latter will take the form, (ti? — a)^ (a — 
I’his reasoning may easily be extended to any length we please. 

CX;)XIV. It may he remarked, that the equation J = 0^ 
which, by changing a into .77, becomes 

m + (w — 1) ^ Q + 7^ = 0, 

is deduced immediately from the equation V — 0, or from the 
proposed equation, 

a”* -j- P + Q ... + 7’ a? -|- = 0, 

by multiplying each term of this last by the exponent of the 
power of a’, which it contains, and tlien diminishing this exfio- 
neiit by unity. We may remark here, that the term f/, wdiich 
is equivalent to U X is reilucetl to nothing in tins operation, 
where it is multiplied by 0. equation P ~ 0 is ul)laiiied 

from A ~ 0, in the same manner as A — 0 is deduced from 
F = 0 : 6' = 0 is obtained from B = 0, in the ^ame manner 
as this from A = 0, and so on*. 


* It is Siiewn, though very imperfectly, in most elementary treatises, 
that, the divisor oominon to the two equations F-~Oand J ~ 0 con- 
tains equal factor.s raised to a pi»\ver less by unity than that of the equa- 
tion proposed ; this may he readily inferred from what precedes; hiii for 
n demonstration id* tins proposition we refer tliei'eader to the Complement 
of Lacroix’s Algebra, where it is proved in a manner, both simple and 
new. 
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CCXV. To illustrate what has been said, by an example, 
we shall take the equation 

—lSx^ + 67 .1?“ — 171 + 216 ar — 108 = 0; 

the equation A =0 becomes, in this case, 

6 A* _ 52 a?’ + 201 a;* — 342 ^ + 216 = 0; 
the divisor common to this and the proposed equation is 
8 cv* + 21 .r — 18. 

As tliis divisor is of the third degree, it must itself contain seve- 
ral factors : we must therefore seek, whether it does not con- 
tain some that are common to the equation = 0, which is 
here 

20 — 156 cu* + 402 a? — 342 = 0. 

We find, in fact, for a result x — 3 ; the proposed equation 
then has three roots equal to 3, or admits of (.j? — 3)® among 
the number of its factors. Dividing the first common divisor 
by X — 3, as many times as possible, that is, in this case twice, 
we obtain x — 2. As this divisor is common only to the pro- 
posed equation, and to the equation ^ = 0, it can enter only 
twice into the proposed equation. It is evident, then, that this 
equation is equivalent to 

(x — sy {x — 2)^ = 0. 

eeXVI. As the equation (d) gives the diflerence between 
h and the several other roots, when h is substituted for a, the 
dillerences between the root c and the others, when c is sub- 
stituted for a, &c. and undergoes no change in its form by these 
several substitutions, retaining the coefficients belonging to the 
equation proposed, it may be converted into a general equation, 
which shall give all the deferences between the several roots 
combined two and two. For this purpose, it is only necessary 
to eliminate a by means of the equation 

-f- -t- Q + 7" a -f U =Q\ 

for the result being expressed simply by the coefficients, and 
exhibiting the root under consideration in no form whatever, 
answers alike to all the roots. 

It is evident, that the final equation must be raised to the 
degree m {rn — 1) ; for its roots 

a — 5, (t — 0 , a — .d, &€• 

b — b — c, b — d, &c. 

c — a, c — bf c — d, &c. 


2x2 
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are equal in number to the number of arrangements, which the 
m letters, a, 6, c, &c. admit of when taken two and two. 
Moreover, since the quantities 

a — h and b — a, a — c and c — a, h — c and c — 6, 8rt;. 

differ only in the sign, the roots of the equation are equal, when 
taken two and two, independently of the signs; so that if we 
have y = a, we shall have, at the same time y — — a. Hence 
it follows, that this equation must be made up of terms involv- 
ing only even powers of the unknown quantity ; for its first 
member must be the product of a certain number of factors of 
the second degree of the form 

= (t/ _ a) (y + a) (192) ; 

it will, therefore, itself be exhibited under the form 

-f p + q + t t/ + u = 0. 

If we put y* = this becomes 

r" + /> + q 

and as the unknown quantity ir is the square of y, its values 
will be the squares of the differences between the roots of the 
proposed equation. 

It may be observed, that as the differences between the real 
roots of the proposed equation are necessarily real, their squares 
will be positive, and consequently the equation in % will have 
only positive roots, if the proposed equation admits of those 
only which are real. 

Let there be, for example the equation 

0?^ _ 7 a? -h 7 = 0 ; 

putting a? = a + y, we have 

a* + 3 a" y + 8 a y* + yn 
— 7a — 7y ^=0. 

+ 7 J 

Suppressing the terms a* — 7 a + 7, which, from their identity 
wdth the proposed equation, become nothing when united, and 
dividing the remainder by y, we have ^ 

8a* + 8ay + y* — 7 = 0; 

eliminating a by means of this equation and of the equation 

a® — 7 a -H 7 = 0, 

we have 



l^QUAL ROOTS OF NUMERICAL EQUATIONS. 


817 


y®_42y"4-44J y*— 49 = 0; 

putting z as y*, this becomes 

— 42 «* + 441 « _ 49 «= 0 . 


CCXVII. The substitution of a + ^ in the place of x in 
the equation 

+ P + Q + t7 = 0 (212), 


is also sometimes resorted to in order to make one of the terms 
of this equation to disappear. AVe then arrange the result with 
reference to the powers of y, which takes the place of the un- 
known quantity a?, and consider a as a second unknown quanti- 
ty, which is determined by putting equal to zero the coefficient 
of the term we wish to cancel ; in this way we obtain 


ml m 1 I ^ ^ ) a m~2 

+ P y®— * (m — ] ) Pa y”~* 

+ Q y”-* 


+ o® 

+ P 

+ Q a®-* 


>=0. 


+ U 


If the term we would suppress be the second, or that which 
involves y"*"”S we make m u + P = 0, from which we deduce 
P 

a = Substituting this value in the result, there re- 

m 


main only the terms involving 

&c. 

Hence it follows, that we make the second term of an equa- 
tion to disappear^ by substituting for the unknown quantity 
in this equation a new unknown quantify united with the 
coefficient of the second term taken with the sign contrary to 
that originally belonging to it^ and divided by the exponent of 
the first term- 

Let there be, for example, the equation 
- cl?* -f- 6 0?* — 3 ,17 + 4 = 0 ; 

w^e have by the rule g 

x-y— - = y — 2; 


substituting this ralue, the equation becomes 

y* — 6y*+ 12y— 81 
+ 6 y* — 24 y + 24 
— 8y+ 6f 
+ 4j 
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which may be reduced to 

= 0, 

in which the term involving* does not appear. We may cause 
the third term, or that involving to disappear by putting 

equal to zero the snni of the quantities, by which it is multi- 
plied, that is, by forming the equation 

«’ + (>» — 1) P a + Q = 0. 

Pursuing this method, w^e shall readily perceive, that the fourth 
term will be made to vanish by means of an equation of the 
third degree, and so on to the last which can be made to dis- 
aj>pear only by means of the equation 

fA”* + P + Q tr-^ -f- f7 cur 0, 

jjcrfectly similar to tlie equation proposed. 

It is not difficult to discover the reason of this similarity. By 
making the last term of the equation in y equal to zero, we sup- 
pose, that one of the values of this unknown quantity is zero ; 
and if we admit this supposition with respect to the equation 
X z=z y it follows that x = a ; that is, the quantity a, in 
this case, is necessarily one of the values of 

CCXVllI. We have sometimes occasion to resolve equa- 
tions into factors of the second and liiglier degrees. We cannot 
here explain iu detail the several processes, which may he em- 
ployed for this purpose ; one example only will be given. 

Let there be the equation 

_ Q4 ,^.3 + 12 _ 1] f 7 == 0, 

in which it is required to determine the factors of the third de- 
gree ; we shall represent one of these factors by 
+ p 4- q 

the coefficients p, 7, and ?% being indeteVmiiiate. They must be 
such, that the first member of the proposed equation will be 
exactly divisible by the factor 

3 ?* 4 - p a* -f q 0 ? -f r, 

independentl}’' of any particular value of x ; but in making an 
actual division, we meet with a remainder 

— (p® — 2 p q — ^4? p + r — 12) a;* 

— (p"' q — p r — q* — 24 q -f 11) a? 

— (p* r — q r — 24 r — 7), 

an expression which must be reduced to nothing, independently 
of a’, when we substitute for tlie letters, p, q, and 7*, the values 
that answer to the conditions of the question. We have then 
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p* — ^ p q — 24 p+ r — 12 = 0, 

yq— p r — q^ 24 9 + 1 1 ==> 0 , 

p* r — q r — 24 r — 7 = 9. 

These three equations furnish us with the means of deter- 

mining the unknown quantities, p, 7, and r : and it is to a reso- 
lution of these, that the proposed question is reduced. 


Of the Tlesoliition of Numerical Equations hy 
Approximation . 


CCXIX. Having completed the investigation of commen- 
surable divisors, we must have recourse to the methods of finding 
roots by approximation, which depend on the following prin- 
ciple : 

When we arrive at two quantities^ which^ substituted in the 
place of the luiknown quantity hi an equation^ lead to two 
results with contrary siyns^ we may infer^ that one of the 
roots of the proposed equatioji lies between these two quanth 
ties^ and is consequently real. 

Let there be, for example, the equation 

+ — 1 = 0 ; 

if we sub.stitute, successively, 2 and 520 in the place of.r, in the 
first member, instead of being reduced to zero, tliis member 
becomes, in the former case, equal to — 31, and in the latter, 
to -f ; we may therefore conclude, that this equation has 
a real root between 2 and 20, that is, greater than 2 and less 
than 20. 

As there will be frequent occasion, to express this relation, 
we shall employ the signs and which algebraists have 
adopted to denote the inequality of two magnitudes, placing 
the greater of two quantities opposite the opening of the lines, 
and the Jess against the point of meeting. Thus we shall write 

X 2, to denote, that iv is greater than 2, 

X ^ 20, to denote, that x is less than 20. 

Now in order to prove what has been laid down above, we 
may reason in the following inamier. Bringing together the 
positive terms of the proposed equation, and also those which 
are negative, we have 

^.3 q. 7 ^ _ (13 ^ 1)^ 
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a quantity, which will be negative, if we suppose a — 2, be- 
cause, upon this supposition, 

+ 7 a? ^ IS a:’ + 1, 

and which becomes positive, when we make w ~ 20, because, 
in this case, 

0 ?® + 7 a? 13 a?* + 1. 

Moreover, it is evident, that the quantities 
a?* 7 a? and 13 a?* + 1, 

each increase, as greater and greater values are assigned to a?, 
and that, by taking values, which approach each other very 
nearly, we may make the increments ot* the proposed quantities 
as small as we please. But since the first of the above quantities, 
which was originally less than the second, becomes greater, it 
is evident, that it increases more rapidly than the other, in con- 
sequence of which its deficiency is made up, and it comes at 
length to exceed the other ; there must, therefore, be a point 
at wliicli the two magnitudes are equal. 

The value of a?, whatever it be, which renders 

ic^ + 7a? = lSa7*+ 1» 

and such a value has been proved to exist, gives 

+ '^ X _(13.t*+ 1) = 0, 

or — 13 -f 7 — 1 0, 

and must necessarily, therefore, be the root of the equation pro- 
posed. 

What has been shewn with respect to the particular equation 
X^ _ 13 cT* + 7 .r — 1 = 0, 

may be affirmed of any equation whatever, the positive terms of 
which we shall designate by I\ and the negative by N, Let a 
be the value of which leads to a negative result, and h that 
which leads to a positive one ; these consequences can take place 
only upon the supposition, that by substituting the first value, 
we have P ^ iV, and by substituting the second P N ; P, 
therefore, from being less, having become greater than JV, we 
conclude as above, that there exists a value of Xy between a 
and by which gives P == N*. 


^ * The above reasoning, though it may be regarded as sufficiently evi- 
dent, when considered in a general view, has been developed in a manner, 
that will be found to be useful to those, who may wish to see the proofs 
given more in detail. 
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The statement here given seems to require, that the values 
assigned should be both positive or both negative, for if 
they have different sigus, that which is negative produces a 
change in the signs of those terms of the proposed equation, 
which contain odd powers of the unknown quantity, and, con- 
sequently, the expression P and N are not formed in the same 
manner, when w'e substitute one value, as when we substitute 


1. It is evident, that the increments of the polynomials P and N may 
be made as small as we please. Let 

V z=. a ^ -1- S , 

m being the highest exponent of x ; if we put a ^ in the place of x^ 
this polynomial takes the form 

A^r By + 

the coefficients, A,B, C, T, being finite in number and having n finite 

value ; the first term A will be the vmue the polynomial P assumes, when 
X z=z a j the remainder. 


By + Cy^ + Ty”^z=iy(B ^ Cy 

will be the quantity, by which the same polynomial is increased when we 
augment by y the value x = a. This being admitted, if S designate the 

greatest of the coefficients. By C, T, we have 

B + Cy + T’ym-l ^ 5 (1 4. V + 

now 


1 +F 


+ = 


1 — 


1 — 1 


(166): 


therefore, 

+ 

and, consequently, the quantity by which the polynomial P is increased, 
will be less than any given quantity c, if we make (1 “*7 


S V 

than this last quantity ; this is effected by making ~ — ~ = c, because; 


in this case, y= — being 
A ^ c 


I, the quantity equal 


to 


Sy S!r+^ 
— V 1— y 


, will necessarily be less than the quantity e, which 


is indefinitely small. 

2. If we designate by h the increment of the polynomial P, and by k 
that of the polynomial jy, the change, which will result from it in the va- 
lue of their difference, will be 4 — and may be rendered smaller than a 
given quantity, by making smaller than this same quantity the increment, 
which IS the greater of the two ; we may, therefore, in the interval be- 
tween X =: a and a? = 6, take values, which shall make the difference of 
the polynomials P and N, change by quantities as small as we please, and 
since the difference passes in this interval from positive to negative, it 
may be made to approach as near to sero as we choose. 
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the other. This difficulty Tanisfaes if we make /p =s 0 ; In fhia 
ease tlie proposed equation reduces itself to its las^erin, which 
has necessarily a sign contrary Wthat of the result arising from 
the substitution of one or the other of the above mentioned 
values. Let there be, for example, the equation 

tV* — 2 a?* — 3 — 16 ii? — 8 = 0, 

the first member of which, when we put 

a? = *— 1 and ® rz 2, 

becomes + 12 and — 46. If we suppose ar z= 0, this member 
is reduced to — 3 ; substituting, therefore, 

0 ? = 0 and a? = — 1, 

we arrive at two results with contrary signs ; but putting — y 
ill the place of a*, thejproposed equation is changed to 

2^^ + 2 y* — 3 y* + 15 y — 8 = 0, 

and we have 

P = y" + 2 y» + 15 y, iV = 3 »• + 3, 

whence** 

P ^ Ni w’hen y = 0, 

P ^ when y ~ 1. 

Reasoning as before, we may conclude, that the equation in y 
has a real root, found between 0 and -f- 1 ; whence it follows, 
that the root of the equation in a:, lies between 0 and — 1, and, 
consequently, between + 2 and — 1. 

As every case the proposition enunciated can present, may 
be reduced to one or the other of those which have been exa- 
mined, the truth of this proposition is sufficiently established. 

eeXX. Before proceeding further, we shall observe, that 
whatever he the degree of an equation^ and whatever its co^ 
efficients^ we may always assign a number^ whivh^ substituted 
for the unknown quantity will render the first term greater 
than the sum of all the others, I'he truth of this proposition 
will be immediately apparent from what has been intimated of 
the rapidity, with which the several powders of a number great- 
er thau ttpiity, increase (134) ; since the highest of these powers 
exceediSilhose below it more and more in proportion to the iii- 
ere^d magnitude of the number employed, so that there is 
uq limit to the excess of the first above each of the others. 
Observe, moreover, the method by which we may find a num- 
ber that fulfils the condition required by the enunciation. 

It is evident, that the case most unfavorable to the supposi- 
tion is that, in which we make all the coelhcieuts of the equa- 
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tion negative, and each equal to the greatest, that is, when, 
instead of % 

+ P «"-» + Q ar-^ + Tx + U = 0, 

we lake , 

x’” — S x"-‘ — S — ^ — .y = 0, 

S representing the greatest of the coefficients P, Q, T, 17. 

Giving to the first member of this equation the form 

— S + ar-^ + 1 ), 

we may observe, that 

gfi-i ^ a,™-* + 1 = (166) ; 

w 1 


the preceding expression then, may be changed into 

„ y(«“ — 1) • t „ Sx”' . s 

— — X - f or into *”• — 


X — I ^ ^ _ 2 

If we substitute M for x, this becomes 

SM”‘ . S 


J/« — 


T 


M—d ^ M 

a quantity, which evidently becomes positive, if we make 

S M” 


M”' = 


M—\' 


Now if we divide each member of this equation, by M”, we 
have 

1 =_^orJl/=y+l. 

M — 1 

By substituting therefore for sc the greatest of the coefficients 
found in the e<juation, augmented by unity, we render the first 
term greater than the sum of all the others. 

A smaller number may be taken for if we wish simply to 
render the positive part of the equation greater than the nega- 
tive ; for to do this, it is only necessary to render the first term 
greater than the sum arising from all the others, when their 
coefficients are each equal, not to the greatest among all the 
coefficients but to the greatest of those which are negative ; 
we have, therefore, merely to take for M this coefficient aug- 
mented by unity*. 


* In the Resolution dea equations numeriquea, by Lagrange, there are 
foi’inulee, which reiluce this number to narrower limits, hut what has been 
said above, is sufficient to render the fundamental propositions for the 
resolution of numerical equations, utdopendisut of the consideration o^ 
infinity. 


2 u 2 






EESOLUTIOV of MUMfiRTOAL EQUATIONS, 


Hence it follows, that the positive roots of the proposed equa* 
tioii are necessarily comprehended within 0 and >9 

In the same way we may discover a limit to the negative 
roots ; for this purpose we must substitute — y for a?, in the 
proposed equation, and render ttie first term positive, if it be- 
comes negative (186). It is evident that by a transformation 
of this kind, the positive values of y answer to the negative 
values of x, and the reverse. If be the greatest negative 
coefficient after this change, -S -H 1 will form a limit to the 
positive values of jy; consequently — R — 1 will form that of 
the negative value of x. 

Lastly, if we would find for the smallest of the roots a limit 
approaching as near to zero as possible, we may arrive at it by 


substituting — for cT in the proposed equation, and preparing 


the equation in y, which is thus obtained, according to the direc- 
tions given in art. 186. As the values of y are the reverse of those 
of Xi the greatest of the first will correspond to the least of the 
second, and, reciprocally, the greatest of the second to the least 
of the first. If, therefore, S* -f-*l represent the highest limit 
to the values of that is, if 

y + ly 


which gives 




w 


we shall have successively, 

\ ^ {S' 1) /r, -j— ^ .r. 

o 1 

Indeed, it is very evident, timt we may, w'ithovit altering the 
relative magnitude of two quantities separated by the sign 
or multiply or divide them by the same quantity, and that 
we may also add the same quantity to or subtract it from each 
side of the signs ^ and which possess, in this respect, the 
same properties as the sign of equality. 


CCXXI. It follows from what precedes, that every equa^ 
Hon of a denoted by an odd number has necessarily a 

real root a^^cted with a sign contrary to that of its last term ; 
for if we take the number M such, that the sign of the quan- 
tity 

^ P + Q ilf + T M±U, 

depends solely on that of its first term jl/”*, the exponent m 
being an odd number, the term Jf”* will have the same sign 
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OR the nnmber M (136). This being admitted, if the last term 
U has the rfgn +, and we make a? = — J/, we shall arrive at 
a result affected with a sign contrary to that, which the sup- 
position of A* =: 0 would give ; from which it is evident, that 
the proposed equation has a root between 0 and — Jf, that is, 
a negative root. If the last term U has the sign — , we make 
of ^ M ; the result will then have a sign contrary to that 
given by the supposition of 0, and in thi'« case, the root 
will bo found between 0 and + Jlf, that is, it will be positive. 

CCXXII. When the proposed equation is of a degree de- 
noted by an even number, as the first term remains ])osi- 
tive, whatever sign we give to we are not, by the preceding 
observations, furnished with the means of proving the existence 
of a real root, if the last term has the sign +, since, whether we 
make a? = 0, or a? = ± J/, we have always a positive result. 
But when this term is negative, we find, by making 

a? == + J/, a? = 0, 0? = — J/, 

three results, affected respectively with the sign +, — , and +, 
and, consequently, the proposed equation has, at least, two real 
roots in this case, the one positive, found between M and 0, 
the other negative, between 0 and — M ; therefore, every 
equation of an even degree^ the last term of which is negative^ 
has at least two real roots^ the one positive and the other nc- 
gative. 


CCXXIII. We now proceed to the resolution of equations 
by approximation ; and in order to render what is to be offered 
on this subject more clear, we shall begin with an example. 

Let there be the equation 

_ 4 0?* _ 3 a? + 37 = 0 ; 

the greatest negative coefficient found in this equation being 
— 4, it follows (330), that the greatest positive root will be less 
than 5. Substituting — y for a?, we have 

3/* + 4 + 3 2/ + ^7 = 0 ; 

and as all the terms of this result are positive, it appears, that 
y must be negative ; whence it follows, that os is necessarily 
positive, and that the proposed equation can have no negative 
roots ; its real roots are, therefore, found between 0 and 5. 

The first method, which presents itself for reducing the limits, 
between which the roots are to be sought, is to suppose succes- 
sively 

'30 1 j 30 => 3, 30 -s® 3, 30 *— i 4 \ 
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and if two of these numbers, substituted in the proposed equa* 
tion, lead to results with contrary signs, they will form new 
limits to the roots. Now if we make 


w =s 1, the first member of the equation becomes + 21, ' 

X = 2 5y 

w =ss S — 9, 

iT == 4 +15; 

it is evident, therefore, that this equation has two real roots, 
the one found between 2 and 3, and the other between 3 and 4. 
To approximate the first still nearer, we take the number 2,5, 
which occupies, the middle place between 2 and 3, the present 
limits of this root ; making then a? = 2,5, we arrive at the 
result 


+ 89,0625 — 62,5 — 7,5 + 27 = — 3,9375 ; 

as this result is negative, it is evident, that the root sought is 
between 2 and 2,5. The mean of these two numbers is 2,25 ; 
taking x — 2,3, we have the root sought within about one-tenth 
of its value, and shall approximate the true root very fast by 
the following process, given by Newton. 

We make x = 2,3 -f- y ; it is evident, that the unknown 
quantity y amounts only to a very small fraction, the square 
and higher powers of which may be neglected ; we have then 

= (2,3)* + 4 (2,3)* y 

_ 4 a:* = — 4 (2,8)* — 12 (2,3)* y 
— 3 X = — 3 (2,8) — 3 y ; 
substituting these values, the proposed equation becomes 
— 0,5839 — 17,812 y = 0, 

which gives 

_ 0,5839 

^ 17,812* 

Stopping at hundredths, we obtain for the result of the first 
Operation 

y — 0,03 and x — S,3 — 0,03 = 2,27. 

To obtain nine w value of more exact than the preceding, we 
suppose « W 2,27 4* y^; substituting this value in the proposed 
equation and neglecting ail the powers of y^ exceeding the first, 
we find 

— 0,04596359 — 18,046468 y' = 0, 

whence 



0,04595359 

1M46468 


= — 0,0025, 
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and consequently x = 2,2675. We may, by pursuing this pro- 
cess, approximate, as nearly as we please, the true value of x. 

If we seek the second root, contained between 3 and 4, by 
the same method, we find, stopping at the fourth decimal place, 

.r = 3,6797. 


CCXXIV. We may ascertain the exactness of the method 
above explained, by seeking the limit to the values of the terms, 
which are neglected. 

If the proposed equation were 

^ p ^.m-l ^ Q + 2^ ® = 0, 

substituting a + y for or, we should have for the result the first 
of the equations found in art. 212, because a being not the root 
of the equation, but only an approximate value of a?, cannot 
reduce to nothing the quantity 

^ p ^ Q T a + U. 

Representing this last by F, we have instead of the equation (d) 
above referred to, the following 

+ rr5>^+ hIts''' + »’ = »> 

from which we obtain 


Ay = 


y = 


V — -ii- V* — «* 

V _ By* Cy^ 

A 1.2^ 1.2.3^'" 



Neglecting the powers of y exceeding the first, we have 

V 

y 

and this value differs from the real value of y by 

By* C y* y” 

“ 1 .9, A'~ 1.2.3^ ’^~A' 


If a differs from the true value of x only by a quantity less 

than — a, the above mentioned error becomes less than that, 
P 

which would arise from putting ^ a in the place of y, which 

P 

would give 


S 

1 . %A 



1 .9. a Alp 
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Finding the value of this quantity, we shall be able to deter- 
mine, whether it may be neglected when considered with refer- 

ence to and if it be found too large, we must obtain fur a a 


number, which approaches nearer to the true value of a?. 

To conclude, when we have gone through the calculation 
with several numbers, &c. if the results thus obtained 

form a decreasing series, an approximation is certain. 


•CCXXV. The method we have employed above, is called 
the Method hy euceesswe SuhatituHonft. Lagrange has con- 
siderably improved it*. He has remarked that by substituting 
only entire numbers, we may pass over several roots without 
perceiving them, lu fact, if we have, for example, the equation 
{X — i) {x — 4) {x — 3) (a? — 4) == 0, 
by substituting for x the numbers 0, 1, 2, 3, &c. we shall pass 
over the roots J and without discovering that they exist ; 
for we shall have 

(0 _ i) (0 — 4) (0 - 3) (0 ~ 4) === + i X 4 X 3 X 4, 

(1 — 4) (1 — 4) (I — 3) (I — 4) = + I X 4 X 2 X 3, 

results affected by the same sign. It will be readily perceived, 
that this circumstance takes place in consequence of the fact, 
that the substitution of 1 for x changes at the same time the 
signs of both the factors, x — and x — f, which passes from 
the negative state, in which they are when 0 is put in tlie place 
of 07, to the positive ; hut if we substitute for x a number be- 
tween 4 and 4> the sign of the factor x — 4 alone will be 
changed, and we shall obtain a negative result. 

We shall necessarily meet with such a number, if we substi- 
tute, in the place oT a*, numbers, which differ from each otlier 
by a quantity less than the difference between the root 4 ^md 4* 
If, for example, we substitute f, f, &c. there will be 
two changes of the sign. 

It may be objected to the above example, that when the frac- 
tional coefficients of an equation have been made to disappear, 
the equation"tan have for roots only either entire or irrational 
numbers, and not fiactions ; but it will be readily seen, that 
the irrational numbers, for which we have, in the example, 
substituted fractions for the purpose of simplifying the expres- 
sions, may differ from each other by a quantity less than unity. 


* See Reiotutwn dea Equatiant Numiriquei* 
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In general, the results will have the same sign, whenever the 
substitutions produce a change in the sign of an eten number of 
factors*. To obviate this inconvenience we must take the num- 
bers to be Substituted, such, that the difference between the 
smallest limit and the greatest, will be less than the least of the 
differences, which can exist between the roots of the proposed 
equation ; by this means the numbers to be substituted will 
necessarily fall between the successive roots, and will cause a 
change in the sign of one factor only. This process does not 
presuppose the smallest difference between the roots to be 
known, but requires only, that the limit, below which it cannot 
fall, be determined. 

In order to obtain this limit, we form the equation involving 
the squares of the differences of the roots (1^16). 

Let there be the^equation 

+ p + q X**-* + ^ X + tt «= 0 (/)), 

to obtain the smallest limit to the roots, we make (220) x -L ; 

we have then the equation 

+ p + q ^ t — + u^0i 

or, reducing all the terms to the same denominator, 

1 + p 0 + ^ u* -j- ^ -f* w w =5 0, 

then disengaging o’*, 

t)« + i. t)“-‘ ... + 9. t»* + + 1 0 ; 

u u u u 

and if ~ represent the greatest negative coefficient found in 
u 

thia equation, we shall have 



It is only necessary to consider here the positive limit, as this 
alone relates to the real roots of the proposed equatieu. 
Knowing the limit 

_ 1 ^ u 

U 


* Equal roots cannot be discovered by this process, when their number 
is even ; to find these, we must employ the jnethod given in art. 

2 X 
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leM tbali tbfl aqoare of the smalleat differeaee between the roots of 
the proposed eqaation, we may find its square root, or at least, 
take the rational number next below this root ; this number, 
which we shall designate by will represent the differenfe 
which must exist between the several numbers to be substitut- 
ed. We thus form the two series, 

0> + it) *{' ^ ^9 “f* S 

ti. kt 2 kf 8 kt 

from which we are to take only the terms, comprehended be- 
tween the limits to the smallest and the greatest positive roots, 
and those to the smallest and the greatest negative roots of the 
proposed equation. Substitutug these difierent numbers, we 
shall arrive at a series of results, which will show by the changes 
of the sign that takb place, the several real roots, whether posi- 
tive ox negative. 


CCXXVI. Let there be, for example, the equation 

7 « f 7 « 0, 

from which, in art. 216, was derived the equation 
«• — 42 *• + 441 * — 49— 0 ; 

making » — and, after substituting this value, arranging 

V 

the result with reference to v, we have 
, o» — 9o* + ^o 
from which we obtain 




0 , 


o ^ 10, * jL; 

we must, therefore, take k or ^ - jLa, . This condition 

\/T0 

win be ftilfilled, if we make k — i ; but it is only necessary to 
sUpp 08 edti#>^|; for by putting 9 in the {dace of « in the 
preceding i^uation, we obtain a positive result, which must 
become greater, when a greater value is assign^ to v, since 
the terns «' and 9 «* alreiray destroy each other, and ^ « ex- 
ceeds 

The highest limit to tiie positive roots of Hie proposed equa- 
tion , . 

t 

4 ?* — 
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is 8, md that to the negative roots'— 8 ; we arosW tberefore« 
substitute for « tbe numbers 

i» j» if t» ^ 

“■ 4* ““ f» »» ■“ if *“ 

We may avoid fraolioas by making « ss ^ ; for in this ease 

O 

the different^es between the several values of as* %in be triple of 
those between tbe values of a, and, consequently, will exceed 
unity ; we shall then have only to substitute, sneoessively, 

0, 1, 2, 8 24, 

— 1, — 8, -> 8, — 24, 


in the equation 

«/» — 68 x' + 189 « 0. 

The signs of the resnits will be changed between + 4 and •{- S, 
between + 5 and -|- 6, and between — 9 and — 10, so that 
we shall have for the positive values, 


4 and ^ 5 
® •:?' 5 and ^ 6 


j- whence | 


at i and -ti j 
I and ^ $ 


and the negative value of at' will be found between — 9 and 
— 10, that of ® between — | and— V®* 

Knowing now the several roots of the proposed equation 
within we may approach nearer to the true value by the 
method explained in art. 228. 


CCXXVIl. The methods employed in the dkample given 
in art. 228, and in the preceding article, may be applied to an 
equation of any degree whatever, and will leaa to values 
approaching the sevejakVeal roots of this equation. It must be 
admitted, however, that the operatipn becomes very tedious, 
when the degree of the proposed equation is very elevated ; 
but in most cases it will be unnecessary to resort to the equation 
(/}), or rather its place may be supplied by methods, with 
which the study of the higher branches of analysis will mijce 
ns acquainted*. 

We shall obsarve, however, that by substituting successively 
the numbers 0, 1, % Sie, in the jdace of we hIisII often be 
led to suspect the exigence of roots, that differ from each other 


* A ve^ risgant nethod given bjr Liq^nmae for avoiding the oae of the 
equation (O) nuqrbe fiwndtnftMi J^aiU it U RitotuUmi dm Equation* 
numinqutt. 

2x2 
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by a quantity less than unity* In the example upon which we 
have been employed, the results are 

+ 7, + !, + !, + 18, . 

which begin to increase after having decreased from + 7 to -f 1. 
From this order being reversed it may be supposed, that be- 
tween the numbers -j- 1 and -f 2 there are two roots either 
equal or nearly equal. To verify this supposition, the unknown 

quantity should be multiplied. Making x m we find 

p* — 700 p + 7000 ~ 0, 

an equation which has two positive roots, one between IS and 
14, and the other between 16 and 17. ^ 

The number of trials necessary for discovering these roots is 
not great ; for it is only between 10 and 20, that we are to 
search for y ; and the values of this unknown quantity being 
determined in w'hole numbers, we may find those of x within 
one tenth of unity. 

CCXXVIIL When the coefficients in the equation proposed 
for resolution are very large, it will be found convenient to 
transform this equation into another, in which the coefficients 
shall be reduced to smaller numbers. If we have, for example 

— 80 0 ?’ + 1998 — 14987 x + 6000 =« 0, 

we may make ^ = 10 x ; the equation then becomes 
~ 8 ss^+ 19,98 — 14,937 x + 0,5 « 0. 

If we take 4»be entire numbers, which approach nearest to the 
coefficients in this result, we shall have 

_ 8 + 20 X* — 15 « + 0,5>= 0. 

It may be readily discovered, that z has two real values, one 
between 0 and I , the other between 1 and 2, whence it follows, 
that those of the proposed equation are between 0 and 10, and 
10 and 20, but this must be regarded only as an indication 
to be verified, for it might happen that a trifling change in the 
coeffic^ls of an equation, may render imaginary, roots which 
at fimMere found real, dnd vice versa* 

Lagrange lias given to the successive substitu- 
form which has uiis advantage, thkt it shows immediately 
approaches we make to the true root by each of the se- 
T^tal operations, and which does not presuppose the value to 
^ known within one tenth,^ . ^ ^ 

> ^ Let a represent tho entire number rtmmndiately below the 
root sought ; to obtain this root, it will be only necessary to aug. 
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ment a by a firactibn ; we have, therefore, « a 4- -I. The 

y 

equation involving y, with which we are furnished by snbstitut- 
this value ia the proposed equatioa, will necessarily have 
one root greater than unity; taking A to represent the entire 
number immediately below this root, we have for the second 
^ . 1 

approximation a ^ a + — . But b having the same relation 

to y, which a has to 4^, we may, in the equation involving 

make y = 6 -f -L, and y' will necessarily be greater than unity ; 

representing by 6' the entire number immediately below the 
root of the equation in^', we have 

^ 1 AA'+l 

y * 6 + 57 “ — jT-j 

substituting this value in the expression for a, we have 

. 

® == « T bb' +V 

for the third approximation to a;. We may find a fourth by 
1 . . 

making y' =» 6' -f- — ; for if b" designate the entire number im- 
mediately below y" we shall have 


1 1 , 


whence 


* + 6' 5'' + 1 


_bh'b^' + & 

“ 6' 6" + 1 ’ 
brb" +1 


bV b"-^ b" + b, 


and so on. 


CCXXX. We shall apply this method to the equation 
a!»_7d, + 7 = 0. 

We have already seen (22$), that the smallest of the positive 
roots of this equation is found between | and that is, between 

1 and 2 ; we mahe, therefore, a; ea I ; we shall then have 

» ’ — 4 y* + 8 y + I -w 0., 

The limit to the positive roots of ^lis last' equation is 5, and by 
substituting, snctiosnvely, 0, 1, 8, iu the place of y, we 
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immediate! j diseorer, that this e^nation has two roota greater 
than ouity, one between 1 and 2 , and the other between 2 and 
8 . Henee 

w 1 + and r 1 • 

that ie, 

« 2, and « an |, « 

These two Talnes correspond to those, which were fonnd 
above between $ and and between f and i, and which differ 
from each other b^ a quantity less than unity. 

In order to obtain the first, which answers to the supposition 
of y 1 , to a greater degree of exactness, we make 


y-» 1 


JU ^ 


we then have 

y/» _ 2 y-* _ y/ + 1 a- 0. 

We find in this equation only one root greater than unity, and 
that is between 2 and 3, which gives 

y = l + i-f, 

whence 

® “*» 1 + I “ f . 

Again, if we suppose y' 2 q- ; we shall be fumisffed with 

y 

the equation 

yw _ sy" — 4 y" — 1 ss 0; 

we find the value of y" to be between 4 and 5 ; taking the 
smallest of these numbers, 4, we have 


y'=: 2 + l, y 


l + $ = V, ». 


* • tS 13 


It would be easy to pursue this process, by making y'/ii>, 4 -|- 

.1 ^ ’ 
and so on. 

We return now to the second value of «, which, by the first 
approxii|M[M||te was found equ^ to and which answers to the 


snpp||p|m of y -B 2 . Making y bs 2 4 . ^ and substituting this 

expreHion in the equation involving y, we have, after changing 
tbewligns in order to render the first term posiUve, 

»" + y'* — * y' — 1 — 0. 

^is equation, like the corresponding one in the above opera* 
tien, has only ‘One root greater than uni^ which is found be* 
tween 1 and 2 ; taking fT 1 , we have ^ 
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m 


Again assaming 


y — 8, 


y' 


» 


we are furnished with the equation 

’ yw _ 8 y"* — 4 y" — 1 — 0, 

in which y" is found to be between 4 and 6, whence 


y' — I, y — 


V. 


1 9 
14 " 


We may continue the process by making mm4i + and 

The equation x* « 4- 7 » 0 has also one negative root^ 
between — 3 and — 4. In order to approach it mote nearly) 

we make w = •— 8 — — ; which gives 

y 


y* _ 20 p* ~ 9 p — 1 — 0, y ■7'’ 80 and ^ 81, 


whence 



To pfoceed further, we may suppose y &=: 80 -|- JL, tte. we 

y 

shall then obtain, successively, values more and more exact. 

The several equations transformed into equations in y, y'\ 
&c. will have only one root greater than unity, unless two or 
more roots of the proposed equation are comprehended within 
the same limits a and a + 1 ; when this is the case, as in the 
above example, we shall find in some one of the equations in 
y, &Cu several values greater than unity. These values will 
introduce the different series of e<|aations, which show the 
several roots of the proposed equation, that exist within the 
limits a and 

The learner may exercise himself upon the following equa- 
tion ; 


47* — 2 47 5 oat 0, 

the real root of which is between S and 8 ; we find for the 
entire values of p, j/y &o. 

10, 1, 1, 2, 1, 8, 1, 1, li &e. 
and for the approximate values of 
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Equations of the Third Degree. 

CGXXXI. Ereiy eqaation of the 8rd degree may he repre* 
sented by - 

y* + a y* + 3 y + c — 0, + 

the 2nd term will disappear by making y-mw by which 

# 3 

means we obtain 

o* o 

or by substituting j) for 6 and y.for 3 ^ «’ + «» 

o ^27 

we have + p a + 9“0 (A), 

to which from every equation of the Srd degree is reducible. 

Substituting for .r, two indeterminate quantities, as u Zy 
we get a?® ^^* + zr® + 3 w « (w + ^)9 proposed equation 

then becomes 

(3 w -f p) (w + -sr) + w* + »• + q = 0. 

But as the division of a? into t^fo numbers can be performed in 
an infinite number of ways, we may assume their product, their 
difference^ their ratio, &c. Suppose then that the factor 

8 M z =f 0, we get tt z =* — *** “ 

» «• Jj-. ; Md „■ +.• ?. 

or, z* a?’ t=» ^ by substituting f = «’ and t = 


we obtain 




The three roots of unity being 1, a, a**. 


*JPPwing one of the roots of a cube, we obtain the other two roots by 

di^iplh, in the present case lit •— I, be divided by sr — v ty we have 

; or suppose wehavew®p 1 or^ — 1 = 0. . 
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we have 

, u = ^ ot a* ^ t\ z ^ ^ t\ a v/ i'y a ^ t\ 

But in order to obtain a? = w + we must not add together 
all these valiips two by two, for then we should get 9 roots 

instead of 8. As, mstead of the equation u z =. — in em- 
ploying its cube, we have tripled the number of its roots, we must 
therefore add but those of the values of u and .?r, of which the 

product is — viz. ^ t t\ the 2nd member of the equation 


(/?) being (seeing that u z — — ^ t f =:=:z — or — m® 

= — t t ~ — 1 the cube root of which is — It 

2 i / 3 

may be easily seen, that because a® == 1, we ought to admit 
of the 9 combinations, but 

X = ^ ^ “H t\ «r = oc ^ t -j- a ^ X = t + a ^ 


X l) 1 

X* 


1 

07* + 


.r -- 1 
— + 1 


If .r’ — I and a?* — 1 are each = 0, it is evident that jp* -f ^ + 1 == 0 
or x"' ‘\r X = — 1. And as the two roots of this last equation are 

_ — V— Tand i V' — 3 

2 ^ a 2 2 ^ 

it follows, that the three roots of the equation u ’ — 1=0, or, which is 
the same thing, the three roots of unity are 

- 4 - + 4 - “4 - 4 

And in the same manner it will be found, thdt the roots of the equation 
q. I = 0, or, the three cube roots of — 1, are 

1 . 1 i , 1 


1 
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Substituting for a and a* their values — i (I ± ^ g (pre- 
ceding note) and making 



To resolve therefore an equation of the 3rd degree (A), we 
must first resolve the equation {B) ; and knowing t and t' sub- 
stitute their values in the formulm (C). For example, 

;r® -|- 6 a: = 7, gives p = 6, ^ — 7, and the formula {B) 

— 7 / ==. 8 ; whence ^ ~ ± ^ ^ = S, and — 1 ; 

tlie cube roots of which are, S and — 1 ; therefore 

S = I, d c= 3, * = 1 and — 1 ± 8 

Again, let y’ — 3 j/' + 12 y = 4 ; snbstitutingy == .» + 1, in 
order to ehminate the 2nd term, we have 

rt?* + 9 + 6 = 0, j9 = 9, 7 = 6, 

and, by formula (5) 

+ 6 if — 27, < = 3, <' = — 9, and 

= _ 0,687835 = co, d = 3,522333 

then y = 0,3621 65 or 1,318918 ± 1,761167 y/^i. 

The equation x' — S x — 18, gives — 18 ^ -f- 1 = 0 
^ ~ 9 ^ 4 5, of which the cube root is 

»- 8 . d = 

Again, let a?® — 27 a; + 54 = 0 ; thence 54 / + 729 = 0 
or (t + * 7 )* == 0 ^ = — 27, consequently a? = — 6 and 3 

(a double root). 

CCJXXXII. If the roots t and t' are reah ^ t and^ t' 
are also so, as well as s and d ; it follows then from formu- 
lae (C), that the proposed equation has but one real root- 
However, if / = we have (2 = 0, then the^ihree values of x 


lastly, X == 8, or 
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are real, two being equal to the half of the SrtI, with a contrary 
sign, as has been seen by the last exanif)le. 

^ But, should the equation (B) have its two roots imaginary (p 
is uegative, and moreover 4 S7 7 *), the expressions (C) 

remaining enqpmbered with imaginary quantities, it appears 
that no root is real, contrary to what we know ( 221 ). 


CCXXXIII. This paradox, which has resisted for a long 
time the efforts of the most eminent niathemnticians, has received 
the name of tlie irreducible case. It remains therefore to be 
demonstrated that the three foots are real. 


The values of t and t\ being represented hy a ±.h — 1 , 


the cube root or the -- power, may be developed (j>age 251, 


note) in a series. Without performing that operation, it is 
evident, that imaginary quantities are to be found in such 

terms where h \/ — 1 is affected by odd exponents ; and as 
one of these series is deduced from the other by changing b into 
— h ; it is obvious that they are both comprised in the form 

P ±. 0, s/ — 1 , of wliich the sum is s — 2 P and the differ- 
ence d = 2 Q \/ — 1. Thus the formuhc (C) may be reduced 
to the following rational expressions, 

x=2Py and — P±Qx/ 3 {D). 


CCXXXIV. Our roots are then real, precisely when the 
equations (C) give them under an imaginary form. This singu- 


lar case proceeds from our taking x z=z u + z and u z ^ — 


V 

3’ 


as nothing expresses that u and z are real ; and our calcula- 
tion goes to prove that they are imaginary whenever the three 
roots are real. In order to obtain these, we must develope 


a h \/ — 1 


according to the pou^ 


3 


under the form of 


P + Q — 1 ; the values of P and Q will be found by the 
equations (D). , 

2 Y 2 
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CCXXXV. We shall now introduce a much more simple 
process given by Clniraut in his Elements of Algebra. 

The general equation — p t + g = 0 may be transformed 
into ir® — z = by taking x = m and so that the coeflS^ci- 
ent of % may be equal to unity. 

By this substitution we get 

m® 

taking m* = p, we have 



and m = ± ^ p, r == — ; 

rn 

to get the last of these values always positive, m must be 
taken with a sign contrary to that of q. This being premised, 
the equation can onl}^ fall within the irreducible 

1 r® 4 2 

case, when — ■ viz. when r ^ J — , or , which 

27 4 27 3./ 3 

can only take place when the positive value of a? lies between 1 and 

2 

It is evident, that z must exceed unity in order that the 

v/3 

2 

quantity be positive ; but by making z — — ^ = 



the result would be 


3 -v/3 


, which number is greater than 


Supposing 5: = 1 + then ^ can only represent a fraction, 

less than 0,1647 which is the difference between 1 and ^ 

the cube of this fraction = 0,0037 may be omitted, and at the 
substitution of 1 + ^ for in the proposed equation, omitting 
gives 

24+3«® = r, 

we obtain 
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and consequently 

O 

the valae of jr, which exceeds unity, being alone required. The 
greatest error winch can possibly be committed by this method 
can only amount to the thousandth part of unity. Indeed if we 


suppose z — ^ which value corresponds to r = 



and for which ^ is the greatest possible, the above formula gives 


^+y‘+y- 


instead of 




w'bich only differs by 0,00126. 

In the equation, for example 

aj’ — 33 a? + 5 = 0 

making oc = — we get 


13 ^ 13 

whence we deduce 


15 


5 ^ ISv^l.S , 

' 3 - 


2 13 


if = 


-yis+^ 


.3 


= — 3,784. 


If greater exactness were required, we might employ the 
method given in art. (223) by wdiich we find 


— 3,78434. 

CCXXXVI. Let us now proceed to explain the method of 
solving equations of the 3rd degree by means of the tables of 
SineSi Tangents^ &c. 
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T]}e ^eneifil formiiln, to which every equation of the 8rd 
degree i« reducible, is (231. (A) ) 

(A) A?® + p a? + g = 0. 

The analytical solution of this equation is 

•'-y(-i+'/-T+-«)+y(— 

wdiicli may be reduced to the follo§^ing form 

^ -y(- H H) + y ( - 1 - 1 

y ’ + 

• 4 w ® 

substituting for — -i, taii.^ or 

® J27 9 


(F) . . . . 
tliere results 


tan. 


3 


. = / X 2 / ' 

tj(j V 

y [ - !(■ - ^^5) 1 + y [ - H' ] 


CCXXXVII. For greater conciseness, let 2 ^ ^ = /?, 

which gives p z= 1- R\ the equation (F) then becomes, 
4 


jff ® 

tan. B ; w^e therefore obtain q = 

4^ ^4 tan. B 

ing this value of q ; we liave 


Substitut- 


x= + a/- 

V 8 tan.B cos. B v 8tan.B cos. 


B+1 


B 
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* / cot. — — ® / tan. E- 

•^or X = — /i X ; by a well known 

formula^ cot.^A = comparing these two 

last equations, and making 

(G) tan. A tan, ~ 


and consequently cot. A — ^ cot. 7 ;, we have x ==r — 7?. x 
cot, 2Ai and replacing the value of 7?, we get the final equa- 
tion (K) . • . . -r= — \ j ^ 

Thus we obtain the value of x by means of 'three very sim- 
ple equations : 1st, by equation (F) \ve find the arc 77; Slid, 
by equation (G), we get the arc Ay and 3rd, by equation (K) 
we obtain the value of x. 


CCXXXVIII. If the proposed equation were of the form 
-f * p 

then the analytical solution (E) — would become positive. 

Pursuing the same method as above, we should obtain the same 
equations (F), (G), (K), with the simple diflerence, that the 
second member of the last equation would have a positive sign. 


CCXXXIX. Again, let the proposed equation be of the 
form 


x" — p X q = Oy 

which renders ^ negative in the analytical solution (E) ; we 
then have 




1 —^ 

8 8 V 27gV . 
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^akinu = sin.‘ B; or 
® 27 q 

x®yi‘ 

there results a? = yc-i'O — cos. ^)]+y[-i’ (l+cos.jB)J 

IV 

But the equation {L) gives a = — : , and making as before 

4 mu, B 


/ P 3 

R = ^ X and consequently p — we have 

^ ■ , 3 j j_ I? ® ^ COS. R \ ^ ^ 13* 1 "1" COS./? 

V ’ Siw7 ^ 

+yco#. I 

7i. - — • 


. But 


tan, A + cot. A 


S ' 2 

and employing equation (G), we obtain 


R 


sin. 2 A 


or {M) . • . X = — 


sin. 2 A^ 

J~ 

V 3 


2 V 3 
sin. % A 


We then find the value of x by means of the three equations 
(L), {G), {M). 


CCXL. It is obvious that the above method will also serve, 
when the equation to be resolved is of the form 

x^ — p X — q z=z Oy 


with this difference, that the 2iid member of the equation XM) 
then becomes positive. 


In two last equations, it is necessary that 


4 

^^beaqnan- 


tity not greater than 1, else we could not suppose 


4p* _ 

27?’ 


as a sine can never be greater than the radius. 


sin.’S, 
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CCXLI. In the irreducible case, when p being negativO, 


3 p*-:^rtq* or ^ I, the quantity ^ 1 — ^.present- 


27 ?’ 


ing itself as remarked before, under an imaginary form when- 
ever all the tlirce roots are real, offers no difficulty ; indeed, 
in trigonometry it is perfectly indifferent whether the roots be 
rational or irrational, both being found witli an equal facility. 

To obtain these, we have only to abandon the analytical solu- 
tion, embarrassed with imaginary quantities, and to select from 
amongst the trigonometrical formulae, such as are comparable 
to the equation 

{N) a;* — ^ ± 7 = 0. 


CCXLII. Two formulae are of that nature, viz. sin. 3 ^ 
zzz fj sm. A — 4 sew.* and cos. S A = 4f cos.* A — S cos. Aq 
making the first homogeneous* and dividing by 4, we have 

(0) . . . sin^. A — sin. -4 4 - R’‘ sin. S A =^0, 

4 4 


Comparing this equation, term for term, with the one pro- 
posed, (A^) assuming first g positive ; making .r = sin. A^ wo have 

1”, p = -i R\ which gives R' = ~ p and i? = 2 y' ^ ; 2' 
4 o 3 


o = — jR* sin. S A = ^ 
4 > 


sin. S A ; whence we get sin. S A = 


— This sine being proportional to the radius of the equation, 
P 


which is, as previously stated, 2 


P 

3 ’ 


we must then, in order 


An homogeneous equation or an equation of equal dimensions , is that 
which contains in each term an equal number of algebraic or geometric 
factoid (without having however regard to the numerical coefficients). If 
R were preserved in all the trigonometrical operations, we should find in 
each formula every term having an equal dimenhion ; but it is easy to 
make them such, by restoring to each the factor R raised to the power 
necessary to make them homogeneous. For example, calling x and y two 
trigonometrical lines, an equation of the form of 4 j?® = 3 j 7 — y 4“ ^ 

is of three dimensions, jc and y of one and ^ without any dj^nensiqn ; in 
order to introduce the radius, regularly in this equation, we must write, 
4 .r* = 3 — R^ y and such would bedhe e^preasion of this 

equation, if the .|2>.had not beeu mgde to 4 i 9 H|)pejir by. substituting units 
for them. ^ 

2 z • 
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to find it in the tables, divide it by this same radius, thus wo 
have 


(P) . . 


sin. S J — 


Sg 1 
p' Sv'-t’ 


CCXLIII. The value of SJ being now known, that of ^ 
is also known, and consequently that of tV s=s sin. A. But as 
sin. A is taken from tables where i2 = 1, we must afterwards 
multiply it by the radius of the equation. Consequently 

(Q) X = sin. ^ X 2 v' -f-. 

U 

CCXLIV. If in the equation (O), we substitute 360 -f 3 ^ 
for 8 A^ we must also substitute 120 -f A for A. But sin. 
(360® ’•{- 3 A) — sin. 860® cos. 3 A cos. 860 sin. 3 A = sin. 
3 A ; the equation (P) is then the same when instead of w = sin. 

we suppose w = sin. (120 A). This then is a second value 

of X which satisfies the conditions of the equation {0). But 
sin. (120 + .4) = sin. (60® — A). Hence we have 

{S) sin. (60® — A) 

3 

CCXLV. Again, if in the equation *(0), we substitute 
720® + 3 A for 3 A, which gives 240® -f A for A^ we have also 
svi. (720 3 A) = sin. [860 (860 3 A) ] ^ sin. 3 A ; 

and the equation (P) subsisting still, we have a third value for a*, 
which is 


(P) — «m. (60“ + 2 v/ — • 

3 

The equation (P) evidently supposes that we can not have 
4 p® .*£1. 27 g®. These equations Q, S and P, are therefore 
only applicable to the cases resolved in art. (288, 289), when 
4 p** s gy?’* exactly, then the formulae (Q) and (*S') gi\iB two 
equal values of .t, and the formula {T) a third value, whilst the 
method furnished in art. (288), gives only one value of iT, viz. 
the last (T). 

CKDXLVI. The great advantage of trigonometrical solutions 
is at once apparent, when we consider that, by means of the 
four equations (P) (Q) {S) (P) which have the common factor 
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2 tj readily obtain the three values of a:, either exact 

K>r approximate, values which by analysis can only be obtained 
through a very laborious process. 

These same four equations, by changing the sign of the 
second member of the last three, give also the values sought, 
when q is negative, and the equation to be resolved is 

— p X — 7 = 0 , 

in this ease sin.Sji becomes negative, we then substitute 180* 
-I- 3 ^ for 8 -rf, and consequently 60® -|- for A. The for- 
mulae then become reversed, with merely a change in the sign, 
viz. Q in r, aS in Q and T in S. 


CCXLVII. It may here be remarked, that in adding more 
than twice the circumference of the circle (244, 245), we could 
never get other values of x than the three already found ; 
which confirms the theory of equations, according to which the 
equation (O) can have no more than three roots. 

There are consequently three sines which resolve the equation 
(O), viz. sin. A, sin. (60® — A) and — sin. (60® + A). 


CCXLVIII. Examples of the resolution of equations of 
the ^rd degree^ by means of trigonometry. 

Let the given equation, be 

0?* -f- 2 a? -f 33 = 0 ; 


this case comes under formula {A)^ here we have 
tan. B = 


3x 


X 2 ^ — = — X -/ — 
^3 .99 ^ 3 


tan. A 


^ / tan. — 

V 2 


X 


log. 8 . . 

log. 3 . . 

7 S 

log. — . . 

log. V . 


cot.2A 

Calculation. 

. = 0,9030900 
. = 4,4771213 


. = 0,4269687 


. «= 0,2129844 


2 z 2 
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log. 2 
compl. log. 99 


log. tan. B 
B 


log. tan. 


2 


a, 21 29844 

>= 0,3010300 
= 8,0043648 

-= 8,6183792 B 

= 8,2172311 


1*63' 22" 2 


log. tan. 


B 


= log. tan. A = 9,4057437 A = 14* 16' 49"4 


log. cot. &A . . = 0,2641368 
log. . . = 0,2129844 


3 

* log. (— oc) 


= 0,4771212 == log. — 3. 


CCXLIX. Let it be required to resolve the equation 


tV 


40S , 46 
441 ^ 147 


0 ; 


in this case, p being m inn 89 we must see first how many real 

( tosx* 

441 / ’ ^ 

27 x(^)’; then log. 4 p' = 0,485, log. 27g* = 0,422. 

Therefore 4 p' ■p=’ 27 q’. This then is the case which to ana- 
lysis is irreducible. 

By equation (P) we have 

.... o ^„3 x46 ^451 ^ 1 _414^ 1 

3 — — _ . X “rrm X ttttz . A . T X 


147 


403 




403 


403 


3 x441 

The three values of x are consequently 

'1612 


1612 

1323 


1st X • 
2 nd« ' 
8 rd x ■ 


. . . sin. A ^ 


1323 

1612 


. . — sin. (60* -{- A) J 

^ W 182S 


1823 


* The expression log, (— a) signifies simply that the negative sign is to 
be prefixed to the number corresponding. 
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Calculation. 

log. len . . 3,2073650 

log. 1323 . . -=8,1215598 


log. *= 0,0858052 

1323 

log. = 0,0429026 = constant log 


compl. of constant log. = 9.9570974 
%. 414 . . =2,6170003 

compl. log. 403 . . = 7,3946950 

log, sin. ^ A , . . = 9,9687927 = togr, sin. 68° 32" 18'6 

log. sin. A (22* 50' 46" 2) = 9,5891206 
log. constant ... = 0,0429026 

1st log.x . . =9,6320232 = 0,4285714 

log. sin. (60° — A) = 9,7810061 
log. constant . . . = 0,0429026 

2u<l log. X ... = 9,8239087 = 0,666$666 


log. sin. (60° ■{■ A) . = 9,9966060 
log. constant . . . = 0,0429026 


Srd log.—x . = 0,0395086 = — 1,095238. 


CCL. It will be observedin the first place that the negative 
value of X is the sum of the two positive as it ought to be, which 
therefore proves the exactness of the calculation. Again, the 


second value of x is visibly — . 

O 


To know whether the other two values of a? can be expressed 
exactly by vulgar fractions, we have recourse to the same 
method as in art. (1^8), consequently for the 1st value of .r. 


compL log* x = 0,8679768 — ^ — , 

^ ^ 2,88888 


it will be readily seen 


that by multiplying this last fraction by 3, we get x 1- 
Indeed, the log, of y is 9,6320232 which is precisely the log. of 


tlie firstvalue of x. But the negative vnlue of x ougiit to be equal 
to the sum of the two positive, values with contrary sign, 
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xre must haTe therefore, ■ 




21 


2 3 *^ 

for the three values of ai in the proposed equation =» — ; + «=- 

3 7 

23 . . 

and — — . Substituting these separately, we shall be convinced 

21 . 

of their correctness. 


CCLI. Before closing the subject we may here recapitulate 
the solutions of all the equations of the %nd and 3rd degree 
by means of trigonometry. 

Equations of the 2 nd Degree. 

2 

1 st case A* “h px 4- q- If ?>* a? is imaginary. Sin. ^ ^ q 

P 

A A 

,v== — ^q. tan. ; a? = — V g. cot. ^ 

2 2 

2 

2 nd case x' + px — q tan. A= y/ q 

P 

A A 

q. tan. ^ ; a? z= — i/ q. cot. - 

2 

3 rd case a?* — jpa 7 +g. If p* .c:! ^ g> ® is imaginary. Sin. A — — 

# P 

A A 

X — y/ q.tan. \ x = y/q. cot. — 

2 

4th case x* — px — q tan. A = 

V 

^ « = — »/ q.tan.^', a — ./q. cot. 


Equations of the 3 rd Degree, 
let and 2 nd cases a;‘-|'P^^ 9=0 J 


tan. B = — , 2 v' — 
3q 8 

3/ S 

tan. .4 = V 


One real root 


« ss q: 2 4 / cot. 2 .4 

O 
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8rd and 4th cases .r’ — ^ ^ ± « =s 0 
supposing 4 p’ ^ 27 q* 

One real root . . a? — qp ^ 

sinJ^A 

The two cases, called irreducible : 

4t p* ^ Qt ^ Ti 7 *. 

So 1 

1st case, — p cl? + o == 0 . sin, S A — — 

P 2^^ 

X — 2^/^sin. -4, .r =* 2 sin, (60° — A)^ a? «= — ^ y/ R. 

o 6 

sin, (60° -f A) 

Slid case, a?® — p x — 0=0 . . sin. S A = L-?. — I — 

P 

X = — ^ ^ ^ v"* ( 60 ° — A)y X = 

o S 

2 ^ «iw. (60" + J). 

s 



Of Propoi^tion and Progression. 

CCLII. Arithmetic introduces us to a knowledge of the 
definition and fundamental properties of proportion and equi- 
dijference^ox of what is termed geometrical and arithmetical pro^ 
portion. We now proceed to treat of the application of algebra 
to the principles there developed ; this will lead to several 
results, of w hich frequent use is made in geometry. 

We shall begin by observing, that equidifference and propor- 
tion may be expressed by equations. Let A^ C\ Dy be the 
four terms of the former, and a, 6, c, d, the four terms of the 
latter ; we have then 

B—A = D—C; and - =~, 

a c 

equations^ which are to be regarded as equivalent to the expres- 
sions 


A . B : C , Dy a : h :: c : dy 
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and which give 

A D B ad =?= b c. 

Hence it follows, that, in equidifference^ the sum ef the exiremtf 
terms is equal to that of the means ^ and in proportion^ f he 
product of the extremes is equal to the product of the means^ 
as is shown in works on arithmetic by reasonings, of which the 
above equations are only a translation into algebraic expressions. 

The reciprocal of each of the preceding propositions may be 
easily demonstrated ; for from the equations 

A + jD = B •j' C9 a d = h Cf 
we return at once to 

D — C = B — A, 

a c 

and, consequently, when four quantities are such^ that two 
among them gice the same sum^ or the same product^ as the 
other two^ the first are the means and the second the extremes 
(or the converse) of an equidifference or proportion. 

When J? = the equidilterence is said to be continued; 
tlie same is said of proportion, when b = c. We have in this 
case 

A + D^^B, ad^b^; 

that is, m continued equidifference^ the sum of the extremes 
is equal to double the mean ; and in proportion^ the product of 
the extremes is equal to the square of the mean. From this we 
deduce 


the quantity B is the middle or mean arithmetical proportional 
between A and Z>, and the quantity h the mean geometrical 
proportional between a and d. 

The fundamental equations, 

B — A = D — C, - = 

a c 


lead also to the following ; 

C — A^D — B, — = 

a b 


from which it is evident, that we may change the relative places 
of the iiieans in the expressions A , B i C . Dy a : b :: c : d^ and 
in this way obtain A , C : B , a : c : : c : d. In general, 
we may make any transposition of the terms which is consistent 
with the equations 
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A D B C and a d ^ b c. 

We have now done with eqiiidifiereiice, and shall proceed to 
consider proportion siirply. 


CCLIII. It is «.vident, that to the two members of the 

equation A = ^ we may add the same quantity m, or subtract 
a c 

it from them ; so that we have 


± m 


a 


— ±m; 


c 


i*educiii^ the terms of each member to the same denominator, 
we obtain 

b ± m a d ±_m c 

* , 

a 0 


an equation, which may assume the form 

c d ±: m c 

a 6 ± m a ’ 


and may be reduced to the following proportion^ 
b ± ma : d ±: me :: a : c ; 


^ c d 

and as r? 

a b 


we have likewise 


d ±^m c d 

h ‘±.m a b 


or 6 — • d ± me : : b : d. 

These two proportions may be enunciated thus ; The first conse- 
quent phis or mmus its antecedent taken a given number of 
times^ is to the secojid consequent plus or minus its antecedent 
taken the same number of timesy as the first term is to the 
thirds or as the second is to the fourth. 

Taking the sums separately and comparing them together, 
and also the differences, we obtain 

d + 7nc c d ^ m c c 

6 + a b — ma a’ 

whence we conclude 

d + m c d — me 

b + m a b — m a 

3 A 
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h + m a I d + m c : :b — maid — me; 

or rather, by changing the relative places of the means 

b + m ai b — m a i i d + m c i d — me; 

and if we make m «« 1, we have simply 

b + a : b — a i : d + c : d — c, 

which may be enunciated thus ; 

The sum of the first two terms^ is to their difference^ as the 
sum of the last two^ is to their difference. 

CCLl V. The proportion a i b : i c : d may be written thus : 
a : c :: b : d ; 

we have then 

c . d . 

^ ±_ m = — ± m, 
a b 

whence 

c ±.m a ' d±Lm h 
a b ' 

and lastly, 

c ±. m a i d ■±. m h i i a i b ox :: c i d^ 

from which it follows, that the second antecedent plus or minus 
the first taken a given number of times, is to the second con- 
sequent plus or mbms the first taken the same number of 
times^ as any one of the antecedents whatever ^ is to its conse- 
quent. 

'J’his proposition may also be deduced immediately from that 
given in the preceding article ; for by changing the order of the 
means in the original proportion 

a : b :: c i dy 

and applying the proposition referred to, we obtain, succes- 
sively, 

a : c : i b : d 

c di m a : d ± m b :: a : b ox i : c : dy 

and depominating the letters, a, 6, c, d, in this last proportion, 
according to the place they occupy in the original proportion, 
we may adopt the preceding enunciation* 

Making m « 1, we obtain the proportions 
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cdt:a:d±b::a:b 
i : c : d 

c + a : c — a : z d + b : d — b ; 


whence it nppears, that the sum or difference of the antece- 
dents^ is to the sum or difference of the consequents^ as one 
antecedent^ h to its consequent ; and that the sum of the ante- 
cedents. is to their difference^ as that of the consequents^ is to 
their difference. 

In geiieraU if we have 


a 


c e 


h 

— ) 
9 


&c. 


and make = q^ shall have 


^ Z = g, saa 8fC. 

C e g 

which gives 

b==: a q, d = c qy f e q, h q, &c. 
then by adding these equations, member to member, we obtain 

b + d+ f^h^aq ^r<^9'¥^9+9 9^ 
or 6 + d +/ + ^ == g (a + c -j- ^). 

whence it follows, that 

b 

a ^ c ^ e + g a’ 

This result is enunciated thus ; in a series of equal ratios^ 

a : b : : c : d : : e : f : : g : h, &c. 

the sum of any number whatever of antecedents^ is to the sum 
of a like number of consequents, as one antecedent, is to its 
consequent. 


CCLV. If we have the two equations 



a c eg 

and multiply the first members together and the second toge- 
ther, the result will be 

hf^ ^ 

ae eg * 


3 A 2 
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an equation equivalent to the proportion 
ae : bf: : c g : dhy 

which may be obtained also by multiplying the several teriK^ 
of the proportion 

a : b :: c : 

by the corresponding ones in the proportion 

e :f::g:h. 

Two proportions multiplied thus, term by term, are said to be 
multiplied in order ; and the products obtained in this way, 
are, as will be seen, proportional ; the new ratios are the ratios 
compounded of the original ratios. 

It will be readily perceived also, that if we divide two pro^ 
portions term by term, or in order^ the result will be a propor- 
tion. 


CCIiVI, If we have 

b 

d 

b b b 

d d d 


, — a=ss 

or 



we may deduce from it 

a 

c 

a a a 

c c c 

6* 

d^ 

lyn 

d’» 



“7 or 

— - =s 



«’ 

c^ 

a”* 


which gives 





a^ 

: b” : : 

c^ : dP 

1 . 
i 



whence it follows, that the squaresy the cuhesy and, in general^ 
the similar powers of four proportional quantities are also 
proportional. 

The same may be said of fractional powers, for, since 



and 

»/Z_^ 

V f -yt’ 

therefore, 

VT 
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if fl : 6 : : c : d ; that is, the roots o f the same degree of four 
proportional quantities^ are also proportional, 

^ Such are the leading principles in the theory of proportion, 
'rtiis theory was invented for the purpose of discovering certain 
quantities by comparing them with others. Latin names were 
for a long time used to express the different changes or trans- 
formations, which a proportion admits of. We are beginning 
to relieve the memory of the mathematical student from so 
unnecessary a burden ; and this parade of proportions might be 
entirely superseded by substituting the corresponding equations, 
which would give greater uniformity to our methods, and more 
precision to our ideas. 

CCLVII. We pass from proportion to progression by an 
easy transition. After we have acquired the notion of three 
quantities in continued equidiiference, the last of which exceeds 
the first, we shall be able, without difficulty, to represent to 
ourselves an indefinite number of quantities, a, />, c, d, &c. 
such,- tliat each shall exceed the preceding one, by the same 
quantity so that 

b == a + 0=54-^, d==sc-p^, e=sd4"^> Sic. 

A series of these quantities is written thus ; 

a . b , c • d , e . f &c. 

and is termed an arithmetical progression ; we have thought it 
proper, however, to change this denomination to that of pro- 
gression by differences. 

We may determine any term whatever of this progression, 
without employing the iiiteriiiediate ones. In fact, if we sub- 
stitute for b its value, in the expression for c, we have 

c = a -|“ 2 # ; 

by means of this last, we find 

d = a + S then c = a -f 4 

and so on ; whence it is evident, that representing by z the 
last term, the place of which is denoted by /i, we have 

z=: a ^ {n — 1) 

Let there be for example, the progression 

3 . 5 . 7 . 9 . 11 . 13 . 15 . 17, &c. 

here the first term o = 3, the difference or ratio = 2 ; wc! 
find for the eighth term, 



S58 


OF PROPORTION AND PROORRS8ION. 


S+ (8 — 1) 2=17, 

the same result, to which we arrive by calculating the several 
preceding terms. ^ 

The progression we have been considering is called increase 
ing ; by reversing the order, in which the terms are written 
thus, 

-T- ]7 • 15 . J8 . 11 . 9 . 7 . 6 . 3 . 1 . — 1 . — 8, &c. 

we form a decreasing progression. We may still find any term 
w hatever by means of the formula a + (n — 1) observing only, 
that i is to be considered as negative, since, in this case, we 
must subtract the difiereuce from any particular term in order 
to obtain the following. 

CCLA^III. We may also, by a very simple process, deter- 
mine the sum of any number whatever of terms in a progression 
by differences. This progression being represented 

-f- a . 6 . . y. 

and s denoting the sum of all the terms, we have 

^ = +< 2 ? + ^ + ^. 

Reversing the order, in which the terms of the second member 

of this equation are written, we have still 

s ^ z y + w +c-{-5 + «« 

If w^e add together these equations, and unite the corresponding 
terms, we obtain 

98 - (a +^) + (5 fy) + (c+.i?) . . . + (j?+c) + (y +5) + (z+a) ; 

but by the nature of the progression, we have, beginning with 
the first term, 

a + $ = b + S =ss . . . . 

and, consequently, beginning with the last 

z — t = jf, y — i:=zx^ . . . . c — t=zb, b — S = 

by adding the corresponding equations, we shall perceive at 
once, that 

and, consequently, that 

2 « as n (a + jv) ; 
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whence it follows, that 


«(«+«) 


Applying this formula to the progression 

8 . 6 . 7 . 9, &c. 
we find for the sum of the first eight terms 

(3 + 17) 8 

a 


80 . 


CCLIX. The equation 


together with 


z = a + {n — 1)^, 


(a -f- w 


furnishes us with the means of finding any two of the five qmn» 
titles, n, if n, and when the other three are known ; we 
shall not stop to treat of the several cases, which may be pre** 
sented. 


CCLX. From proportion is derived progression hy quotient a 
or geometrical progression, which consists of a series of terms, 
such, that the quotient arising from the division of one term by 
that which precedes it, is the same, from whatever part of the 
series the two terms are taken. The series 

~ 2 : 6 : 18 : 54 : 162 &c. 

^ 46 : 15 : 6 : I : § &c. 

are progressions of this kind ; the quotient or ratio is 3 in the 
first, and \ in the other ; the first is increasing, and the second 
decreasing. Each of these progressions forms a series of equal 
ratios, and for this reason is written, as above. 

Let 

G, 6, o, d, . • . • . . y, 

be the terms of a progression by quotients : making ^ we 

have by the nature of the progression, 

h c d e ji 

^ a b c d 

or 6 =«a 9 , . • z q* 
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Substitutinj?, successively, the value of 6 in the expression for 
e, and the value of c in the expression for &c. we have 

b = a c = a d a e = a • . z ^ a 9”""^ 

taking n to represent the place of the term /, or the number of 
terms considered in the proposed progression ; the series is there- 
fore converted into the following, 

« + o 9 + 9* + 9* + ^ 9N • • • « 9'*“'* 

By means of the formula z = a 9”*"* we may determine any 
term whatever, without making use of the several intermediate 
ones.. The tenth term of the progression 
•H- 3 : 6 : 18 : &c. 

for example, is equal to ^ x 8^ =» 39366. 

CCLXI, We may also find the sum of any number of terms 
we please of the progression 

•77 a : b : c : df &c. 
by adding together the equations 

b — aq^c^bq, d=^cq, e^dq^ . . . z y q ; 

for the result will be 

b ^ c + d + e + « = (a + 6-[-c + d* • 
and representing by s the sum sought, we have 

b + c + d + e . . . + z z=z s — 

a b c + d • . . "{"y — ^ 

whence s — a ^ q {s — z)y 

and, consequently, 



In the above example, we find for the sum of the first ten 
terms ofi|i|e progression 

^ : 6 : 18 : &c. 

g X 3>* _ 1 = 69048. 

2 

CCLXII. The two equations 
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comprehend the mutual relations, which exist among the five 
quantities, a, 9, n, and 5, in a progression by quotients, and 
enable us to find any two of these quantities^ when the other 
th>ee are given. 

OOLXIII* If we substitute <2 in the place of in the 
expression for s, we have 

q — 1 

When q surpasses unity, the quantity q^ will become greater 
and greater in proportion to the increased magnitude of the 
number n ; and s may be made to exceed any quantity what- 
ever, by assigning a proper value to n, that is, by taking a suf- 
ficient number of terms in the proposed progression. But if ^ 

is a fraction, represented by — , we have 

m 

« f \ ^ a W2 f 1 1 ^ am — 

— / \ m”/ r/2”- » 

— 1 m — I " 

m 

and it is evident, that as the number w becomes greater, the 
term — will become smaller, and consequently, the value of 

s will approach nearer and nearer to the quantity -~^-fiom 

m — 1 

which it will differ only by 

a 

therefore, the greater the number of terms we take in the pro- 
posed progression, the more nearly will their sum approach to 

. It may even differ from - ^ by a quantity less than 

m — 1 w — A 

any assignable quantity, without ever becoming, in a rigorous 
sense, equal to it. 

The quantity ^ which we shall designate by /, forms, 

we perceive, a limit, to which the particular sums represented 
by s, approach nearer and nearer. 
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Applying what has been said to the progression 
^ 1 : J : J : { : &e. 

we have 

a 1, q = — =a 
m 

whence 


m ^ % I = 


am 

m — 1 


and the greater number of terms we take in the above progres- 
sion^ the nearer their sum will approach to an equality with 2. 
We have, in fact. 


1 

1 + i i 

1 + i + i “f" V 

1 + i + i + J 

&c. 


= 1 =. g _ 1, 


1 

1 6 




k. 

h 


2 

2 


] 

Vy 



The expression for / may be considered as the sum of the 
decreasing progression by quotients, continued to infinity, and 
it is thus, it is usually presented ; but in order to form a clear 
idea of it, we must represent it in a limited view. 

The same result will be obtained, by tlie following process. 

Let it be proposed to sum up the decreasing geometrical 
series 


1 + 




to an infinite number of 


terms, here the ratio = ; multiplying each term of this series 

/W 


by the reciprocal of the ratio, we make each term equal to its 
preceding, and will form a second senes ; subtracting then the 
first from the second, we get the dill’ereuce of the two series, 
from which we easily obtain the sum of the first series ; let s 
represent the sum, then 


1 + 



1 

Tu 


4* &c. 


multiplying both numbers of this equation, by the reciprocal of 

the ratio that is by 2, we have, 

% 
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as each series never terminates* but is continued ad infinitum^ 
all the terms of the second series^ with the exception of the 
first, are cancelled by all the terms of the first series, we have 
tlierefore 2 « — e = 2 or ^ = 2 . 


Be the ratio of the following series — , we have 

ti 


. = 3 + 1+ ^ + -L + ^+^ + &c. 


. — « = 9 


Again let the common ratio be 


1-=4-L. 

S 9, 


8 
7 

64 , 162 


- . 18 , U-X I J . Q 

= ®+T + l9+si5 + *“- 


7 11 . fi X 

_,_u+ 6 + .-- + _ + &c. 

^.__«=14 . = 10y. 


CCLXIV. We may obtain from the expression (263). 

a( 9 » — 1 ) 

s , 

q—l 

all the terms of the progression, of which it denotes the sum ; 
for, if we divide g” — by 9 — 1 (166), we find 

^"".1 =r ~ 1 + 9 + ?* + 9* + 9* . . . + 9""'> 

9—1 1—9 

which gives 

e = a + a9 + a9* • . . . +a 9"“*. 

We may employ the value of I for the same purpose ; in 
this case, m is to be divided by m — 1 , as follows : 

3 B 2 ' 
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m + l 


m 


1 


1 + 1 “-^+^ + 

m m m 


~ 1 





Sec. 


We begin, by dividing, according to the usual method, by 
the first term, and find 1 for the quotient ; we multiply this 
quotient by the divisor and subtract the product from the divi- 
dend ; then, dividing the remainder by the first term of the 


divisor, we 


1 1 

obtain — for the quotient, and have — for a 
m m 


re- 


mainder ; we go through the same process with this remainder 
as with the preceding. Pursuing this method, we soon discover 
the law, to which the several particular quotients are subjected, 


and perceive that the expression 


m 


T9 

m — 1 


is equivalent to the 


senes 


1 I 1 

1 + — -1 a + — 5 + &C. 

m m m 


continued to infinity. 


Substituting for m its value 


— , and mul- 


tiplying by a, we find as before 

a + + + &c. 

for the progression of which I represents the limit. 


CCLXV. The series 


1 + - + ~ + &c. 

m rn nr 


is considered as the valae of the fraction 


m 


m 


1 


; whenever it is 
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converging^ that is, when the terms, of which it is composed, 
become smaller and smaller the further they are removed from 
the first. 

. Indeed, if we make the division cease successively at the firsts 
second, third, .... remainder, wo have 


the quotients 1 


1 



and the remainders I 
m 


1 + - + -1 

m m 

&c. 


m* 

&c. 


the former of which, approach the true value, exactly in pro- 
portion as the latter are diminished ; and this takes place, only 
when m exceeds unity. In all other cases we must have regard 
to the remainders, which, increasing without limit, make it evi- 
dent, that the quotients are departing further and further from 
the true value. 

To render this clear, we have only to make, successively, 


m = 2, m = 1, =s . Upon the first supposition, we have 


m 


m — 1 


= 2 = 1 + 


^ + ^ + 




and it has been shown (242), that the series, which constitutes 
the second member, approaches in fact, nearer and nearer 
to 2. 


The second supposition leads us to 

— ^ =-1 = 1 + 1 + 1 + 1 + 1 + 1 + 1 &c. 
m — J u 


This result, l+l+l+l+l &c. continued to infinity, 
presents in reality an infinite quantity, as the nature of the 


expression •— implies ; yet if we neglect the remainders in this 


example, we are led into an absurdity ; for since the divisor, 
multiplied by the quotient must produce the dividend, we have 

1 =( 1+1 + 1 + 1 + ) 0 ; 

but the second member is strictly reduced to nothing, we have 
therefore 1 =» 0, 
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The third supposition leads to consequences not less absurd, 
if vre neglect the remainders, and consider the series, which is 
ohfnined as expressing the ralne of the fraction from which it 
is derived. 


Making m 


I 

2’ 


we find 


-Jl- = ~l=l+2 + 4 + 8 + 16 + &c. 
m — 1 


winch 19 evidently false. 

There will be ho contradiction of this kind, if we observe, 
that, in the second case, the remaindei^ 


1 ^ 1 1 

j, — , — -j — • , &c. 
m m* m* 


are each equal to 1, and that, since they do not diminish, they 
can never be neglected, to whatever extent the series is conti- 
nued. If we add, therefore, one of these remainders to the 
second member of the equation 

1 = (1 + 1 + 1 + 1 + 1 + . . . . ) 0 , 

the equation becomes true. In the third case, the remainders, 


1 , 





&c. 


form the increasing progression, 1, 2, 4, 8, 16, &c, and, if we 
add to the several quotients the fractions, arising from the cor- 


responding remainders, the exact expression for 



will be 


1 + 


1 


m — 1 


1 + 
1 + 


1 


m 


m (m — ] ) 


i + l + I 

w * w* (m 


1), 


&c. 


eacb of which gives — 1, when m 


2 

2 


If we take »i — n, the fraction ■ ; ■ becomes — ^ — - ; 

m — 1 » + 1 
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the series which is produced by dereloping this fraction, assumes 
the form 


and making n 



-f- &c. 

n 


1 , we have 


a series, which becomes alternately 1 and 0, and which, conse- 
quently, as often exceeds, as it falls below, the true value of 


n 

tT+I’ 


equal in this case to i ; but as the above series is not 


converging, it cannot give this value ; and we must, therefore, 
take into consideration the remainder, at w^iaiever term we stop. 
If we suppose, in 'the preceding series, w = 2, we have 



a iSeries in w*hich the particular sums, 1, 


13 5 . 


alternately, smaller and greater than the true value of 


n 


which is — , but to which they approach continually, because 


the proposed series is converging. 

jf\lthoui»h diverging series, that is, those, the terms of which 
go on increasing, continue to depart further and further from 
the true value of the expressions from which they are derived, 
yet considered as developments of these expressions, they may 
serve to show such of their properties, as do not depend on 
their summation. 


CCLXVI. If we continue any process of division in algebra, 
according to the method pursued above (St-S), with respect 
to tlie quantities w and w — 1, the quotient will always he 
expressed by an infinite series composed of simple terms. Infi- 
nite series are also formed by extracting the roots of imperfect 
powers, and continuing the operation upon the several succes- 
sive remainders ; but they are obtained more easily by means 
of the formula for binomial quantities. 
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Of Figurative Numbers. 

CCLXVII. These numbers result from a single arithmetical 
progression, and each series of numbers is formed from it, by- 
adding together the terms of the series which goes before, or 
each term is equal to its preceding added to the term imme- 
diately above it ; they are called figurative numbers, because the 
units in each term may be so disposed as to represent a geome- 
trical figure. 

The following are figurative numbers. 


Ist order 

1, 

1, 

1, 

1, 

1, 

1, 

1, 

1. 

1, 

1 

2nd . . 

h 

2, 


4, 

5, 

6, 

7, 

8, 

9, 

10 

Srd . . 

1, 

8, 

6, 

10, 

15, 

21, 

28, 

86, 

45, 

53 

4th 

1, 

4, 

10, 

20, 

35, 

56, 

84, 

120, 

165, 

220 

5th 

1, 

6, 

15, 

35, 

70, 

126, 

210, 

330, 

495, 

715 

6th 

1, 

6, 

21, 

56, 

126, 

252, 

462, 

792, 

1287, 

2002 

7th 

1, 

7, 

28, 

84, 

210, 

462, 

924, 

1716, 

8003, 

5005, See. 


The 10th term of the 6th order, for example, is 2002 = sum of 
the ten first terms of the series of the 5 th order, or the sum of its 
preceding term and that above it *= 1287 + 715. 

Without entering into the details of the summation of each 
order, we shall choose the series of the 3rd order as being the 
most useful to calculate the number of cannon shots in the 
triangular, square or oblong piles in which cannon shots are 
generally arranged in arsenals. 

Let the numbers be disposed in the following order. 

A 

1 

1 2 

1 2 S 

12 8 4 

1 2 3 4 5 

B 

The sum of all the terms to the left of A viz. 1 + 3 + 6-f- 
10 + 15 of the sum of all the terms in the figure; for 

each vertical row on the right of ^ B is double the correspon^ 
ing horizontal row on the left : thus 4 + 4+4 twice 1+2+3, 
6-|.6 + 6 + 6 + 6 = twice 1+2 + 8 + 4 + 5. 
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Now let n denote the number of horizontal rankst then n + 1 
will represent the number of terms in an horizontal rank or 
series^ and also the last term of that series ; the first plus 
the last term then = 1 -f (n -f 1) a n + 2 multiplied by 
n 4“ 1 

— X — or half the number of terms in the horizontal rank, will 


be the sum of the series 1 2 -f" 8 + &c., or of all the terms 

in that rank ; multiplying this product by the number of hori- 
zontal ranks is >c (n 4- 2) »x w, which is the sum of all 

2 

1 w *4" 1 

the terms in the figure, and — of that sum or ■ X L; , x (n + 2) 

S 2 


1 


n 

T 


n + 1 
2 ' 


w 4“ 2 
“8 


is the sum of ail the terms on 


the left of A or the sum of the series 14*8 + 64 - 10 4* &c. 
continued to n terms. 


CCLXVIII. Let the bottom row of a triangular pyramid 
consist of 9 shot, the proposed pile has then 9 courses, each 
of which forms an equilateral triangle, the shot contained in 
these, being in an arithmetical progression, of which the first 
and last term together with the number of terms are known ; 
it follows then, that the sum of these courses or of the 9 pro- 
gressioiis, will be the number of shot contained in the proposed 
pile. 


The shot of the first or 1 
lowest triangular course j 

[ (9 + 1) X 4i = 

45 

the second 

(8 + 1) X 4 = 

36 

the third ^ 

(7+ l)x3i = 

28 

the fourth 

(6 + 1)x8 = 

21 

the fifth 

(5 + 1) X == 

15 

the sixth 

(4, + 1) X 2 <= 

10 

the seventh 

(3 +1)X1J « 

6 

the eighth 

(2 -1- 1) X 1 = 

S 

the ninth 

(1 + 1) X i - 

1 


Sum = 166 shot, con- 
tained in the whole pile. The same numbeir will be found by 

substituting 9 for n in the formula y . i?— i l j l we have 

l • 2 • o 


C 



or rtotrxATirx 




thus ^ » 16fi. but if the numher of shot wer$ only, 

say, 50, it would be very tedious to find, first, the contents of all 
the courses, and then to add them. 

Supposing then the number of courses in a triangular pile or 

pyramid were 50, we have^ X ^ X - — 22100, the 
12 4 

number of shots in such a pile. 

The square pile is a pyramid, having a square for its basei 
and a single ball at the top ; this ball, with the successive courses 
downward, constitute the series of squares, 1 + 4-1-9 + 16-f 
&c., the last term being the number of shot in the bottom course. 

The series of squares I + 4 + 9 + 16 + 26 + ... to » terms, 

may be resolved in J 1 + 3 -j- 6 + 10 -f 16 + ... to n terms, 

the two following ( 1 -f 8 + 6 + 10 + ...tow — 1 terms. 

Sum 1 + 4 + 9 + 16 + l!5~&cr 

The first sum 1 -f ^ ^ 10 &c. to n terms is 

« X (nf 1) X (n + 2) 

1,2,8 

and the 2nd, (substituting w — 1 for w) gives 

for the sum to rt — 1 terms ; adding both these expressions, 
we have 

n . (n -f 1) , (« + 2) , n , (« + 1) (?i — 1) 

1 . 2.8 * 1 . 2 . 8 * 

n . (w + 1) r(n + 2) + (n — IJ-i _ n . {/i + 1) . (2 n + 1) 

1.2*- 8 -*“"1 . 2 . 8 

is the sum of the series of squares 1 + 4-1-9 + 16-1-25 + &c. 
continued to n terms. 

The oblong pile stands on a rectangular base, consequently the 
number of shot in any course, is the product of the number of 
shot in one side by that in the other; the whole pile being 
composed of a series of rectangular courses, the side of each 
diminish by 1, from the base upwards; therefore, if d he the 
difference of the shot in the sides of any course, the pile will end 
at the top in a rank of d + 1 balls. 

Let the sides of the bottom course contain IS and 9 shot, the 
difference in the sides of each coarse will be 4. 
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m 


The Ist course contains 

IS X 9 P» 

117 

2nd 

12 X 8 *=. 

$6 

3rd 

11 X 7 — 

77 

4th 

10 X 6 as 

60 

5th 

9x5 — 

45 

6th 

8 X 4 =» 

32 

7th 

7x3 — 

21 

8th 

6x2 — 

12 

9th 

6x1 bb 

5 

Number of shot in the whole pile 

465 


bat the number of shot in an oblong pile can be found, by 
resolving the series + + &c. into two others. 

Thus 

1+4+ 9+16 + 25 + &c.»?-lililini2^ti} 

1 • 2.3 

4+ 8 + 12 + 16 + 20 + &c. « j* . -1- 


Sum 6 + 12 + 21 + 82 + 45 + &c. = ” • (” + 1)(^ . ” . +J) , 

Is o » 2 

j_ n . (n -f- 1) d n.(n + 1)(2n + l+ 8rf) 

2 r r. 3 

is the sum of the series of products continued to n terms, where 
n is the number of courses, or the number of shot in the lesser 
side of the bottom coarse, and d the difference of the number 
of shdt in the sides. Substituting, for the present example, 9 
for n andi^foidwe have 

9 X 10 X (18 + 1 +12) ^ 

1 . 2 . 3 

Should « be the number of shot in a complete triangular pile 
be given, and it were required to determine the number of shot 
in the side of the base ; we have 

, „ n . (n + 1) (« + g) «* + 8 «• + 2 n — 6 * 
1.2. 3 

if to complete the cube of the first member, we add » + 1 to 
both members of the equation, we get . 

8 c 2 
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m 


w* + Sn*+3n + l — • 6-s + I or 

n + 1 «w ^ 6.6* + n + 1 - 

but as n most of necessity be a whole uumbert >v/ 6 a + n + 1 
or w + 1 nmst be the integral cube next greater than 6a. 

Let the number of «hot in a complete triangular pile be. 
208S5 ; then 20825 x 6 = 1 24950, the cube next greater is 

125000^ whose root is 50 n *f 1 ^ = 49. 

In a complete square pile we have 

_ w . (n + 1) (2 n + 1) 2 n’ + 3 n* + n 

*“ 1 ~ F"” 6 


by adding lin’ + 2 — « + l, to both members of the equa- 
2 2 


tion, the 1st member becomes visibly a perfect cube, we get thus 

t»‘ + 3«’ + 8n+ 1 3«+ U»’ + 2i » + l, 

and by extracting the root 

n + 1 4 / 3 « + li n’ + » + f 

» + 1 therefore, must be the root of the integral cube next 
greater than 3 a. 

Suppose a = 77531, or 3 « = S3S593, the cube next greater 
is 288828, whose cube root is 62 = n + 1 ; wherefore « = 61. 

Should the pile be incomplete, we find the number of shot in 
the whole pile, and the upper course of the broken pile being 
known, we deduct from the whole pile, the pile wanting ; the dif- 
ference is the number of shot in the incomplete pile. 

In general, the figurative numbers of any order n, are found 
by substituting successively ; 1 . 2 . 3 . 4 . 6 

&c. instead of n, in the general expression 

« . (n + 1 ) (« 4- 2) (« + 3) (» -f- 4) (« -f- 6) &c. 

1.2.8. 4 . 6 . 6 


and to be continued till the number of factors is 1 less than that 
which expresses the rank of the figurative number. For exam- 
ple, let the 10th rank of the order n = 7, be required, taking 
9 faSiors, we have 


7x8x9x10x11x18x18x14x15 
]x2xdx 4x 5x 6x 7X 8x 9 


5005. 
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sirs 

Examples of Progression by differences. 

Let a represent the Ist term, ss the last, 9 the common differ- 
ence, ft the number of terms, and s the sum of the terms. 

1. a 89. n =» 157. 9^ i Reqs. 

Ans. s ** 0 if the series be decreasing, and s =s 1SS46 is increas** 
ing. 

2. a =» 1077|. n == 43$. ^ = 5. 

Required s. Ans. s =3 144. 

3. a *» n = 53 . ^ 

Required s. Ans. s = 871. 

4. a =» n = 1$4 . ^ = J. 

Required Ans. a $554,4. 

5. a = 5 . w — 17 . ^ == 1$. 

Required s. Ans. s = 1717. 

6. a ** — w = 14986 . ^ = A 

Required Ans. a — $9935605f. 

7. a = 6 . w = 146 . s = ]$7896. 

Required^. Ans. 9 =s 1$. 

8. a *=H 6$1 . « = 4$5 . = 106$50. 

Required 9. Ans. ^ = 1|. 

9. fl = 904$ . n 6745 . a = 337$50. 

Required 9. Ans. 9_ — $J. 

10. a B 14 . n= 445 . $900, 

Required Ans. 9 =? 6J, 

11; a 594 . n =3 $$9 . ar 2000. 

Required Ans. 9 =» 

1$. a = $048 . n == 7993 . ar c= 50000. 

Required 9. Ans. ^ 6. 

13. a =» 7474 . n = 101 . ^ = 1,25. 

Required a. Ans. a— 11|. 

14. a ==. $33$0 . w= $33$ . 9 z=z — 

Required a, Ans. a = 343. 

15. a = $4948 . 99 . « == 500. 

Required «. Ans. a = 4. 

16. « «= 298 . «= 149 . ^ ==» J. 

Required a. Ans. a = — 16J. 

17. a = 51005 . 101 . a = 5. 

Required ». Ans. x = 1005. 

18. 8 = 9$837 . n = 731 . a 5J 

Required z, Ans. isr a $48|. 

19.8= 116145. }.««=— 17| 

Required n. Ans. n = 890. 

20. 8= 97100 . $|. a=~1193J. 

Required n. Ans. w 971. 

21. 5 = 600 . a = » s=» I 

Required ts. Ans. n = 1000. 

$2, a «=» $91640,5 . a = z = 600. 

Required n. Ans. n = 97$« 
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Formulae. 

No. 

> 

5 

1 


1 

/j, 9, n 


« a + fn — 1 j « 


a, 9, « 


= -|±^ [««*+(« -4^*] 

S 

ity W 3 4 

Z 

_ 2 « 


n 

4 

n, < 


_a (n — iy 9 



n 2 

5 

0 , *, M 


-[ 2 a + (n-l)^]|- 

6 

ff, 9, i 


_a + z , (z + a) (z — a) 


2 29 

7 

aj n, 2 


a + « 

sa — 1 — n 

2 

8 

9 , «, 


= [2 ir — (» — l)a] 

o 



_ z — a 


€f, W, Z 


n— 1 

In 

a, «, 


{s — a n\ 




n (n — 1) 

11 

a, z, 8 


(z -f a) (x — a) 




\ 2 8 — X — a 

12 

w, ;!r, « 

_ 


^ {n z — s) 


« (n — 1) 

iF 

9 , n, z 


1 

T 

B 

14 

9, n, s 


8 (n — 1 ) ^ 




n 2 

15 

9, z, s 

a 

—*-=t 

16 

fit z, a 





n 

17 

0» bf z 


+ ^ 

la 

a, 9 , a 


* _ a 0 ± ✓ [8 * # + (2 0 — «)*] 

2« 

19. 

or, *, a 

n 

2?+«±v'[(*» + »)• — 8#*I 
'' 29 

SO 

t, », e 
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Extm/pkB in Prt^imnon .im-^d^ernmes* 

« Si''' ' •. I.'*' ’ >S 

I . Required the eum of an increaeing arithnaHeaf tO^deOf 
having 2 /or its first term, 8 for the etmanon differmeO) and 
31 for the number of terms, ' 

... 

^ Required the sum of a deeread^'uriihm^eat progref 

sion having for its first term, for fliq ehmmon d{fibr^ 

ence, and 25 or the number of terms. ' _ 

Jns. ^iO.* 

3. The ditds of asfronomieat docks are generaUg marked 
to 24 hours, what is the sum ofi all the figures on the dial 
gone over by the minute hand during the month of Jtwuef f 

Jns. 228200. 

4. One hundred and twenty-one eggs, being placed on the 
ground, in a straight Hne, at the distance o/ a yard and a 
half from each other, how far will a man have travelled who 
brought them one by one to a basket, placed at one and a half 
yard distant from the first egg t 

Jns. 12 miles and 1028 yards. 

5. Required the sum of all the odd numbers continued up 

to 4000 . > 

Jns. 4000000’t’. 

6. What is the S7th term Of the 8eties\% 

11 1 ❖c. 

Ans. "8. 


* In this progression the Ist term is I, the last 1 i) or 

heeause d =3 9^ 1 *f (n 1) 9, therefore the sum 37 [9 + (»-*- 1) 9] a 

9 

(8 S « 8) as It kppwrt the^ t)i»t tha Biom of the odd nambera 

ootdJljMd to N tonne, is Alio, the tun of wsf two doiaecative terms 

of m eerioB of the trianguler numbers I . S . 6 . 10 . 14 . 81, &(). is 

i^iMye a (iqiinre; fk 
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7. What is the dtjff^rence between all the even, and all the 
odd terms of the series of the natural numbers 1, 2, 3, 4, 

to 900 terms f 

Jns. 450. 

8. Two detachments^ of opposite armies^ distant from each 
other 89 leagues^ both designing to occupy an advantageous post 
equidistant from each other's camp^ set out at different times; 
the first detachment increasing every day's march one league 
and a half, and the second detachment decreasing each day''s 
march two leagues ; both detachments arrived at the same time ; 
the first after 5 days'* marchy and the second after 4 days^ 
march. What is the number of leagues marched by each 
detachment each day ? 

Ans. the 1st detachment ® ® ® ® ^ 


9.nd 



9. A bailiff is sent after a man^ who had made his escape 
fromjaily who runs 60 miles the first day^ but as his strength 
began to fail him^ he was obliged to diminish his speed by 
miles every day ; the bailiff continuing to march every day 85 
miles : in how many days did he overtake him ? 

Ans. 6 days. 

10. How many terms are in a decreasing arithmetical 

2 

series, of which the first Ihe common difference — , 

and the sum of all the terms 602. 

Ans. 43. 

11. The first term of an increasing arithmetical series 


is — 81 the common difference — and the sum of all the terms 


is 8721 6 ; what are the number of terms f 

Ans. 87210. 


12. A company of foot leave Calcutta for Bettiahy a dis^ 
tance of 874 miles, and at the same time a party of horse 
drc ordered from Bettiah to Calcutta ; the foot march 


miles the first day, 15 — the second, lessening each day^s 

Q 
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9B> r f 

mrcA iy -^0/ a mile / l^ut the horse travel eight miUs and a 

half the first day^ and inerease their, f^arch one and half mile 
every day ; what distance will each party have travelled when 
they meet f 

The horse, mites* 
The foot, t6d,9 ditto* 

18. Supposing that in the preceding question^ the company 
of horse were already four days on their march^ when that of 
foot set out, (all other circumstances repiaining the same,) how 
many miles would each party have travelled when they meet f 

The horse 247 miles. 

The foot 127 ditto. 

14. The sum of Rs. 27, was to he raised hy subscription by 
three persoffs. A, B, and C ; the sums to be subscribed by them 
respectively forming an arithmetical progression. But C dying 
before the money was paid, the whole fell to A and B ; and 
C^s share was raised between them in the proportion of 3 : 2, 
when it appeared that the whole sum subscribed by A was to 
the whole sum subscribed by B i : i : 5. Required the origin 
nal subscription of A, B, and C. 

Ans. S, 9 and 16. 

15. I had a cook whom I engaged for 2 rupees 4 annas 
per month ; as my means were improving^ I increased his wages 
every month by annas ; remt m^ g with me 10 years arid 7 
months, how much did he receivesB^last month ? 

Ans. Rs. 9. 8 ans. 

16. A debtor, unable to pay at once his debt amounting to 
Rs. 73206, agrees with his creditor to discharge it by monthly 
instalments, on condition that he should not be charged with 
any interest, viz. the Ist month Rs. 390^ but each succceedtng 
month Rs. 12, more than the preceding. In what time will 
he have discharged his whole debt 9 And how much does he 
pay the last month 9 

Ans. 6 years, 1 1 months ; 

last month Rs. 1374. 

17f. A company of seapoys who hud successfully stormed 
a fortress, was reward^ as follows ; that seapoy who had 
mounted the- wall first, received a certain sum of money, the 
second some rupees less, the third ewactly so much less than 
the second, and so on. When the money was divided, two of 
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the soldiers could noi be present on necl^unt of thsit ^nnds i 
their share was then piren to two of their eiHnrddes^ these twb 
put both their own woney^ and that of their comrades into the 
same purser Md whm they came to ditiie it with tkem^ they 
hadforffotfen what fell to each tnau^s share. One hafi reeeived 
Its, 602 for himself and comrade^ and only remembered^ that 
he himself was the 15VA, and his comrade the ihe other 
had received its. 670, for himself and his comrade, and knew 
that he was the %pd, and his comrade the lO^A. How much 
did each of the four soldiers receive f 

The &nd Its. 388, the 10th Xs. 287. 

The Uth Rs. 276, the Uth Ss. 227. 

18. The base of a right-angled triangle is 12 feet, and the 
three sides are in arithmetical progression ; it is required to 
find the length of the hypothenuse f 

Ans. 16 feet. 


19. A dispatched to Chandanagor, travelling 8 miles the 
first hour, but relaxing his speed ^ of a mUe every hour ; one 
hour and a quarter after, B is sent to overtake him, going only 

8 miles the first hour, but gaining — of a mile every hour. In 

21 

how many hours will he overtake him f 

Ans. 6 1 hours. 


20. Given the sum of the squares of the two extremes 
= 477, and the sum of the squares of the two means = 377 ; 
to determine the four numbers. 

' Ans. 6,11,16,21. 

21. In an arsenal there is a triangular pyramid of which 
the side of the lowest layer has 101 cannon bails ; how many 
balls are there in the whole pyramid ? 

Ans. 176851. 

f 

22. A triangular pyramid being incomplete, the side of 
the lowest layer coiitaining n balls, and the side of the highest 
layer m balls. Give the general expression for the number 
of balls in a broken pyramid f 

^ n ( n + 1 ) (n + 2) _f» (m + 1) 

J— — a : S 1 .2.8' 

23. In a quadrilateral incomplete pyramid each side of the 
lowest layer contains ii and each side of the highest m halls. 

3 D 2 
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Express^ by a general equation^ the number of balls in an 
incomplete quadnlateral pyramid f 


Ana. — 


(w -I- 1) (2 n -f 1) m(m — l)(2m — 1) 

. 2 . 8 1 ~ 2 ~ ^ 8 


24f. In a broken rectangular pile, of which the aides in 
the bottom course contain 85 and 17 and the greater side of 
the upper course 24i ; what number of shots are contained in 
the broken pile f 

Ans. 4214. 

25. In an incomplete rectangular pilCi the sides of the lowest 
layer has n and n + d shot a ^ the less side of the highest layer 
contains m shots* What is the general expression of the whole 
number of shots contained in the incomplete pile ? 

j n (n-|-l) (2w+l-j“3d) m {m — 1) (2m— 

Ans. ^ — g . p— ^ ^ g 


26. The number of cannon balls in a triangular pyramid 
amounts to 23426. How many balls are contained in the side 
of the bottom course f 

Ans. 51. 


27. 46526 shots piled form a complete quadrilateral pyra- 
mid f How many shots are in a side of the bottom course f 

Ans. 51. 


28. An oblong pile of shells^ of which the difference in the 
sides of the bottom course is 11 shells, contains 60112 shells? 
What must he the number of shells in the less side of the 
bottom course ? 

Ans. 51. 

29. In a complete rectangular pile, there are 30340 shells, 
and the difference of the sides is 10. Determine the number 
of shells in the lowest layer. 

Ans. 400. 

SO. Having occasion to take away the uppermost five 
layers from the pyramid in the last example, how many shells 
are in the greater side of the highest course. 

Ana. 1 6. 

81, In an incomplete oblong pile, containing 4640 shot, 
the difference of the sides is 9. What is the number of shot 
in the greater side of the lowest course f 


Ans. 29. 
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Examples m Progression hf Quotients. 

1 . There are three nunU^era in geometrical proffresaionj the 
greatest of which exceeds the least by 56. Also the sum of the 
squares of the greatest, and least is to the sum of the squares 
of all the three numbers y as 82 : 91. Required the numoers% 

Ans» 7y 63. 

2. The sum of three numbers in geometrical progression is 

Vj the product of the mean by the sum of the extremes is 
y fVhat are the numbers t ^ ' 

Ans» and ^ 

3. There is a number consisting of 4 digits; the sum of the 
1st and 2nd digits^ is to the sum if the 2nd and 3rd, as the sum 
of the let and Ath digits, is to the sum of the 2nd and Ath ; 
and the square of the first digit, is to the square of the second 
increased by 2, as the last digit, is to the first ; again, the 
number itself diminished by 3, is to the sum of the four digits, 
as 223 ; 1. Lastly, by subtracting 1818 from the number the 
digits will be inverted. Find the number. 

Ans. 3571 . 

4. There are three numbers in geometrical progression, the 
greatest of which exceeds the least by 18. Also the sum of the 
squares of the mean and least, is to the sum of the squares of 
all the three numbers as b : 21. Required the numbers. 

Ans. 2A, \2, 6. 

5. The sum of three numbers in geometrical progression is 
28, and the mean multiplied by the sum of the extremes is 120. 
Required the numbers. 

Ans. 2, 6, 18. 

6. There are five numbers, the three first of which are in 
geometric progression ; the three last in arithmetic progression, 
the first number being half the difference of the last two num^ 
bers. The sum of the four first = 72, arid the product of the 
first by the last = 1 17- W^t are the numbers ? 

Ans. 3, 9, 27 , 33, 39. 

7 . There are five numbers in geometric progression, the 
difference of the squares of the last and the sum of the three 
first terms is equal to 786. The sum of the mean term and the 
cuAe of the square root of the first term, the sum of the fourth 
and mean term, the last term diminished by \, the sum of the 
fourth and first term, and the sum of the mean and second 
term form five numbers in a decreasing arithmetic progress 
sion of which the common difference is 10. Required the 
numbers. 

Ans. 16, 24, 36, 54, 8L 


3 E 2 
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8. What iaHhe mti- tif the /oUowing eeries of nth powere 
continued to t temu, ft' 4* ' + *"**“ + 


^ _ 1 

9. Required the Mtn of the descending series 1 — x + x* 
— X* + x‘ — &c. to an infinite nv^mbcr of terms- 

' Ahs. — ^ — . 

. 1 + » 

10. ’ iVhat is the difference of the two series I + ^ + 

i- + -L ad infinitum) and /bttr terms ? 

4 o is/ 9 . o 


AnSo 


11 

65 " 


Geometry teaches that the volumes of spheres^ are in the 
ratio of the cubes of their radii ; vre can then find the weight 
of any hall or shelly knowing that of a ball of the same metal 
of any diameter whatever^ and if the specific gravity is also 
given, the weight of any sphere, whatever its composition, can 
be determined. 

11. A cannon ball of cast iron Scinches ditmeterg weighs 
5,792 Ihse ; what will one of the same metal of Agb inches weigh ? 

Ans. 12,310. 

12. Required the weight of a shelly of the same metal^ whose 
radius 3, 1 inches and the thickness of the metal 1, 4 inch. 

Ans, 26,886. 

13. Required the weight of a sphere 3, 4 inches in diameter 
of a sort of wood whose specific gravity is to that of cast iron 

1 : 14, 5. 

Ans. hi 8187 ounces^ 

14. What must be the thickness of a shell of fine gold, five 
inches radius, so that only half of it will be immersed, if it is 
mack to float in ]fresh water ? 

AnSs .0433 inch. 

16. A sphere of silver whose radius is r, is to be cast into 
two baits whose radii must be as m : n. Eapress these radii. 

^ m r j ^ ^ 

.dnSt — rrr / — srr» 

16., 'The ratio of the volumes of d cylinder : sphefpi cone ,'. ; 
1 • 8 • j> f/" three have the same heigM.and the weight of a 
cone 6e 14} what is that of ike other two ? 

dns. 9^; 4f. 
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17* It i9 demonstrated in the Elemefits of^Meehmics : that 
the density of a material body^ is as the mass directly ^ and as 
the volume inversely. The mass of the sun, being 354936^ (fhd 
its volume 1384472 greater than that of the earthy what must 
be the sun*s density ? 

Ans. 0^2543. 

18. The attraction of ^heres is proportional to the masses 
directly and the square of the distance inversely^ the radius 
of the earth being 4000, and that of the sun 440000 miles (m 
round numbers)^ required the intensity of solar gravity y that 
of the earth being 1. 

Ans, 27 i 9. 

19. If a mass weigh 170 lbs. on the earthy what pressure 
will it have at the surface of the sun P 

Ans. 4000. lbs. 


20. The distance' of the moon from the eartVs centre is 
( somewhat less than ) siccty times the distance from the centre 
to the surface^ where gravity is estimated at 32 j feet per se* 
condy What is the period of the revolution of the moon ? 

Ans, 27 days, 7h. 43m, 


21 . The quantity of matter of the moon, is to that of the 
earth as 1 : 39, and taking the distance of their centres as 
240000 miles ; at what distance from the moon in the line joining 
their centres, would a body be equally attracted by the earth 
and moon ? ( See ex. 18.) 

“ 33126 miles nearly. 

1 T V 39 


22. To what height above the earth^s surface must a body be 


transported, to lose of its weight ? 
id 


Ans. 170,22 miles. 


23. Hm far beneath the eartWs surface must a body be, to 


lose -rg of its weight. 

Xm 


The force of gravity being, in this case. 


directly as the distance ? 

Ans. 33i miles. 

24. A soldier escaping.from a fortress, ran the hour 9^ 
miles, the second hour 9 miles, and so on, lessening h^ speed by 
J mife every hour. Five hours qfler, Ms eicape being detected, a 
detacJmeat <f dragoons were sent after him: not knomng,precise- 
ly the road the deserter had taken, they approached Mm 
putation made cfterwards), only, 1 1| miles the first hour ; but as 



886 THISOftY OF SXPOHBKTIAi; ^OAWTITIFS. 

by enquiry^ they to^emade more certain about the roadtheyhad 
to follow^ neared the defe^ter every hour, and it woe found that 
they did so in a geometrical progression, the ratio of which 
was 2. How many hours qfter the deserter^ s escape, was he 
apprehended ? 

Ans. 1 1 hours. 

Students acquainted with the elementary parts of mechanics^ 
hydrostatics^ maxima and minima questions^ astronomy^ and 
trigonomet^^ will fiiid^ amongst the miscellaneous questions at 
the end of the present volume^ where no reference is madejto 
any particular law 5 many interesting questions involving geo- 
metrical progressions. 


Theory of Exponential Quantities and of Loga- 
rithms. 

CCLXIX. In the several questions we have resolved thus 
far, the unknown quantities have not been made subjects of 
consideration as exponents this will be requisite, however, if 
wie would determine the number of terms in a progression by 
quotients, of which the first term, the last term, and the ratio 
are given. In fact, we are furnished by a question of this kind 
with the equation 

* = « (260), 

in which n will be the unknown quantity ; abridging the expres- 
sion, by making n — 1 « », we have z =» a g*. This equation 
cannot be resolved by the direct methods hitherto explained ; 
and quantities like a cannot be represented by any of the signs 
already employed, in order to present this subject in a more 
clear light, we shall go back to state, according to Euler, the 
connexion which exists between the several algebraic operations, 
and the manner, in which they give rise to new species of quan- 
tities. 


CCLXX. Let a and b be two quantities, which it is required 
to add together ; we have 

a + 6 c ,* 

and -IQ seeking a or 6 from this equatipn, we find 
a aae 6 C, 6 C — O ,* 

Iience the origin of subtraction ; but when this last operation 
Cjsnnot be performed in the order in which it is indicated, the 
result becomes negative. 
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The repeated addition of the game quantity gives rise to mal« 
tiplication ; a representing the mnlttplier» 6 the multiplicand, 
and c the product, we have 

a b aaaC, 

whence we obtain 



and hence arises division, and fractions, in which this division 
terminates, when it cannot be performed without a remainder. 

The repeated multiplication of a quantity by itself produces 
the powers of this quantity : if X represent the number of times 
a is a factor in the power under consideration, we have 

aA c. 

I'his equation differs essentially from the preceding, as the quan- 
tities a and X do not both enter into it of the same form, and 
hence the equation cannot be resolved in the same way with 
respect to both. If it be required to find it may be obtained 
by simply extracting the root, and this operation gives rise to a 
new species of quantities, denominated irrational ; but X musl 
be determined by peculiar methods, which we shall proceed to 
illustrate, after having explained the leading properties of the 
equation a a => c. 


CCLXXI. It is evident, that if we assign a constant value 
greater than unity to and suppose that of X to vary^ as may 
be requisite, we may obtain successively for c all possible num- 
bers. Making X «= 0, we have c 1 ; then since X increases^ 
the corresponding values of c will exceed unity more and more, 
and may be rendered as great as we please. The contrary will 
be the case, if we suppose X negative ; the equation ts o being 

then chang^.d into = c, or *=» c, the values of c will 

go on decreasing, and may be rendered indefinitely small. We 
may, therefore, obtain from the same equation all possible posi- 
tive numbers, whether entire or fractional, upon the supposition, 
that a exceeds unity. The same is true, if we have a 1 ; 
only the order in which the values stand, will be reversed; but 
if we suppose a ^ I, we shall always find c whatever 
value be assigned to X ; we must, therefore, consider the obBer- 
vations which follow, as applying only to cases, in which a 
differs essentially from unity. 

In order to express more clearly, that a has a constant value, 
and that the two other quantities X ahd c are indeterminate, we 



988 


THEOSr OF XZPOXjBVTIAJ. QITAKTITIBfl. 


alial] represent them hy the letters te and y ; rre then baTe the 
equation o* y, in which each value of y answers to one value 
of ar, 80 that either of these quantities may be determined by 
means of the other. 


CCLXXll. This fact, that all numbers may be produced 
by means of the powers of one, is very interesting, not only 
when considered in relation to algebra, but also on account 
of the facility with which it enables us to abridge numerical 
calculations. Indeed, if we' take another number y', and desig- 
nate by .1/ the corresponding value of #, we shall have a*' » y>, 
and consequently, if we multiply y by y', we have 

y y' «= o* X o*’ «- 0*+'’; 

if we divide the same, the one by the other, we find 



lastly, if we take the i«‘'* power of y, and the «*•* root, we have 
y”'i=a (a*)” es o’” 

for the one, and 

i. i- *. 

y" sam (a*)" S= O" 

for the otlier. 

It foilou's from the first two results, that knowing the expo- 
nents » and ar' belonging to the numbers y and y', we may, by 
taking their sum, find the exponent which answers to the pro- 
duct y y', and by taking their difiference, that which answers 

to the quotient iL. From the last two equations it is evident, 

y 

that the exponent belonging to the power of y, may be 
obtained by simple multiplication^ and that which answers to 
the w*** root, by simple division. 

Hence it is obvious, that by means of a table, in which, 
against the several numbers y, are placed the corresponding 
Talues of y being given, we may find a:, and the reverse ; and 
the’ mu/ f ip ticafion 0/ any two numbers, is reduced to simple 
addition^ because, instead of employing these numbers in the 
op^tion, we may add the corresponding values of or, and then 
Beejiing in the table the number, to which the sum answers, we 
obMin the product required. The quotient of the proposed 
numbers may be found, in the same table, opposite the diffet* 
ends between the corresponding values of a?, and, therefore, 
division is performed by means of subtraction. 
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Thede two examples will be inffioient to enable ns td form an 
idea of the utility of tables of the kind here describ 0 d 9 which 
have been applied to many other purposes since the time of 
Napier, by whom they were inyented. The values of « are 
termed logarithms^ and, consequently, logarithms are the expo^ 
nents of the powers^ to which a constant number must be 
raisedy in order that all possible numbers may be successively 
deduced from it 

The constant number is called th$ base of the table or system 
of logarithms. 

Representing the logarithm of y by / y ; we have then x^ly^ 
and taking y «« 6*, we obtain the equation y » b^. 

CCLXXIIL As the properties of logarithms are indepen- 
dent of any particular value of the number 6, or of their base, 
we may form an infinite variety of different tables by giving to 
this number all possible values, except unity. Taking, for 
example, 6 =: 10, we have y »s (10)^, and we discover at once, 
that the numbers 

1, 10, 100, 1000, 10000, 100000, &c. 

which are all powers of 10, have, for logarithms, the numbers 
0, 1, 2, 8, 4, 5, &c. 

The properties mentioned in the preceding article, may be 
verified in this series ; thus, if we add together the logarithms 
of 10 and 1000, which are 1 and 8, we perceive, that their sum, 
4, is found directly under 10000, which is the product of the 
proposed numbers. 

CCLXXJV. Before proceeding to find the logarithm of the 
numbers intermediate between 1 and 10, 10 and 100, 100 and 
1000, &c. which can only be obtained by approximation, it is 
necessary to introduce the theory of 


Recurring Series. 

It has been shown (art. *60), that the progression by the 
same mtio, or the progression of quotients 

o + a y + a g* + a 9® + &o. 

arises from the development of the fraction ^ 

cumstance naturally leads us to examine the series which may 
result from the development of any fraction whatever. Let the 
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fraction be a (6 + c »)“*, whence 

6 -f- c * 

1—2 — -.^ + 5» + C«‘ + 2>«‘ + ^«‘ + /’«' + &o. 

h •j" 0 X 

where the letters J?, C» &c. are indeterminate« 

CCLXXV. Let the following general equation be proposed, 
which for the sake of reference, we call 

(P) . . . m « a y + 6 y* + c 9 * + rf + &c. 
in this equation the value of m as well as that of the coefficients 
a, 5, c, d, &c. are'^ known ; y is the unknown quantity whose 
value is to be ascertained^ 


CCLXX VI. Let the series be converted into the following, 
which call 

(Q) . . . y «= -4 wi + J? »i* -f C w* + Z> m* + &c. 

It is evident, that we can always represent thus the value of 
y, as i?, 0, JD, &c« are indeterminate expressions and conse* 
quently each susceptible of any value whatever. It becomes 
therefore necessary to ascertain the value of each of these inde- 
terminate quantities. Nothing is easier,* and at the same time 
more ingenious. 


CCLXXVIL As y .4 m + 5 w' + C m* -f- &c. 
let us take successively the 1st, the Snd, the 3rd, the 4tb, &c, 
powers of this equation : let these powers be arranged accord- 
ing to the different powers of m, we have then 

A m + Cm*+ + &c. 




y‘- 

&c. 


+ 2 J + C»n‘ + 2^2)m‘ + &c. 

+ 2 C >»’ -j- &c. 
'* A* «J’ + 8.^*B m* + 8A'Cm> + &c. 

+ 8 A B*m^ + &o. 

A*i»f + &c. 


CCLXXVIIL Let now these values of y, y* y* &c. be sub- 
stituted in the equation (P), by disposinjf the terns in the same 
order, and writing, for shortness' sake, the powers of m only 
once at the head of each column, and imagining theni repeated 
in the terms under it, thus : 
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P 0 y** a^fn4"aJ?iii*+ aCiit*+ aZ)m*+ aJS7iii*+&0s 

+fty*- 

... bA* +2ABb +UCb 

+%ADb 

-f-Sic. 


+ B*b 

■{■tBCb 

•f&c. 

+cy*« 

••• ••• A^ 0 '^SA Be 

+SA'‘Co 

-h&e. 


+8AB‘c 

-h&o. 

+dy‘— 

••• A d 

+4A»Bd 

■f&c. 

+ey‘-» 
,+ &c. 

••• ••• ••• 

A‘e 



and In transposing m into the second member of the equation^ 
it becomes «*» 0 or 0 « m (a -i< — 1) + »»’ (a i? + ft ^*) + 
m* (C a + a ^ B 6 + c) + &c. 


CCLXXIX. The values then of A, C, &c. mast be 
sncb) that the second member of this fraction> however far pro- 
duced, be al wa]^ equal to zero, for if the above Equation be equal 
to zero, by adding a new column beginning with a m* -f &o. 
it will still be equal to zero,but this condition oan only liold, when 
the values of the indeterminates are such, that each term of the 
equation 0 = m (« ^ — 1) m‘ (a B ^ b A*) -f &c. is equal 
to zero’**. We have thus 0 »» m (a — 1) or m a A am or 

aAal otAa—i again, m* {aB-j-b A') = 0 B 

a a 


oVf by substituting for A its value found, B . lu the 

a 

same way we find 

^ 2 6* — a c rk 5 a b c — a*d — 5 6* 

-r , D— r? ; 


E 


14 6* — 21 a 6* c + 6 a* 6 d + 3 a* c* — a* 0 « 

! , &C, 


Substituting these values in equation (Q), there remains no 
unknown quantity in the second member, the value of the 
quantity sought y is found as follows : 

y == — — — -f (2 6 — a c) — + ( — 56 -f5a6c — ad) — 
a a a or 

+ (14 ft‘ — 21 o 6’ c + 6 o* ft d + 8 «’o’ — a* e) % + 

Qt 


* If &c. = 0, whatever value may be as. 

signed to w, Stc. and however far the series be continued, then th^ 
coefficients a 0, y, dec* must each be ss 0. 

3 f2 
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m 

(t— . 4* ft* -f- 84 a 6* c !l8 «* 6’ il — • ^ a* 6 o' + 7 o* 6 « + 

Ta'cd — o*/)^4- &c. 


GCLXXX. ThU series will serve as a general formnla for 
converting anj series of whatever form. Let there be j^ven the 
equation , 


iS) A 


sin. A 


t 


sin.* A 

3 . 8 


+ 


3 sin.'^f 
3.4.6 



6 sin/A 
4.6.7 


+ 


3 . 5 

3 . 4 


7 sin.'A 
6.8.9 


+ &o. 


comparing it with the general equation (P)> it will be observed 
that it contains no even powers, yet the equation (P) and that to 
be resolved must be similar. They become so when the coefli< 
cients of those powers which are wanting in equation (S), are 
equalised to zero ; i. e. when ft » 0, d ==» 0, Jf = 0, &c. This be* 
ing premised, let us examine what becomes of the values which 
we found for the indeterminate quantities in equation (Q). 


CCLXXXI. We had, 1st .4 — — ,thi8 value remains. 3nd, 

B a=: — —.i but ft = 0, therefore B = 0. 3xd, C == - — ; 
a® 

but 6 = 0, therefore, -n- Proceeding in this 

a® a 

Is' A IP 8 a* c’ — a* e Sc* ^ae 

manner, we obtain I? = 0 ; E 5 

a 

jF^caaO ; ^ ^ ^ ^ 7* . ? . ^ &c. But comparing the 

Of 

proposed equation (*9) with that of (P), we get aawl,c = -_L_> 


A S 5 

0 aa> , g ca - - — Substituting these values, 

we have those for the indeterminate quantities, A ^ 

Css — g -— E g 8 ^ 4 5» ® "• 3.8.4. 6. 6.7’ 

whence we can readily determinb the valjue and sign of taay 
number of terms. 
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ift 

tn tBo present easem ^ tbe equation 

( Q) then becomes : 


(WO sin. J 



+ 


A* 

i.S.4.5 


£ 

9.9. 4. 5. 6. 




By pieans of this series, which is infinite, we can obtain as 
many decimals as are required for the sine of any arc whatarai^ 
(see the values of arcs given at the foot of page vii.) 

Wo are now prepared to enter into the 


Theory of hogorUhms. 

CCLXXXII. In this theory the fundamental equation 
iK ss n, in which n represents any number whatever, X its loga* 
rithin, and h the base of the system. Whence are deduced the 
three following consequences. 


CCLXXXItl. Ist. That each diflerent value of the base, 
constitutes a difierent system of logarithms ; the number of sys- 
tems is therefore infinite. It may be superfluous to remark, that 
by changing b, it is necessary to change X, on which the equali- 
ty with the same number n depends. It is equally obvious that 
we could not attain the proposed end, by making 6 « I. 

Snd. That the logarithm of unity is always zero. For 

= 1 , can only be oWinCd when X » 0. 

3rd. That the logarithm of the base is always unity. In- 
deed, when M <» b, we must necessarily have X a 1. 

CCLXXXIV. Let us observe that the logarithm must be 
some function of the number ; and because the function becomes 
zero when » » 1, we make » — > 1 s= .v, and its logarithm, a 
function of x ; we may now make use of the method of inde- 
terminate series, (art. x75...S80). 

CCLXXXV. Be the equation 

log. (1 + «) = Jf a? -|- W «* + P »* -j- Q«* + Now 
because log. (1 + *)*»= log. (I -|- 2 » -J- »*) = 2 l<^. (1 -i- a). 
we may substitute in the series, (2x4* ^') 4 a>‘ 4 

+ for j & «* -J* i2 a* -|- &o. for ,«* ; x* &c. for a‘, and so 
on : the series, thus transformed, is doubled. Let the equation 
be arranged in the following order. 
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2 log. (l+») 


■!' 


■2jf»+ jif a* + 4 ivr®’ + Ar«* + &c. 

+ 4 JV »* + 8 P «• + 12 i» »* + &C. 

+ 16 Q**-i-&c. 

we have also — 2 log. (1 + jr) = 

— 2 Jf « — 2 JV^*--2P»*— 2Q*‘--&c. 

equalising the sum of the coefficients of each colomn, separately 
added, to aero, according to the principles in (art. 279), we 
find : 2Jlf — iitfesQ; jlf therefore remains indeterminate, 


then jSf + 4 iV • 


2 iV = 0, whence iST = — Substituting 

% 

M 

this value of N in the 3rd column, we get P » . From the 

M 

4th column, we obtain <2 = — — . The 5th column, by con- 


4 


M 


tinning the operation, will give P = and so forth. These 

values substituted in the 1st equation of art. (285), produce the 
following equation, which is the solution of the problem 


CCLXXXVI. This confirms what is said in art. (283), of 
the infinite number of systems of logarithms, it was necessary 
that the value of one of the indeterminates should remain arbi> 
trary, and that it should have an immediate relation to the 
value of the base, (see art. 292.) This indeterminate quantity 
itf, is caHed the modulus. 

The system in which df => 1 is that of Napier. Logarithms 
calculated according to this system are called natural or hyper- 
bolic ; by this last name they continue, though Very irnpro> 
perly, to be called. 


CCLXXXVII. It is not very obvious how the equation (A) 
can give the logarithm of any number whatever ; the series is 
indeed convergent in making a> or x = 1, but if this value 
be {ooreased by any quantity however small, (be series becomes 
dit^gent. This inconvenience is remedied . by using ttansfor* 
motions, or by the method in (art. 310), whioh renders it con- 
veigent in aH 'cases. • 
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. CCLXXXVIII. Making* nega(;iT»,th««qnation (i<)becoinea 

(^) • * *^- ( 1“^) = ^ f “ T ”■ T ■“ T “ T “ ) 

this series shews, that if ® -si. 1, the logarithm of a fractioo 
is negative. 

If again »*=»!, we have log. 0 = ^ oo. This results from 
the {hndamental equation (38S) ; for we can only have b ><- » 0, 

when X — — oo. We then have A“* := JL = Oj which wo 

b 

obtain from the trigonometrical equation = coa. Jj when 

tan, A 

A = 90®. 

Lastly, if whatever be the value of a?, the sum of 

the series remains — oo. Thus it appears that the logarithm 
of ever; negative number is equal to the infinite negative. 
The nature of these logarithms has excited long discussions 
amongst tlie most eminent mathematicians ; yet the utility of 
this question is very questionable, for referring to the funda- 
mental equation a=! w, which gives in fact no system of loga- 
rithms from negative numbers, as n can never be negative unless 
b be so. And by adopting for the base a negative value (which 
indeed would be useless) there would result for w, values alter- 
nately negative and positive, according as X were an even or an 
odd number. 


CCLXXXIX. Subtracting equation (B) from equation (A\ 
and recollecting that by the ordinary rules of the logarithmic 

X "1— a? 

calculus, log. (1 + *) — log.{l — *) ss log. ^ we have 

1 — iV, 




CCXC. Let it be required for example, to find the 
hyperbolic logarithm of 2; in resolying. the equation 

^ ^ =s 8, we find » — J, and because Af =s 1, (286,) we get 

1 — * 

log. 2 -o «(— y, + 6 . a* tTF STF ) 

It is evident that this series is much .more convergent than 
that of equation (,A), The calculation is as follows : — 
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’ . 1 


3' 

1 


0,83333333 


T7W ^ ’ 

2 '/ 4 


'rrr 


, 0008^04 


-* «. ,00006^ 

1 ^ ^ ii: 

- ,00000666 


1 

11 . 8“ 
1 

13 . 8“ 


r ,00000051 

< » 1 * 

. ,00000005 


0,34657368 

which multiplied W 3 " .... Ki n 

gives the hyperbol^ log. of 3 <= 0,69314716 correct to the 
7th figure ; in order to have the laet figure correct, we muet 
take one or two figures more than required. 

CCXOI. Calling (£) the hyperhohc logarithm of an ;7 num- 
ber, I, the logarithm corresponding to the same number in ano- 
ther system, and S the sum of any one of the three serieq 

4, B at C } we h^TC L’m:iS. and / jtf am j|f L Lmsa 

JH 

Hencq, multiplying the hyperbohc liytfrithm of a number by 
the meinka af another system, we have the logarithm cor- 
responding to the same number in another system, and divid- 
ing the logarithm of any system whatever, by the modulus of 

that systefUf we obtain the corresponding hyperbolic logarithm. 

% 

CCXOII. liet US now piake 6, whence x «=»> ^"7^ -. 

1 — » * 6+1 

By substituting this value in equation (C) and dividing by 
Jli, we have (388) ^ # 
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which series shews how the value of the modulus depends on 
the base. One oiiij of the two values can be a whole number. 

CCXCIII. The increments of logarithms are easily found by 
the preceding formulae. If any number w, receives an increase, 
which we shall indicate by a- what will be the corresponding 
augmentation of log. n ? this value is found immediately by the 
equation log. a. log. w==;log. (n + a- n), whence we con- 
clude that, ^ log. n = log. (» -j- 3 . n) — log. n = log. 

= log. (1 + ^). 


CCXCIV. If this last expression be reduced in series by 


means of the formula J (^85), in making a? =? — , we get 






+ &c 


And this is the differential formula, of which only the first 
term is taken when the differences are very small. 

If n, instead of increasing, diminishes, the negative sign is 
perfixed to a- n. The series (Z>) then, is entirely negative ; 
whence it evidently follows, that as the number diminishes the 
logarithm diminishes also. 


CCXCV. I'lie next formula however much more con- 

vergent, and may with advantage be substituted to all the pre- 
ceding. 

Taking ^ , we get a? = . Substi- 

— a; 71 in 91 

tuting these values in equation (C), and writing 9 - log. 91 in- 
stead of log. ” ^ ^ (293) we have 

91 

(F)... 9- log. n = 2 J/Q — ^ ^ — ) 

' ' ^ 12 n+.-» S\2«4-».w/ 

+ 1/ + &c1 

‘ 6\2 n+ >n / J 
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This eerien, which is beyond comparison more convergent 
than the series (27), is nsed to calcnlate the difference between a 
known logarithm und one greater or less. In the last case, it is 
snfficient to give to ». n the negative sign. 

In making the log. n = log. 1 ; the series (F) serves to calcu* 
late the logarithm of any positive number, either greater, or less 
than unity. 

CCXCVT. Having found, art. (S89), an expeditions series by 
which to calcnlate the liyperholic logarithm of S, (the formula (F) 
gives the same series when n ss 1 and a. n = 1 ,) we can obtain 
the log. of 4, because log. 4 == log. 2* = 2 log. 2. Having the 
logarithm of 4, we easily obtain, by means of the formula (F), 
the log. of 5, a work of many days labor of the most tedious 
kind to the first calculators of logarithms, to whom the preced- 
ing formulae were unknown. In this case n ==: 4, a- n ‘is 1, 
consequently the equation (F) becomes 

». %.4 « 2|1 + + &c.^ 

Four terms of this series are sufficient to obtain the quantity 
we have to add to the logarithm of 4i, in order to get the hyper- 
bolical logarithm of 5 correct to seven places of decimals. 

The calculation is as follows : — 


I 

9 

= 

0,111111111 

1 

^ ■ 

,000457247 

8,. 9’ 

1 

, 

.000003387 

5.9* 

1 

SSS3 

.000000030 

7.9’ 

Sum 


,111571773 

multiplied by 2 

-a 

0,22314355 

hyperbolic log. of 4 


1,38629486 

hyper, log. of 6 


1,60948791 


we have employed here 9 figures to be sure of the correctness 
of 7. Adding this log. of 6, to that of 2 we get log. 10 =*» 
8,80268609 f. 
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CCXCVII, If iastead of log. of 4, we had employed the log. 
of 6, to obtaia that of 6, thea the formula (^F) would have giveu 

^ fl 1 

— a~ *= — rr? wheaceit results, that for aa equal 

value of ». n, the series is more convergent when we have to 
descend from a greater to a smaller logarithm* The following 
is the calculation 


0. %. 6 a.^1 + + 

jL 0,090909091 

^ = 0,000260438 

3 0 il 

_-i— = 0,000001242 
5 • 11 

_1_ = 0,000000007 
7 . 11 


Sum = 0,091160778 


multiplying by 9, <= 0,182321 66 
hyperbolic log. o/ 6 = 1,79176947 

hyperbolic log. of S = 1,60943791 

CCXCVIII. The second member of the equation (D) shews 
ihe first difference between any logarithm and a greater; and 
with all the terms negative, (294), the. dijSerence between any 
logarithm and a less. But the sum of any number of terms 
having the same sign, is greater than the sum of the same terms 
with alternate signs. Hence, for any given numerical increase, 
the lesser logarithm increases faster than the greater. 

CCXCIX. Of any three numbers in arithmetical progres* 
sion the second difference of logarithms must be negative*. 


l8t diff. 


• * Namben. 


342) SS40261 

343 \Log. 6352941 

344 ) 53656S4 


•f. 12680 
.+ 12638 "" 


8 o 2 


2nd diff. 
47 
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This difTereoce consists of twice the even terms of the series 
(D). In fact the differences are found by the subUaction of the 
former quantity or first in order, from the subsequent or next in 
orfba*, that is, the lesser logaritW from the greater ; since the 
difference between terms all negative, must have signs all posi* 
tive ; and this difference, which is the greatest (298) is again 
subtracted from the less which has alternate signs ; hence, the 
second difference becoming negative, and the odd terms vanish. 
This will be easily understood by writing the first differences 
between three successive logarithms, than the difference of these 
differences, and the present article wiU .become clear. 

CCC. Let the logarithm of (n — b* n) and that of n be given, 
that of (w 4“ a. n) is found by subtracting the second difference 

[j(^")’+ ¥ (v)'+ f + 

difference between log. (n a- n) and log. n, and adding the 
remainder to log. n. 

By the two last series, we find that as the number^ whose 
corresponding logarithm is to be deduced from that of the neivt 
greater or less^ increases^ the series becomes more divergent 
or otherwise^ and consequently fewer or more terms will be 
required. 

CCCI. We are now prepared to determine With ease the 
modulus of the tabular or vulgar logarithm, viz. that of tlie 
ordinary tables. As in this system, log. 10 = 1, if in the equa- 
tion / =il/ Lj(291). we suppose / = 1, £ shall be the hyperbolic 
logarithm of 10 (296) ; which continued to 28 decimal places, 

L S,30S585092994045684i 017991454!7 which equation 

gives M =« 0,4842944819032518276511289189. Multiplying 
this number, by a hyperbolic logarithm, we obtain the correspond- 
ing vulgar logarithm (291); and by multiplying the preceding 

number, viz. by a vulgar logarithm, the product is the cor- 
M 

responding hyperbolic logarithm, (291.) 

CCC 1 1. The number 10 is the base of the ordinary system, 
or the system 6f Briggs, who was the first who calculated the 
ordinary tables. This system is the most convenient, since by 
a simple change in the characteristic or index, the log. of any 
number is also the log. of the same number multiplied or divided 
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by any power of 10. For example, (816) the 1«1«. of « is also 
the log. of ^200} of 20000, of 0,002, &c. provided that the charac- 
teristic be increased or dimiiiislied accordingly. The hyperbolic 
logarithms have no such advantage. 

fivid the ^ fttunbeT coTTcspwdifig to a gioeti 
logavUhm^ This problem is easily resolved by dividing by JIT, 
the equation (A) and converting it by the method of returning 
a series (275). Let (1 + i-r) be the number sought, and by way 

of abridging, let — — y ; the equation {A) converted 

gives* » = y + I + i -I- + &c. consequently 

we obtain by adding one, the number sought 

l+S.«l+y + |.+^+&C. 

In general, for any number whatever n, we have 



CCCIV. If in this series we suppose log n = 1, and Jf=l 
the value of n will he (288, 286), the base of the hyperbolic 
logarithm : consequently 

” - * + r + o + nr:? + 


* The conversion of the series will be as follows : 

Equation (^4) 

y = 

or . 07^ JT 

consequently 

a? s= 

Ay -i- B y^+ C y* + D . . . . 


II 

1 

-^y’-ABy^-AC y*- .... 



- 

8 * 


II 

+ 






4> 

- -^P 

* 


—y 
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by redaction gires n — 2,7]62818284590452aS3$028*. This 
number is of great use in the integnd ealcahuf, where it is 
usnally indicated by the letter e. 

CCCV. Comparing the formula (2>) with the general for- 
mula ( P) (275), we have my a> n » ^ ; JL as a ; 

M n 

•x* » 5, and so on. With these values of a, 5, c, &e. we 


A y^yz=:0 




C 


JL — ^ . 

6 . 3 * 


D 


D 


I _ 1 

24 2 . 3 . 4 * 


j ^ 

6 8 


* The two first terms 

1 

2 

1 

2 . 3 * ' 

1 

2 . 3.4 

1 

S . 3 . 4.5 ••• 

2 . 3 . 4 76 . 8 

1 

2 . 3 . 4 . 3 . 8 . 7 

1 

2 . 3 . 4 . 3 . 8 . 7.8 

1 

2 . 3 . 4 . 5 . 8 . 7 . 8 . 9 

1 

2 . 3 . 4 . 5 . 6 . 7 . 8 . 9 . 10 

1 

2 . 3 . 4 . 3 . 8 . 7 . 8 . 9 . 10 . 11 ‘ " 

1 

2 . 3 . 4 . 5 . 6 . 7 . 8 . 9 . 10 . 11 . 12 ’ . 
1 

2 . 3 . 4 , 3 . 8 . 7 . 8 . 9 . 10 • 11 . 12 . 13 

hyperbQlio Baw = 



2,0000000000 

0,3000000000 

0,1666666666 

0,0416666666 

0,0083333333 

0,0013688888 

1984127 

248016 

27357 

2755 

251 

21 

2 

2 , n 8281828 




T0B9ST OF lOOABJTHKO. 


403 


obtain those of A, B, C, &o. in the formula ( Q) (276); and 
the series (D) ceoTerted, becomes 



CCCVI. ' This series shews the increase of a number, relsr* 
tively to that of its lo^rarithms. If the decrease of a logarithm 
were given, we should deduce from it the decrease of the num- 
ber, by giving the negative sign to ». log. n (294) ; the odd 
terms only in this case being negative. 

CCCVII. The construction of the formula being now ac- 
complished, it will, be useful to prepare the factors ilf and -L. 

M 

Taking the values from (301) we have 

M = 0,48429 44819 03251 82765 11289 

9, M =. 0,86858 89638 06503 65530 22578 

8 Jl/ = 1,30288 34457 09755 48295 83868 

4 JW = 1,73717 79276 13007 81060 46157 

6 J/ = 2,17147 24095 16259 13825 66446 

6M= 2,60576 68914 19510 96590 67735 

7 JIf == 3,04006 13733 22762 79355 79024 

8 j|f = 3,47435 58552 26014 62120 90314 

9 J/ » 8,90865 03371 29266 44886 01608 

Again ^ 

2,30258 50929 94045 68401 79915 

M 

4,60617 01859 88091 36803 59829 

^ = 6,90775 52789 82137 05205 39744 

^ == 9,21034 08719 76182 73607 19658 

M 

^ == 11,51292 54649 70228 42008 99573 

M 

^ 18,81551 05579 64274 10410 79487 

M 

— — 16,11809 56509 68819 78812 69402 

M 
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^ — 18,4*068 07439 62866 47*14 89816 ‘ 
— ^ 20,728*6 68369 46411 16616 19281 . 


CCCVIII. Bv means of these preparations, the conversion 
of the vnlgar into hjperbolie logarithms and reciprocally, is 
reduced to simple additions^ Let it be required, for example^ 
to find the hyperbolic log. of 10,09 ; take the corresponding vul- 
gar log. (with eight decimals, if convenient, in order to have the 
seventh exact) this log. is 1,00389117, disposing of the values of 

~ for each cypher which composes the hg.t we get 


J_ 

M 

0,003 

M 

0,0008 

M 

•&c. 


2,30268509 


690776 


184207 

20723 

280 

23 

16 


sum *= 2,8116448 = hpy. fo^r. of 10,09. 


CCCIX. This operation is so short and simple, that it will 
frequently be preferred in the formation of logarithms. This 
example, it may be observed, shews how convergent the formula 
{F) (296) is, as it is only necessary to calculate the first term of 
the series to get the quantity to be added to 2,3105382 the 
log. of 10,08, exact to 7 or 8 decimal places, to obtain the log. 
of 10,09. In this casS n 10,08, and ». n <i>b 0,01 ; the first 
term of the series gives 

».%.« = 2 X — 0,000991 6 

I ' 

log. ot 10,08 . . = 2,8106632 

snm of log. of 10,09 « 2,3115448 

Let .it be remembered that in every cftlculation ofapproxima* 
tio 9 ,:^ben it is necessary to employ a known quantity to obtain 
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another, this to obtain a third and so on, we must take the 
calculation with one, sometimes two, three &c. decimals, as 
the case may be, more than are actually required, in order to 
have these with exactness, otherwise the error of the deei tun Is 
might be of the same kind in each quantity, and thus accumu- 
lating itself, become sensible. 

CCCX. The log, of 10 being known, (296) there remains no 
longer any difficulty about the divergency of the series (A) 
(287), as it is easy to render it convergent for the greatest num- 
ber. Let it be required, for example, to find the hyperbolic 
of 12889. Seeing that 12889 = 1,2389 X 10000 «=» 1,2889 
X 10\ Therefore log, of 12889 4 logAO + log, 1,2889. 

Making a? = 0,2389 the series {A) becomes convergent, and 
gives a logarithm which added to 4 log. 10 will be the loga- 
rithm sought. 


CCCXI. If instead of .12389, the number was 0,12389, we 

should say log. of 0,12889 = log. of log. 1,2889 

— - log. 10. In the same manner for 0,0012889, we can sub* 
1 2889 

stitute ^ ; and thus in all similar cases. It must however 


be remembered, that here the greater logarithm being nega- 
tive, we subtract the less from the greater, and prefix to the 
remainder the sign according to the ordinary rules. For 
we cannot, for the reasons assigned in art. (802,) apply to 
the hyperbolical log. of fractions the expedient adopted (SIH) 
for the vulgar logarithm. 


CCCXII. The series (/^), is however much preferable 
to the series (A), in calculating the logarithm of a giveu 
number. Indeed, reducing the number 12889 to the form 
1,2889, and making = I, we have = 0,2889. With 
these values we need only calculate the three first terms of the 
series (F) to obtain the log. sought exact to seven decimal 
places, whilst we should be obliged to calculate no less than 
eight terms of the series (A) to arrive at the same result* 

CCCXIII. The more the first figure of the given number 
surpasses unity, the less the series (F) under the form (295) 
becomes convergent. Let it be required, for example, to obtain 
the log* of 8412. Writing 3412 x 1000, and making n =3 1, 
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WO get »• n — 8,418, consequently . — — rTTS* This 

fraction is greater than 0,5. Employing the same series but 
making n- n negative (895) we are enabled to descend to a lesser 
logarithm ; for this purpose we take, n a 1 as before, and 
8418 0,3418 X lOOUO. Hence, seeing /q^. 1 a 0, we pro- 

ceed to log. 0,8418, and we have ».»»=■ — 0,6588. Conse- 
quently — ; which, fraction is less than 
^ f 2n + 9 .n 1,3418 

0,5 as was desired. Thence 0,5 is the limit of the values 

■ *‘ - 2 - to determine which of the two forms of the series 
2»^ ».n, 

{F) ought to be employed. 

CCCXIV. If from a known logarithm it is required to 
obtain another by means of the series (F) as is done (896 and 
309) that series will be found the more convergent as the num- 
ber n, whose log. is known, is greater and as a- n smaller. 


Use of the Logarithmic Tables. 


CCCXV. Let c be the characteristic or index of a logarithm, 
then 6* -[- 1 shews how many figures, of the number correspond- 
ing to that logarithm, are integers. For example 0,8665^36, is 
the logarithm of 7,364, and 2,8665236 is the log. of 735,4 ; in 
the 6rst case therefore c U; thence the integral part of the 
number can have only one single figure 7, a whole number and 
354 are decimals. In the second case c as 2 ; the corresponding 
number 735,4, has the three first figures integrals. Agreeably 
to this, the characteristic of logarithms, corresponding to deci- 
mal fractions, must be less than zero, that is, it must be nega- 
tive. 

The logarithm of fractions, vulgar or decimal, can be express- 
ed in three different ways. Let us take for example, the frac- 


2 . 2 ' 
tion --r. According to the theory of logarithm log. «=» log. 2 
3 3 


— log. 3 » 0,80103 — 0,47718, (employing for shortness' sake, 

2 

but five decimals ;) in effecting the subtraction, we have log. — 

o 

SB 0,17609. But this method, though exact, is wholly 
proscribed, on account of the iuconvenience of using negative 
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logarithms. The chief reason is^ that the number correspond* 
ing to such a logarithm can not be had by the tables^ unless we 
regard the number as the denominator of a fraction having 
unity for its numerator. Hence it would fallow that the num- 
ber corresponding to everyd ifferent negative logarithm must 
have^ a different denominator, and that consequently we get 
fractions which do not possess the advantage of decimal frac- 
tions, viz., to be immediately comparable between themselves. 

CCCXVI. 'rhe second method adopted by some authors con- 
sists in effecting the subtraction of the characteristic alone. For 

8 75 — 

example log. — or log. = 1,87506 — 2,00000 s •— 1 
4 lOu 

+ 0,87506, which they express thus : 1 , 87506^ and in the 
75 

same manner log. or log. 0,075 «=» ^,87506 ; log, 0,0075 

T, 87596; log. 0,00075 87506, &c. This method is 

expeditious, but it is not much in use, because it also necessi- 
tates the employment of the negati\re sign, and that it requires 
some attention to avoid confounding the two operations, the 
addition of tlie decimals, and the subtraction of the charncter- 
ihiics. The following is an example of this method; having 


found the / g of - 


75 

JOO’ 


suppose it be required to find, by means 


75 


of the log. tables, the product of 32 by ; 


log. 32 «= 1,50516 

Si = 


sum ot log. 82 -f- log. = log. 24 = 1,88)21 
and such is indeed the log, of 24. 


CCCXVII. Proceeding to the 8rd method, which seems to be 
the one most generally adopted. As we cannot, in any ordi- 
nary calculation at least, commit a mistake of ten thousand 
millions, we run no risk in supposing the charaotevistic increased 
bj ten whenever it is found necessary, in order to have it always 

positive. Thus in the proposed example, making log, — 

ss 1 1,87606 — 2,00000, we have log. 0,75 =« 9»87506 ; bat ac- 

8 H 2 
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cording to the general role (81 6), 9, 8*7606 «*» log, of 7600000.000 ; 
that the characteristics then thus confounded should lead into 
error^ it would be necessary to make the mistake employing 7500 


millions instead of 0,75 or 


1 

4 


of unity, which in all ordinary 


calculations is impossible. We say ordinary because in calcu- 
lations connected with geodesic operations^ such as are at the 
present time carrying on in India, under Colonel Everest, and in 
which the utmost nicety is used, the quantities brought into 
calculation aifect frequently theeighth decimal only, so as to aug- 
ment or lessen by unity, the last or 7th decimal iu the tabular 
logarithm in use ; in similar calculations, preference is sometimes 
given to negitire indices. 


CCCXVIII. Observing that 9,87503 = 10 — 0,1^494 we 
conclude, 1st, that it is easy to convert every negative loga- 
rithm into a positive one (315) ; Snd, that the characteristic 
of the log. of a fraction is always less than 10. 

Adding 10 to the characteristic, we have 0,75 s= 9,87506. 
For the same reason log, 0.075 = 8,87506 ; log, 0,0075 
= 7,87506 ; log. 0,00075 = 6,87606, &e. Hence the rule that : 
the logarithm of a decimal fraction^ has for its characteristic 
the complement to 9 of the number of cyphers commencing 
the given decimal fraction. 

From this rule we learn, that when we have the logarithm 
of a decimal fraction, we must look in the tables for that num- 
ber to which this logarithm answers, without taking the charac- 
teristic into account, then we prefix zero to the number so found, 
followed by a decimal and as many cyphers after it as there 
are wanting units in the characteristic to make up the comple- 
ment of 9. All this will be more readily understood in paying 
attention to the preceding and following examples. 

GCCXIX. Recollecting that the log. of a decimal fraction is 
always less than 10 ; it follows, that^ in the addition of the lo^ 
garithm of decimal fractions^ we must not take the tens into 
account in the characteristic of the sum. They are then sup- 
pressed, consequently if the log. of a sum is to represent that of 
a whole number, the characteristic is exact and without in- 
crease ; but if this logarithm is to be that of a fraction, the 
characteristic is to be taken as by the rule (818). 

Let it be required for example to find by the logarithm tables, 

the product of 86 by 
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we bare log. of 36 1,55630 

log. of . 75 — 9,87506 

8uin oa 11,48136 

Neglecting the tenths of the sum, we have only 1,48166, the 
error then resulting from the rule in art. (815) vanishes, as this 
log. is the exact number of 86 by . 75 «=» 27. 

But if we want the product of 0,75 by 0,86 we have 

log. ot .86 = . . 9,55680 
log. of . 0,75 = . . 9,87506 

19,48186 

By the suppression of the tenths, the sum is reduced to 9,48136 ; 
and it is eas»y to see, according to the rule given in art. (818), 
that the characteristic is here that of a decimal fraction, and 
that the logarithm is that of 0,27 =* 0,86 x 0,75. 

CCCXX. As a general rule, the tenths of the characteristic 
are always to be suppressed. Thus, for example, let it be 
required to elevate a decimal fraction to a given power, the 
square of 0,4 being 0,16, we have 2 log. 0,4 = 19,20412 we 
write only 9,20412. For the same reason, if we wish to have 
by means of the log. tables, the cube of 0,4 = 0,064 we have 
8 log. 0,4 ==r 28,80618 and we write only 8,80618. We see that 
in the characteristic a tenth has been suppressed for tlie 2nd 
power, and two tenths for the Srd, we must then suppress for 
the 4th power three tenths, and so on. 

Whence it follows, that in the extraction of roots, which is 
the reverse operation, we must supply the neglected tenths, 
without which the calculation would not be exact. We must 
supply then, mentally at least, m — 1 tenths before the cha- 
racteristic, m being the exponent of the radical. 

For example, to have the 4th root of 0,0256 of which the 
logarithm is (318) 8,40824, before dividing this logarithm by 4, 
we must supply the characteristic with m — 1 tenths, in the 
present instance with three, or rather we suppose it to be 
written 88,40824, the quotient then is 9,60206 which is the 
log. of 0,4 = y 0,0256. 

CCCXXI. The logarithmic calculation becomes still more 
expeditious by the use of the arithmetical complement an 
operation by which subtraction is performed by means of ad- 
dition. This process, and its principle, will be readily compre- 
hended by an example. Let it be required to subtract 437 from 
796. 
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The common process would be as follows : 

From . . . 795 

Subtract • • . 437 

Remainder 858 

The arithmetical complement of 4379 or the number hy which 
it falls short of 1000, is 563. Now, if this number be added to 
795, and the first figure on the left be struck out of the sum, 
the result will be as in the former case. 


To . 

. . 796 

Add . 

. . 563 

Sum 

1358 

Remainder sought 

858 


The principle on which this process is founded is easily 
explained. In the latter process we have first added 563, and 
then subtracted JOOO. On the whole, therefore, we have sub- 
tracted 437, since the number actually subtracted exceeds the 
number previously added by that amount. 

Since therefore subtraction may be effected in this manner 
by means *of addition, it follows that the calculation of all 
series, so far as an order of differences can be found in them 
which continues constant, may be conducted by the process of 
addition alone. 

All this at first sight, appears to embarrass the calculation 
rather than to facilitate it. But practice will soon convince us 
of the advantage of employing the arithmetical complement. 
For example let it be required to find the product of 0,82 by 
569,1 divided by 28. 

The common process would be as follows : 

to log, of 569,1 =* . . 2,76619 
add log, of 0,32 . • 9,50515 


sum of logs, . • 2,26034 

subtract log, of 28 . . = 1,44716 

Remains log, of 6,604 *=» 0,81318 

But in making use of the arithmetical complement, the pro* 
cess will stand as follows : 

log, of 669,1 aa . . 2,76619 

log, of 0,32 = . . 9,60616 

arith. comp. log. of 28, « . . 8,66284 

sum as before 


0,81818 
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This process is not only shorter, but it is considered more 
elegant, suffice it to say that we soon acquire the habit of writ- 
ing the arithmetical complement of a logarithm with equal faci- 
lity as the logarithm itself. 

Before leaving the subject we may observe, that the tan- 
gents as far as 45’ and all the sines (except the sine of 9b®) 
are decimal fractions when we adopt the general supposition 
of 12 B 1« The characteristics of their logarithms are also 
in the tables agreeably to the rule given in art. (318). In 
some tables the tangents of arcs greater than 45®, have the 
characteristic 10, 11, &c. In these tables, the trigonometrical 
lines are not considered as parts of the 12 «« 1, but as parts of 
H s=sz 10000000000. In using these tables we should always 
neglect this tenth, making the more commodious aud consistent 
supposition of 12 b 1. 


CCCXXII. We now proceed to give some examples of the 
use, which may be made of logarithms in finding the numerical 
value of formulae. It follows from what is said in art. 272, 
and from the definition of logarithms, by which we are furnish- 
ed with the equation «=* w, that 


I A^ I A, 


A^lBy 

\Bf 

n 


Applying these principles to the formula 

^ c 

c^~&7e7f 

which is very complicated, we find 

I {AW B* — C) = I [AW {B + C) (5— C)] = 

2 / ^ + i / (B -I- C) + i / — C), 

an«J I (C ^~D\E.F) ^lC-\-llD + ilE + ^lF, 
and, consequently, 

/ ( -^) « 

' C^D\E.F' 

^lA-{-\l{B-\-C)-\-\l{B — C)—lC’-\lD^}lE — \lF. 
If we take the arithmetical complements of / C, § I B, i I E, 
} I F, designating them by C', D', E', F', instead of the pre- 
ceding result, we have 

A + u (B C) + ^ I [S - C) + C D' E' + F>, 
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only we must observe to subtract from the sum as many units 
of the same order with the complements, as there are comple- 
ments takeiij that is 4. When we have found the logarithm 
of the proposed formula, the tables will show the number to 
which this logarithm belongs, which will be the value sought. 
The calculation of the formula for the radius of projection 

r =za cot. I / ^ ^ ^ IT / V 

-f n cos, % 1) 

in which a the equatorial radius » 348685S,4 fathoms ; 
h the polar radius = 3475419,66 
and / the latitude of 
being rather complicated, we give the 


Type of the Calculation. 


ft oxs _£ — . ; e’ = - — sa (by making a = 1) 1 — P’ 

2 — (1 a 

log. h = log. 3475419,66 = . . 6,6410073 
log. a = log. 3486852,4 -= . . 6,5424336 


log. 6 in parts of equatl. radius = 9,9985737 


log.^‘= 9,9971474 = 0,9934532 

Therefore 1— f;‘=0,0065468=e‘ ; and 2 — e’ = 1 ,9934532 
log.e^ = . . 7,8160291 

— log. (2 — e’) = . . 0,2996061 


log.n =» . . 7,5164230 =: 0,00328415 

log. cos. 2 1 = . . 9,8842540 


log. (n cos. 2 1) = . . 7,4006770 0,0025158 

■%.(l + n) = . . 0,0014239 

%.(1 +ncos.2/)= . . 0,0010911 


log. = 

1 + n cos. 2 I 

log. a ss 

log. cot. I ss 


. . 0,0003828 

. . 0,0001664 

. . 6,5424336 
. . 0,4389341 


/ay. r 
fathoms. 


. . 6,9815341 


9683720 
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CCCXXIII. I^gArithms are of the most frequent use m 
finding the fourth term of a proportion* It is evident^ that if 
a : 6 : ; c ; d we have ^ 

b c 

' •— “* whence / d ^ I b i c I ctz 

that 19 ^ the logariikn^ of the fourth term sought^ is equal to the 
sunk of the logarithms of the two means^ diminished by the 
logarithm of the known extreme^ or rather, to the sum of the 
logarithms of the means^ plus the arithmetical complement of 
the logarithm of the known extreme. 

CCCXXIV. If we take the logarithms of each member bf 

the equation JL « which presents the character of a pro- 
a e 

portion, we have 

whence it follows, that the four logarithms 
la 

form an equidifierence (2S2) 

The series of equations, 

leads also to 

lb — la^lc'^lbomld-^lc^le — I d^ &c. 
and hence we infer, that the progression by quotients, 

^ a i b z c i d z e, &6. 
corresponds to the progression by differences, 

•r-la. lb. Icald. I e, &c. 
and, consequently, the logarithms of numbers in progression 
by quotients^ form a progression by differences. 

CCCXXV. If we have the equation ft* = c, we may easily 
resolve it by means of logarithms ; for as I h* is equal to x t 

we have x lb ^ I and, consequently, x » The equa- 
tion d, may be resolved in the same manner ; making 
c* = we have 

Id Id 

mm dj u lb ^Id, ^9 or 

* i 0 •'10 
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again taking the logarithms, we find 

zlc^l 1 /d — n 6 and * — ^JAlzlLL. 

\l b/ I c 

In this last espression, lib represents the logarithm of the 

logarithm of 6, and is found by considering this logarithm as a 

« 

number. The quantities^ 6*, 6® , and all which are derived frolte 
them, are called exponential quantities. 

As it is very important to piactise in the use of logarithm 
in algebraic calculations, we give some examples* 

It happens sometimes that we find less advantage in taking 
the base =10^ than using a different system ; in this case, it is 
easy with the aid of tables, such as those of Briggs, to cal- 
culate any other logarithm in the new system. Fur example, 

the loq. of in the system of which the base is ^ 

8 7 log. f 

the base here is whatever we wish, and 

log. 5 — log. 7 

if we take it — 10, then all becomes known, and we have 

— 0,17609125 Ai 1 IX 

Zro;i4612 8^ “ 1,2050476 for the log. sought. 


Again log. in the system 


log. 5 


or 


^ _ iog.2^ log. S 

s ’ — T %7f loff. a ~ %. a’ 

1, which is evident, as the equation n ^ becomes 

here — = s= (’x) wheie X is obviously — 1. 

a^ b^ 

1. log. w_,__ n log. a ^ m log. b r log. c — 
a log. d -j- p log. e. 

2* log.^ ^ b^ IT c'“ =ss ^ log, a — ~ log. h — ^ log. c. 

8. log. 6~«cT=s — log. a — ^ log. b + 

^ log. c. 
mq 


«. ■ 


d 0 


8 

^9 ' 


JL. log. e + r log. h — J log. y* -j- -L log. g. 


log. a + log. 6 + — log. d- 
m n fi 


m a 
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S. hg. (o*4/o') — 8 o + i a — ^ «. 


0 log- [(a hY>J c" e» j 


« (a — 6) + g- &gr. c -f- 


i /<yf. e — 1 %. (/•+ 5) ^ %. rf. 

7. (a 6 + c d e) =s= /ojr. 

s= log. a -f- %. 5 + %. (l -J- 1^). 

a 0 



8. log ^ {a* — X*)”' ^ ^ log. (a — ») + — 2ojr.(a*+a« 
-f. ®’) = ^ log. (a — x) + — log. [ (a + *)’ — o j?] •=» (put- 

91 71 

ting »• = o ^ [log. (a — x) log. (a + x + *) + 
log. (a-j-x — z).] 

9. log. v' (o’ + X*) *=» (taking 2 a a? = *’) i [log. (o -f « 
+ ») + log. (a -f- a? — ») ]. 

[%• (« — —8 %. (a + 0 ?).] 

11. If required to insert m means by quotient, between a 
and we take n = m + 2 in the equation z ^ a (^60), 

whence q =■ 


garithms of the several terms ag, aq* are 

then, log, a -f- log. g, log, a + 2 log, g . . . Thus, to insert 
1 1 means between 1 and 2, here the log, a == 0, we find log, q 

= JL X too. 2 = 0,0260858 q «« 1,059468 ; the log. of the 
12 

consecutive terms are Zlog^q^ 3 log. g • . • « . and the 

progression is 

1 : 1,059463 : 1,122461 : 1,189207 : . . * • 1,887747 : 2. 


* , , . n-* 

12. Be ® the unknown quantity in the equation h • 

8i2 
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max c"' we get^»^ — log. b ss m ai log. e (» — ?) 

log. f, and the equation of the 2nd degree remain^ to be solved 
(»» c + log./) «’—(«%. 6 + 9^-f) « + «.%• ft r® 0 

ia «*M uuh-i ~ a %• ft 


18. c*” aas a gives » ' 


m log. 0 —n log. b 


14 . The population of a' town increases every year ^th 

part ; how many inhabitants will it contain after one century, 
the number being now 100,000 ? Making n 100,000 ; after one 

ti 31 

year the population will ben + ^ n =>» n'. After the 

oO 2iU 

31 / 3 1 \ ® 

following year n' will also become'-- n* n . ..^c.; 

oO Xw/ 

then at the end of 100 years the number of inhabitants will be 

log. 81 1,4913616.9 

— log. SO = 1,47712125 

0,01424044 

multiplying by 100 1,424044 

log. n 5,000000 


log. X 


6,424044 V 


Xmaan 2654874 

15. If the annual increase be a part of the present inhabi- 
tants, we find that the primitive number n, becomes after m years, 

aa » . We may take here the unknown quantity 

X, n, r, or i», the other quantities being known, 

log. X max log. n + »» [log. (1 + v) — log. r], 
log. n == log. x — m [log. (1 + r) — log, r.] 

m , log. f 1 + IV 

log. (1 + f) — log. r* \ ‘ r / m 
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Questiom relating to the Interest of Money. 

CCCXXVk iThe principles of progression by quotients and 
of logarithihs will be Ibttnd to ocOnr in calculations relating to 
interest. To understand what we have to offer on this snb-* 
ject it must be recollected, that the income derived fronoi a sum 
of money employed in trade, or in executing some productive 
work, will be in proportion to the frequency with which it is 
exchanged in either case. Hence it follows, that he, who bor« 
rows a sum of money^ for any purpose^ ought upon returning 
this money at the expiration of a given time, to allow tlie lender 
a premium equivalent to the profits, which he might have 
received, if he had employed it himself. Such is the view in 
which the subject of interest presents itself. In order to 
determine the interest of any sum, we compare this sum 
with 100 rupees taken as unity, having fixed the premium, 
which ought to be allowed for tiiis last at the end of a particu* 
lar termi one year for example. We shall not here consider 
those things, which, in the different kinds of speculation, occa* 
sion the rise and fall of interest ; this belongs to the elements 
of political and commercial arithmetic, which should be pre* 
ceded by some account of the doctrine of chances. Our object 
in what follows is simply to resolve certain questions, which 
refer themselves to progression by quotients. 

To present this subject in a general point of view, we shall 
suppose the annual premium, allowed for a sum 1, to be repre* 
sented by r, r being a fraction ; it is evident, that the interest 
of a sum 100, for the same time, will be 100 r, that of any sum 
whatever a will be denoted by « r ; if we designate this last by 
c(, we have 

« «Bs a r. 

By means of this formula, it is easy to find the interest of any 
sum whatever, when that of 100 or of any other sum, for a 
known time, is given ; questions of this kind belong to what is 
called simple interest. 

CCCXXVIL But if the lender, instead of receiving annu- 
ally the interest of his money, leaves it in the hands of the bor- 
rower to accumulate, together with the original sum, during the 
following year, the value of the whole at the end of this year 
may be found in the following manner. The original sum being 
we add to it the interest a r, it becomes at the eud of the 
first year 

a + ar ^ a (I +r). 
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Now if we make 

E (1 + r) = o', 

ilie interest of the sum for one year being r, that of the 
ftum a (1 + 7 ) will be for a second year, a r (1 + t) ; and as, 
at the end of the first year, the principal a augmented by the 
interest, becomes a (1 4 * r), the principal amounts at the 
end of the second year, to 

a' (I 4“ 0 — ^ (^ + r)* a". 

If the lender does not now withdraw the sum but leaves it 
to accumulate during a third year, at the end of this, it will 
become, according to what precedes, 

(1 ^ r) ^ a {I + r)’ = 

It will be readily perceived, that will become at the end of 
the fourth year 

(1 4 . 4 . r)S 

and so on , and that, consequently, the sum first lent, and the 
several sums due at the end of the first, second, third, fourth, 
&c. jears, form the following progression by quotients ; 

^ G : a (1 + 0 • ® (1 + « (1 + : a (1 + r)^ : &c. 

of which the quotient is 1 + r, and the general term 

a{l+r)^^J, 

the number n representing the number of years, during which 
the interest is sufieied to accumulate. 

If the rate of interest be 5 per cent., for example, that is, if 
for 100 rupees daring one year 105 rupees are paid back; we 
have 

100 y «= 5, or r *= «= ,06 and 1 + r 1,05. 

If lie would know to what the sum a amounts, when left to 
accumulate during &5 years, we have 

n = 25, and A a (1,05)”. 

instead of the original sum. The 25tli power of 1,05 may be 
easily found by means of logarithms, since we have (322) 

/ (1,05)” = 25 /(l,06) « 0,5297822, 

which gives 

(1,05)” = 8,386 nearly, ^ = 8,886 a; 

and hence it may be readily seen, that 1000 rupees will “in 
this way amount at compound interest to 8886 rupees, at the 
end of 25 years. 
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If the sum lent were for 100 years, we should have 

nearly ; thus 1000 rupees would produce^ at the end of this 
eriod, a sum of 131000 rupees nearly. These examples will 
e sufficient to show with what rapidity sums accumulate by 
means of compound interest. 

CCCXXIX. The equation 

^ a ( 1+ r)% 

gives rise to four questions ; the first which is to find J 9 when 
o, r, and w, are known, presents itself, whenever we seek the 
amount of the principal at the end of a number n of years. We 
have already given an example of this. 

The second, which is to find r, when a, and n, are known, 
occurs whenever it is required to determine the rate of interest 
by means of the original sum, the whole amount that has 
become due, and the time during which it has been accumulat- 
ing ; we have in this case 

1 +r = 

The third, which is to find o, when J, r, and n are known, 
the formula for which is 

. 

(i + 

has for its object to determine the principal, which it is neces* 
sary to employ in order to be entitled after a number « of years, 
to a sum J. 

The fourth, which is to find «, when J, a, and r are known, 
can be resolved only by means of logarithms (S69, 822). Taking 
the logarithm of each member of the proposed equation, we 
have 

U = I a + n 1(1 + r,) 

whence 

U — la 

n =B , 

/(I +r) 

By means of this last equation we determine how many years 
the principal a must remain at interest in order to amount to a 
sum J. 

To illustrate this by an example, we shall suppose that it 
is required to find the time in which the original sum will be 
doubled, the rate at interest being 5 per cent. ; we hare 
A^^a, IJ^la + lS, 



and consequently. 
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nearly. 


/ * _ O.SOWSOO 

” 11 ^ 05 ) “ 0,0211898 


14,2067 


CCCXXX. The following question is one of the most^eotn* 
plicated, that we meet with relating to this subject. We op- 
pose, that the lender during a number n of years, adds ea^ 
year a new sum, to the amount of this year ; it is required to 
nnd what will be the value of these several sums, together with 
the compound interest that may thence arise at the expiration 
of the term proposed. Let a, o, rf, . . . . lor, be the sumlsr 
added the firsts 4seooHd, third, fourth, &c. years ; the sum a 
remaining in the hands of the borrower during a number n of 
years, amounts to 

a(l +rY; 

the sum 6, which remains n 1 years only, becomes 

6(1 +»•)'-. 

the sum c, which remains n — 2 years only, becomes 

c{\+ 

and so on ; the last sum, x, which is employed only one year 
becomes simply 

X (I +r); 

we have, therefore, 

^ = a(l + r)» + 6(l -f-r)»-» + c(l + r)»-* +»{1 +»•). 

By calculating the several terms of the second number sepa- 
rately, we obtain the value of J. 

The operation is very much simplified when 

a ssa b = c ^ d . . . . . ■»», 
for in this case we have 

A=r.a(l+r)>' +a(l + r)«-i +a(l + r)«-^ . . . . + a(l +r) ; 

the second member of this equation forms a progression by 
quotients, of which the first term is a (1 + r), the last term 
a (1 -f- »•)", the quotient 1 + r, and the sum, consequently, 

V 

we have, thei’efore, in this case, 

r 

This equation gives rise also to four questions corresponding 
to those mentioned in conneikm with the equation 

«=a a (I -J- r)*. 
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CCCXXXI. By reversing the case we may represent those 
annual sums, or sums due at steted itite^rtals^ called annuities ; 
here the borrower discharges a debt with the interest due upon 
it, by different payments made at regular periods. These 
payments, made by the borrower before the debt in question 
is dis^charged, may be considered, as sums advanced to the 
lender toward the discharge of the debt, the value of w'hich 
sums will depend upon the interval of time between the pay^ 
ment and the expiration of the annuity. ..Thus, if we represent 
each sum by a, the first payment, which will take place n — i 
years before the expiration of the term of the annuity, referred 
to this time, is worth n (1 + the second, referred to the 

same epoch, U worth only a ( -f • the third, a (1 + j 
and so on to the last, which amounts only to the value of a. 
But on the other hand, the sum lent being represented by 
will be worth in the hands of the borrower, after n years, 
^ (1 + r)", which must be equal to the amount of the several 
payments advanced by him to the lender ; we have, therefore, 
^ (1 + r)» = a (1 + + a (1 + > 4 . a (1 + 

. , . + a, or taking the sum of the progression, (263) which 
constitutes the second member 

^(i + r)- iL(Lt.rr. - ’] . ^ ] 


an equation, 
successively, 
the annuity, 


( 1 + rf 

in which we may take for the unknown quantity, 
the quantity Ay which we shall call the value of 

because it is the sum, which it represents ; the 

quantity a, which is the quota of the annuity ; the quantity r, 
which is the rate of interest, and lastly, the quantity n, which 
denotes the term of the annuity. In order to find this last, we 
must have recourse to logarithms. We first disengage (1 + ry, 
which gives 

(1 + ry 


a ^ A 


then taking the logarithms, we hsrve 

n / (1 = — / (a — A r), 

whence 

la — I (a — At) 

07. SSS mm. 4 

/ (1 + r) 


CCCXXXII. To give an instance of the application of the 
above formulee, we shall take the following question : 

To find what sum must be paid annually t to cancel in 18 
yeat's a debt of 100 rupees with the interest during that time, 
the rate of interest being 6 per cent. 
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In this example, the qnantities given are , „ 

^=?» 100 , n — 12,r=«,05 

and the annuity a is required to be found; resolving the 
equation 

T 

with reference to the letter a, we have 

a « 

The value of the letters, J, r, and n, are to be substituted in 
this expression; and it will be found most convenient in the 
first place, to calculate by the help of logarithms, the quantity 
(I r)”, which becomes (1,05)‘* ; and 

(1,05)” « 1,79586. 

By means of this value we obtain 

„ _ 100 X ,05 X 1,79586 _ 5 x 1,79586. 

" 1,79586 — 1 ““ 0,79586 ’ 

and, determining the values of this last expression either 
directly or by means of logarithms, we find 

0 = 11,2826; 

an annuity of 11,28 rupees, therefore, is necessary to cancel in 
12 years a debt of 100 rupees, the rate of interest being 5 per 
cent. 


CCCXXXIIl. In order to compare the values of different 
sums, as they concern the person who pays or receives them, 
they must be reduced to the same epoch, that is, we must find 
what they would amount to when referred to the same date. 
A banker, for instance, owes a sum a payable in n years ; as an 
equivalent be gives a note, the nominal value of which is repre- 
sented by b, and which is payable in p years, the first sum at 


the time the note is given, is worth only 7 — — ~, because it 

(I -j- r)“ 

must be considered as the original value of a principal, which 
amounts to a at the expiration of n years ; the sum b, for the 

same' reason, is worth at the time the note is given ^ 

the difference 


(1 + ry ’ 


(! + »•)» O+r)' 
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represents, therefore, according as it is positive or negative, 
what the banker ought to give or receive by way of balance ; 
if this balance is aot to bo paid until after a number of years 
denoted by g, c representing its value at the time the exchange 
is made, it will amount at the expiration of this term to 

c(l+r)«; 

so that it will be equivalent to 

The several sums, a, 6, jir, in art. 880, were t^edaeed 

to the time of the payment of the sum Jj and in art* 881, each 
of the payments, as well as the snm J, was referred to the 
time, when the annuity was to cease. 

CCCXXXIV. The following process for finding the values 
of annuities is sometimes preferred. 

The debt after the 1st year becomes ^ (1 + r), or for 
shortness sake, Jg, on paying a sum a, the debt is reduced, 
and is only Aq — A*. Paving the same sum a after the^nd 

year, the debt becomes reduced to A' q — n, or A (f — aq ^ a; 
proceeding in the same manner, we ascertain what is due after 
any number of years ; thus we find that after n years, and 
having made his nth payment, the debt is reduced to 

Si (the remaining debt) = A q *' — a a — a g”~3 

-- a ^ A q^^ a (g”"^ — g"“^ . . . + 1) Aq**-r-a 

substituting for the value of g 5= 1 -f- r, we get 
... J (1 + r)" — o ^ 

should the debt be liquidated, we have « = 0, or 

^ (1 -f »•)" = ^ as before. 

By this theory are ascertained the values of such rents of 
which the capital and interest terminate with the death of the 
lender. The lender is supposed to have n ^ears more to live, 
at the time he lends bis capital A, the question being what sum 
a must be paid to hini annually that, at the expiration of these » 
years, he may have no further claim : this rent or annuity is 
given by the value a (33S). If, for example, the perpetual 
interest of rupees 100 is 5, and the annuitant expected to lire 
12 years longer, the ambtint of the annuity is rupees 11,2826. 

3 x2 
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It 18 true that we do not know befbte hand, how lo^^ the 
buyer of an annuity will live, but it can be suppoeed from the 
tables of annuities, and though this supposition may be erroneous 
for one individual, it becomes exact for a great number taken to-^ 
geiher, because some individuals gain precisely what others lose. 
We know then the probable life of an individual whose age is 
known. Taking the following two lines, of which the first 
denotes the ages, and the second, the number n years which 
individuals corresponding to the age indicated iu the Ist line, 
have to live 

Ages 1, /5, 10, 15, 20, 25, 80, 85, 40, 45, 60, 65, 60, 66, 70, 
n years 20, 86, 40, 87, 85, 81, 28, 24, 19, 1 6, 18, JO, 7, 5, 8. 

A man of 45 years of age being supposed to have yet 16 years 
to live, then (882) n = 16, A 100 and r the interest in 
perpetuity = 5 we find for a the value of the annuity 
^ 9,228 : that is, the capital should be placed at the aimual 
interest of 9 J per cent, nearly. 


Questions relating to Interest and Annuities. 

1 . A person puts Ra, 3300 out at the interest of 6 per 
cent. ; at the expiration of each year the interest is added to 
the principal ; and to which at the same time he adds an equal 
sum. What will it amount to in 20 years ? 

Ans. Rs. 128676. 

2. At what fate per cent, compound interest mUst a sum 
of Rs. 409 be laid out annually to amount to Rs. 43258, 
in 35 years ? 

Ana. 5i per cent. 

8. What capital tvhefi put to compound interest at 4^ per 
cent, and at the expiration of each year being increased by the 
same sum on the same conditions^ will iu 12 years amount 

Ifs. 88186,24 ? 

Ans. 5464. 

4. How many yearly payments of Rs. 112 an? required^ 
each placed at compound interest of 10^ per cent.^ to amount 
to Rs. 8416,82? 

Atis. 21. 

6. A pi$pit'al of Rs. 8257.5 is pui out at the interest of 9^ 
per cent, isnd at the expiration of each year the interest is 
added to the capital^ together with the sum of Hs. 1250. 
Whe^ mil ihe aeceral sums amount to in 18 years f 

Ans. Rs. 67677,7. 
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6. A man saved every year firani his salary Hs, 1 200, which 
he placed at 4i\ percent, interest^ dnd having allawed it to 
accumulate he added each year the same sum during a cer^ 
tain number of yenrs^ his capital with compound interest 
amounted to Rs, 67966. After how many years did his capi^ 
tal amount to that sum ? 

Ans. 25 years. 

7. A person borrows Rs. 60, for which he promises to pay 
16^ per cent,^ hut instead of refunding this amount^ goes ojt 
borrowing the same sum yearly ; at the expiration of the hih 
yenr^ the lender refused any further haiis ; hoic much did 
all he had lent amount to^ calculating with compound interest ? 

Ans. Rs. 471,894. 

8. A and B took a life annuity of Rs. 3500 each^ interest 
being calculated at percent. But B being 10 years younger 
than A, had to pay Rs. 12831,4 more than A. What was the 
respective ages of A and B ? 

Aps. 80 and 40 years. 

9. A and B buy each an annuity a, when interest is 

reckoned at r per cent. life being calculated of m years 

greater duration than B whose life is worth n years^ what 
is the expression of the difference of the values of their annuU 
ties ? 

Ans. 

r{i+ ry-^^ 


1 0. age being required from the circumstance of his 
having bought an annuity of Rs. 8500, for Rs; 5946759, in- 
terest being calculated at 8§ per cent* 

Ans. 80 years. 

n. How long must a capital stand at 8| per cent, that it 
may double itself; and how long that it may triple itse\ff 

year*^ years, 

Ans. Doubles in 18^829 ; triples in 29,842. 


12. How long must a capital stand at t per cent, that it 
may be m times as great ? 

j log. m 

Ans. r-z — j — r— . 

log. (I + r) 


19. If a principal Xi be put out at compound interest 
for X years., at x pir cent., required the time in which it will 

gain 4 x. ’ ' ■ 

. , , . Ansi 18,08659 years. 


14. An old man 70 years of age, finding the annual in- 
terest of per cent, of his capital of Rs. 16498,8 insufficient 
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to the in comfort^ bought an annuity for that capital. What 
is the amount of the annuity ? 

Rs. 6000. 

15. A lends Rs. 3030 to B at the rate 7f per cent. Strik- 
ing the balance of their account every year^ and adding the 
same sum to it at the expiration of each year^ B finds that 
after a certain number of years the sum to his debit was Rs* 
63846. 12 anas. After how many years did he owe that sum f 

Ans. ] ] years* 

16. A person obtains an annuity of Rs. 2000,— ybr 
Rs. 30781,11 interest being calculated at 5^ per cent* How 
old was he ? 

A71S. 5 yeai^s* 

17* A person 36 years of age^ buys an annuity of Rs. 
2400, interest being calculated at 4J pe^* cent. What is the 
present value of it ? 

Ans. Rs. 34789. 2 ans. 3 pie. 

1 8. An individual bought an annuity of Rs. 6000, for 
Rs. 47474, interest being calculated at 4i per cent. How 
old was he ? 

Ans. 55 years. 

19. Four plantet*s A, B, C, and D, bid at an auction for 
an indigo concern* A offers to pay Rs. 5555,5 in cash and 
equal instalments at the expiration of each year for the next 
five years ; B offers to pay Rs. 20000 in cash^ and an equal sum 
after seven years ; C, who is 55 yeat^s old, offers his annuity 
of Rs. 5300 in payment ; lastly ^ D, offers to pay Rs. 12000 in 
cash, and after the expiration of each year for the next five 
years, Rs. 9000. Reckoning the interest at 5% per cent, what 
is the present value of each offer P 

Ans. A^s offer =» Rs* 28538,9 ; B’s = Rs. 32730,02 ; 

== Es. 37805,34 ; D’s = Rs. 49216,4. 

20. A debt due at the present time amounting to Rs. 6000, 
is to be discharged in 11 years by equal payments. What is 
the amount of these payments if the mterest be calculated at 
6i per cent. ? 

Ans. Rs. 788,692. 

21. ff an annuity of Rs. 1500 having 11 years to run, 
he worth Rs. 10788,8, at what rate is the interest calculated ? 

Ans, 6i per cent. 

22. Hew old is the person, who has to pay Rs* 12116.23 
for an annuity of Rs. 800 on his life^ the interest being cal- 
culated at 5\ per cent* ? 


Ans. 25 years. 
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23. A merchant borrowed from Government Rs, 20000, 
and for this sum mortgaged a house^ which yielded a clear 
annual rent of Rs, 1500. How long can government retain 
the title-deeds of the house^ if the interest he calculated at 
5 per cent, ? 

Ans, 22 years nearly. 

24. A person has put his whole fortune of one lac of 
rupees^ out at per cent, interest ; but this not being suffi* 
dent to cover his expenses j which amount to Rs, 6000 yearly^ 
he is obliged at the end of each year^ to take as much from 
his capital as wilU with the interest ^he receives^ make up 
Rs. 6000. In how many years will he become a beggar f 

Ans. 3 1 ,4946 years. 

25. A usurer lent a person Rs. 600, and drew up for the 
amount a bond for Rs. 900, payable in 4 yearsy without 
interest. What did he take per cent, compound interest being 
taken into consideration. ? 

Ans. above 10§ per cent. 

26. A usurer lent Rs. 900, and drew up^ for the amount^ 
a bond of Rs. 1900, payable in 5 yearsy hearing compound 
interest at 4 per cent. How much did he take per cent, cal- 
culating compound interest ? 

Ans. Somewhat above 20J per cent. 

27. What is the present value of an annuity of Rs. 400 
for 80 years, payable quarterly, when the interest is conver- 
tible into principal monthly, the rate of interest being 6 per 
cent. ? 

Rs. 5532. 0 anas. Ilf pie. 

28. What is the present value of an annuity of £ for 
30 years, payable quarterly, when the interest is convertible 
into principal half-yearly, the rate of interest being 4 per 

g,OYk / P 

.£>698. 13^?. lOid. 

29. To what sum will an annuity of Rs. 100, payable 
annually, amount in 20 years, when laid up and improved 
at compound interest, the interest at the rate of 4^ per cent, 
per annum, being always converted into principal twice a 
year ? 

Rs. 3154. 

SO. What is the present value of a perpetual annuity of 
j6>100, receivable in equal half-yearly payments, when the 
interest, at the rate of 5 per cent, per annum, is convertible 
into principal monthly ? 

£m9. 68. 8id. 
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81. If €b capital A is put out at r per cent, interest^ and 
a sum a is annually taken away^ greater than the interest of 
the capital A, in how much time will the capital be spent f 

Jins- Number of years n — ^ ~ 

/ (1 + r) 

S% If a capital A is lent out at the rate r per cent, in 
what time will it become A', if the caplL /, with the interest 
and compound interest added to it^ be augmented or dimi- 
7iished yearly by the sum a ? 


Ansf n 


I (A' r ^ a) — I {A r ±i a) 

raTT) 


The upper sign of ± denotes the addition of a, the lower 
the deduction of a. 


88. What is the present rvalue of an annuity of Rs, 100, 
to continue 25 years^ the rate of interest being 4 per cent.^ 
payable yearly ? half-yearly ? quarterly ? numthly ? 

Ansn Yearly Rs. 1502,21. 

Half-yearly „ 1571.18. 

Quarterly „ 1575,78. 

Monthly ,, 1578,81. 

84. What is the present value of an annuity of Rs. 40, to 
continue 20 years^ but 7iot to cf nmence till the end of 5 yearsy 
at 4 per cent, f 

Afis. Rs. 446. 18 anas^ nearly 

35. A orders B to purchase an Indig t factory and to debit 
his account with it, charging him at the nsum rate of inters 
est of 7§ per cent. At the end of each yea)\ A remits him 
Rs. 1235,88 on account., for a certain Clumber of years till his 
debt was cancelled. Had he mode his ai.uual payments of 
Rs. 1585, he should have cleared his debt five years earlier. 
What was the total outlay of the concern ? 


Afis. Rs. 10797,26. 

36. A borrows from B, a sum of money at the rate of 
X per cent. At the expiration of each year he pays on account 
b rupees, for x years till the debt was cleared. Had he paid 
a rupees he should have cleared his debt lu years earlier., 
What sum did he borrow ? 


Making q 


o 






/(I -j-r) 

fe [- (1 + rY — 1 1 

r + »•)' 


• m 
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Miscellaneous Problems. 


1. In a rectanynlar f'*ice of ground a feei long and b 
broad, there are tw * dioyonnl walks crossing each other and 
both of equal tvidfk throughout, and the area of the ground, 
taken up by both the walks., is equal to half that of the whole 
piece of ground. Express *he width of the walk in terms of 
the length and breadth of the piece of ground. 

Ans. (1 * 

a- + 6^ 


2. A triangle whose sides are as the numbers 1, 2, 3, and 
whose greatest angle is tivice that of the least. What are the 
sides and angles ? 

r41“ U' 23". 

Ans. Sides 4, 5 and 6; angles < 55® 46^ 51". 

isr 48' 46" 


3. An engineer officer had observed the angle of the height 
of a tower on a plane leoel with the foot of the tower ; on 
adoancing in a straight line 60 feet towards it, he had there ‘ 
found the angle to be the complement of the former, and after 
again advancing 20 feet in the same direction the angle of 
elevation was double that of the first- The actual observa- 
tion being lost, H is required from the above data, to find 
the height of the tower, the observer's eye being 5,84 feet above 
the plane. 

Ans. 80 feet. 

4. An artillery og erecting a battery at a certain dis- 
tance from a fort within the range of his guns, measured 
with a sextant the angle subtended by two steeples A and B 
in the fort, and then that of B with a tower C ; which angles, 
after reducing them to the horizon, he found 33“ 57' 30", 2 
and 40*" IT 37", 4 and by means of a map of the fort, he as- 
certained the distance between A and B to be 129311,3 feet, 
and that between B and C 130828,5 feet. Required the dis- 
tance of the battery from the middle point B. 

Ans. 194944,5 feet. i 

5. In a triangle where shhe sum offAwo sides, S the sum (A 
of two angles, and b the base, are given ; express one of the 
sides in functions of the known quantities. 


Ans. X 



jf + (!i=|y. 

^ \ COS. B / 


6. The two aides of a right-angled triangle are 3x* and 
X®* feet, and the length of a line bisecting the right avgle. 
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and meeting the hypothenuae is x®* feet* Determine from 
these data the area of the triangle. 

feet. foot. 

, Ans. 188,03074 or 0,9698. 

7. Standing on a level with the foot of a tower ^ and taking 
with a sextant the angle S subtended by the distance between 
an upper and lower loophole of a tower whose distance is b 
feetj and the distance of the lower window from the foot of 
the tower a feet* Express the distance^ from the tower., at 
which the angle was measured ; my eye being d feet above the 
level at the foot of the tower. 

Am. nr.. 

^ ^ h* — 4 (a — d) {a — d+ b) tan/S 

8. It is required to find the 3 sides of a right-angled tri- 
angle from the following data. The number of square feet 
in the area is equal to the number of feet of the 3 sides; 
and the square described on the hypothenuse is less than the 
square described upon a line equal in length to the two sidesj 
by half the product of the number represented by the base 
and the area. Required the 3 sides of the triangle ? 

Ans. 6, 8, 10. 

9. What is the area of that right-angled triangle whose 
base., perpendicular., and hypothenuse are denoted by x*, 
and ? 

Ans. 1 ,0^9085 nearly. 

10. If the perimeter of a triangle be denoted by p, and 
the three perpendiculars let fall from the angles upon the 
opposite sides by a, b, and c ; what are the expressions for 
the sides ? Let = 

p ab p a c pb c 

'ab + ac+hc ah + a c + bc ah + ac’\‘bc 

11. Knowing a, b arid c to be the sides of a triangle^ what 
is the expression of its area T ? 

Ans. T = \/ p {p — a) (p — />) (p — c). 

12. a, b, and c denote the sides of a triangle^ what is 
r ike radius of its inscribed circle^ and R that of its circum- 
scribed circle ? 


(p-«)(P“-6)(p-c) ; 


ab c 

4 
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18. What is the height h of a trianglCy of which b is the 
base^ a and c the two other sides f 

Ana. k -|-v^ p (p — o) (p — 6) (j[> — t‘). 


14. Knowing two sides b and o of a triangle and its 

included angle A, express the area T of the triangle, 

. he sin, A 

Ans, jT »» • 


16. Determine the area Q, of a quadrilateral figure whose 
diameters are .D, and d^ and the angle of their intersection 
denoted by E. 

. ^ D d , ^ 

Ans. Q == sin, E* 

n % 


16. Express the area of a quadrilateral figure inscribe 
able in a circle^ the 4 sides being a, b, c and d. 

Q=\/ {p — a) {p — h) ~(p — c) (p — d). 


17. Express in function of the 4 sides of a quadrilateral 
figure the angle 4> between any two sides^ as the angle between a 


and b, its perimeter p being = 


a 4* b ^ 4- d 

■ ■ — -• 

2 


Ans,. tan. jj, = /~2 

2 V [p — c) {p — d) 

18. There is a tank which can be filled by two different 
aqueducts A and B. After letting the first run for § of the 
time the second would have been in filling it alone„ the stream, 
of water by A being diverted from ity the second alone was 
made to flow into the tank until it was full. If both A and 
B had been allowed to flow into the tank at the same time, it 
would have been filled two days sooner,, and twice the quan- 
tity of water would have flown from the latter aqueduct ^ 
than An the first case. Required — the time each aqueduct 
would alone have filled the tank. 

Ans. A in 6 daysy B in 3 days. 

19. Determine the area of a trapezium., of which the four 

sides b, c and d are known. Let b and d denote the two 
parallel sidesy their difference b — d =f, and half the perime- 
ter of the triangle ^ ^ = P* 

Ana. Area = p(p — a) (p c) ip^f). 

3 1.2 
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20. Given the side a, of a regular polygon^ and n the 
her of its sides, compress its area S. Q denoting the quadrant. 

Ans, iS = -L na*cot?^. 

4 n 


21. Find the area S of a circle of which r the radius is 
known. 


Ans» S ~ n r*. 


22. Determine the area b of a sector of which the arc has 
n degrees, and the radius of the circle is r. 


Ans. 


n 7cr' 
' 860 ”^ 


23. Required the area s of a segment of which the arc has 

11 degrees, and r is the radius. 0 

Ans. Area of the segment s = — ( n — sin. wY 

2 \ 180 / 

24. Express the area of an ellipse when its two semi -axes 
are a and b, or when a, and e its eccentricity, are known. 

Ans. Area of ellipse s — 'nah — tea — e*. 

25. Determine the area of a sphere 2, of which the radius 
p is known. 

Ans. 2 = 4 ir p*. 

26. Express the area of a %one between two known paral- 
lels of latitude L and I of the same name, L * 7 =^ I, the radius 
of the sphere being p. 

Ans. 2 = 4 w p* sin. 

- " 

Should L and I be of different iiames^ that is, the one being 
north and the other south latitude, then 




I = 1 » p* sin. "*• 

27 . Express the area of a zone between two given paral- 
lels of latitude L and I and between two given meridians 
M and m. 

Ans. 2 = * — — — sin. { — Jl— 1 cos. [ ■— ™ 1 

90 * \ / \ ^ / 

28. The angles of a triangle are : : m : n : q, a.nd p 
the perpendicular from the greatest angle m ; it is required to 
express s the area of the triangle. 

^Ans, s = ^ {cot. n -(- cot. q). 

Wf % 
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S9. If through any point P within a triangle^ three straight 
lines he drawn from the angles A, B, C, meeting the opposite 
sides in D, E, then will 

PJ> A P E P F _ , 

A A A F~ 

30. At 425 feet distance from an obelisk^ whose height is 
357 feet^ a colossal statue on the top of it subtends the same 
a7igle to the observer whose height is feet ^ as a man of the 
same height standing at the foot of the obelisk. The obelisk 
and the observer being on the same horizontal plane and the 
height of the observers eye 5,4 feet : it is required to eoppress 
the height of the statue. 

Ans . ' 9,6924 feet, 

31. Let the base AC and the difference of the hypo- 
thenuse B C a7id the perpendicular A B = d, of n right ati- 
gfed triangle ABC, be given : it is required to determine the 
hypothenuse. 

Ans. 

82. A balcony of pieces of 
planks of teoodj 12 feet long and 
4 feet 2 inches broad (A B) and 
2 inches thick^ of which the spe- 
cific gravity is 0,7^ projecting 
from, a houses is supported by two 
props as (C E) 4^ t mkm long of Iwl 
wrought iro7i^ the thickness of « 
each being one inch square. At 

9 inches from the extremity B C — 3 

of the balcony « rnan loeighing 120 lbs. is standing. ^ What will 
be the total horizontal pressure^ against the house at E by 
the two props ? 

Ans, 3/9,4 lbs. 


S3. Demonstrate that in any 
triangle A B C, A B* x C F 
+ B X A F — B F* X A C 
==AFxCFxAC. 

F is any point in the line A C. 

34. If the weight of a body sliding freely by means of 
a thread and a moveable pulley^ ( the weight of the pulley in- 
cludedy J be expressed by W, makes tkth the two tacks A and B 


B 
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m the same horixontal line^ an angle C, v)hat is the tension of 
the thread or what power P will keep it in equilibria ? 


Ans. P 


W 

ILcos. — • 


35* Supposing the tacks at A and^^ a feet asunder^ not in 
the same horizontal line as in the preceding example^ but 
making an angle of d"* with the horizon^ and the thread to be 
b feet longy what will then be the expression of the angle at C 
where the weight is suspended by a moveable pulley ? 


Ans. 



a »» 
— cos, (T. 
h 


86. Determine the area Z of a trapezium of which two 
parallel sides a and b, and their distance h between them^ is 
known. 


Ans, 


a + b 


h. 


87. Express the area S of a triangle ABC, knowing one 
side and its two adjacent angles. 

sin. B sin, C 


Ans. 




sin. {B -j- cy 


88. Divide the triangle ABC, into three parts in the 
ratio ; : m : n : p, dy tivo lines^ drawn from the angle of the 
summit to the base. Let x be the distance from A, the extremity 
of the base A to the point where the 1.9/ line meets the basCy 
and y the distance from this last point to that where the 2nd 
line meets the basCy then 

mb nb 

X = , y = 

39. Divide the triangle ABC into two parts ; : m : n. 
by a line parallel to one of its sides. Let A C Ae the basCy and 
D the point where the line to be drawn parallel to it meets the 
side A B, then 

B D == A B . 

V m 


40. Ihe triangle ABC into two parts : : m : n, 

by a line E F perpendicular to the base A C. Be E the point 
on the base b, where the perpendicular E F meeting one of the 
sides is to be erected. Call A E ==r x. 


Ans. 


y m a b 
Jab 

J 2 ^ 


Should m *= nfihen 


n 
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41. AnB^lb. shot and another of 5Q Iba.^ fhoth if cast- 
iron, of which the hemispheres only were above ground and 
their centres at 65 J feet distance from each other ; standing 
oti a table placed within the line joining their centres ; the 
height of my eye ahoce ground was 8 feet 1 1 inches, both 
halls appeared of the same magnitude. At what part of the 
line was I standing f 

Ans. 22,478 feet from the lesser ball. 

42. A light being placed 5 feet 9 inches above the floor, 
and a sphere of 6 inches diameter whose centre is 8 inches 
from the light, and 5 feet 3 inches above the ground. It is 
required to find the area of the shadow cast by the sphere. 

Ans. 42,79513 square feet. 


43. If two sides of a parallelogram be a and b, making 
an angle d between them, what is the expression of the result- 
ant Rf* 

R == \/ b* ^ a b cos. d. 


44. If the side of a pentagon inscribed in a circle he 1 

determine its radius. , 

Ans. o “I" 

^10 


45. Let a vessel whose top and bottom arc square (b*) and 
the depth to be h feet, be filled with water. It is required to 
determine the time (t) in which the vessel would be emptied 
through a circular aperture in the bottom whose radius is a. 


Ans. t 


b^ y/_h 
a^ y/ g 


46. Supposing that in the vessels of the preceding exam- 
ple, h = 1 1 feet 9 inches ; b = feet S inches ; a — i inch. 
What will be the time of emptying ? 

Ans. 7h. 54m. 26,5s. 


47. If the same vessel were constantly kept full, in what 
time would a quantity of water equal to the contents of the 
vessel, flow through the orifice ? 

Ans. 3h. 67m. 13 r. 


48. Jf a cone be immersed in a fluid with its vertex down- 
wards determine what part of the axis (h) will be immersed 
if the specific gravity of the fluid is to that of the cone : : 8 : 1. 

h 
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49. What quantity of water would fiow in a given time 
from a vessel constantly kept full,, through a rectangular 
aperture^ in the side of the vessel reaching the top, 3 Jeet deep 
and 6 wide ? 


Ans. 117,88 cubic feet per second. 

50. What is the quantity of water that would flow per 
second, from a reservoir constantly kept full, through a rcct^ 
angular aperture, in the side of the vessel two feet below the 
top, \foot deep and 6 feet wide ? 

Ans. 53,71 cubic feet. 

51. What will be the ascending force of a spherical balloon 
of 25^ feet radius filled ivith a gas having the specific 
gravity of air, of which the cubic foot weighs 1| ounces 
made of taffeta or thin silk of which the square foot iveighs 
one ounce ? 


Ans. #499 ^ ounces. 

52. A sphere of gold having 1^ inch ramus is to bt beaten 
into a sheet of inch thickness and 14 inches broad, how 


long will it be ? 

• Ans. 8 feet 4,98 inches. 

53. A cone of silver 6 inches high, whose base has 4,25 

inches radius is to be drawn into a wire -i- of an inch radi’- 

80 

us, how long will it be ? 

milfs. feet, inches, 

Ans. 3 3426, 8. 


54. Letting a stone fall into a weft, I observe, that the 
sound of the stone when it struck the bottom, reached my ear 
after 5 seconds. What was the depth of the well, taking 
sound to travel 1150 feet per second ? 

Ans. 354,12 feet. 

55. If a diameter of a cylindrical vessel be 16 inches, what 
is its depth, the pressure on the bottom and the sides being 
equal when filled with a fluid ? 

Ans. 8 inches. 


56. Suppose that at the same moment a body at rest 
begins to fall from the point D, another body is pro- 
jected upward from B with the velocity due to the 
height B C ; it is required to find the point M at which 
the two bodies would meet. Let C B = 225 feet, D B 
= 190, then CD =225 — 190 = 35 and D M = x. 


Ans. 


190* 

4x225 


40 h 


C 

-D 

-M 


B 
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n77(jle must a ff7in he discharged, so that 
the hall be fhroiv7i to the gi'eatest possible horizo7ilai distaiice ? 
Wo allowajice hehig made for the resista 7 tce of air. 

Ans. 4o®. 

46. I 71 a pair of scales a body iceighs .(24 Ihs. 771 o 7 ie scale, 

and 07ily lO- lbs. in the other ; required its true iceit/hl, and 
the pjyiportioii oj the lengths of the two arms of the balance ^ 
Ans. True ireight — 16 lbs. 

Proportion of the length of the ai'ms 12; f). 


47. A tapering beam of timber 32 feet long, being balanced 
over a prop 7vhe7i it is 1.5 feet from the greater end, Imt 
removing the prop a foot Jiearer to the less end, it takes 
220 lbs, suspended from the less extremity, to hold it in vqai- 
librlum. Required the iveiglit of the beam. 


Ans. 3520 lbs. 


48. A cube of 7VOod shiks in sea tv ate r, and. of ati 


mch deeper hi fresh water. What is its inagtiitude, its speci- 
fic gravity and its weight P 


Ans. 

0,68® 


Side of the cube — 20 inches ; specific gravity 
tv eight 198.69 lbs. avoirdupois. 


49, A tnass of f tie gold balanees a mass of copper when 
suspetided in air from the equal arms of a lever ; determine 
what is the specific gravity of the fi aid in which they balance 
when the leiigth of one of the arms is made double that of the 
other ? 

Ans, — 5, 86 7icarly. 

50. If an upright vessel filled with water aiid li feet high, 
stands oti an horizo 7 ital plaiie : at what distance 071 that plane 
will the water spout through an orifice in the side oj the vessel 
at the distance of m feet fiom the top of the vessel f 

4ns. = 2 h m. 


51. What is the greatest horizontal distance to ichich water 
can spout, a 7 id where 7 nust the orifice he to spout to the great- 
est distance P 

A 71 S. Equal to the height of the vessel. The orifice must 
be applied at half the height of the vessel. 

3 M 
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52. What will be the lateral pressure of an uprhjht cyVin^ 
drical vessel whose perimeter is p, and whose altitude is )i ? 


Jr2s, 


h^p 


53. If the vessel be a cube^ what will be the lateral pres- 
sure on each side ? 


Jns. 


2 


54. If in any vessel there he strata h, 1)', ^e. of fluids^ 

vdiose densities are tl, d ^ d" == determine the pressure on 
the base b. 

Jns. = b{hd + Id + h" d’’ f ^c.) 

55. If any side of a vessel he ohlicpie to the horizon^ ivhat 
will be the pressure of the Jitiid on that side ? Taking the dis- 
tance of the surface from the centre of gravity of the side to 
be m feet^ and s the specific gravity of the fluids also let the 
area of the side be expressed by id t 

Afis. cf m s. 


56. Let a vessel whose top aiid bottom are squares^ of which 
the side is 5§ feet^ and the depth \} '^ feet^ havmg a eitcular 
orifice whose radius is ^ inch^ be fitted with water. In what 
time would all the ivater pass through the orifice ? Taking 
according to Newton^ velocity at the vena contracta : velocity 
at the orifice :: f 2 : 

Ans. 7A. 54w. 5. 


57. If a ball he discharged from a mortar., making an angle 
of e degrees with the horizon^ with an initial velocity v, what is 
the expression of its amplitude ^ of the greatest height the ball 
vnll ascend ? and of the time required to strike the ground ? 
Let a represent the force of gravity^ t the tinie^ no allowance 
for lire resistance of air being made, 

Ans, Amplitude = ; greatest height = ^ ^ 

0 9 


time required — 


\ V sin. e 


9 


58. The same data as in the question with the 

additional condition^ that the cannon ball was discharged from 
an eminence of m feet above ground. Required the amplitude^ 
the greatest height and the time required to deso'ibe that ampli- 
tude. 

Ans. Amplitude 



2 if cosf e 


♦ Q 


(v^sin.^e + vsin.e y/ sin fe + 2gfn ; 
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time to describe that distance — ” *? + ■n/ f e -ir ‘i m g 

9 

greatest height = ^- ^ ~ 

59. The same data as in (57) w*7A the additional condition 
that the object the ball is to strike^ is situated on a hill m Jcet 
high above the level of the mortar. 

Amplitude 

y ^vU‘os*e . _ . 

— . {v'sin‘'e -f v sin.e ^ v\siti/e — .Jigm—gm) + m‘ 


t = . greatest height - 


60. Being commanded to direct a battery to a certain build- 
mg in the enem}/s forty knowing its horizontal distance to he 
706^^3,4 feety and observing the angle of elevation to be 10° 30 , 
ivhat elt vation must I give to my jneces of ordnance to hit it ^ 


A ns, 65 ° 45^ 40 


61* What is the centrifugal force of an object situated on 
the surface of the earth^s equator? 

A ns. 0,11117. 


62. How many times must the centrifugal force be greater 
than it actually is, in order to balance the attraction of gravity, 
so that an object close to the surface of the earth, would have 
no tendency to f y off nor to fall f 

Ans. 289. 


63. If a hard or soft body A wholly inelastic, impinges on 
another B of a different mass but also inelastic, moving tn the 
same or opposite direction, what ivill be the velocity of each 
body after conlacl V expressing the velocity of the first body by 
V and its mass by ni, the second body B by v' and its mass by 
in', of then the common velocity V A and B after contact is? 


Ans, 


V 


m V 


m V' 


ni -j" 


64. Supposing a body to strike another body at rest but of 
a different mass, with what velocity doci, ‘d move after contact , 
the data remaining the same as in the foimcr question ? 


Ans, 


r = 


m V 


ni m 


66. If the body B is at rest and of an infinite magnitude 
compared with that of A in motion, ivere struck by A, what 
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would he the velocity of A ^ and that o/* B after impact , both 
bodies being elastic ? 

Ans. A rettirns with the same velocity it had at first ; B 
remains at rest, 

6*G. If an elastic body A strikes against another elastic body 
B of a different mass, moving in an opposite direction what will 
be the velocity of A and. of B after contact ? Representing the 
velocity of A after impingement by v, and that of B by u', then 

m r 4 - m' (2 v' — i;) ^ 771 v' m (2 v — ^?^) 

m' 4 m ’ m' -(“ in 

()7. Should the masses of A and B be eyual, viz. m = m 
what will be the velocity of each after impact ? 

Ans, u — v' and u' = v. 

GS. Should B be at rest but not equal to A, what is the veto- 
city of A after impact, and what that of B ? 

. 2 (m — m') I 2 m V 

m -j“ m m m’ 

G9. Should B be at rest and A infinitely great compared to A, 
what wilt be the velocity of A and that of B after impingement ? 

Ans. u = — T, and w' = 0 , 

70. Shoidd B be at I'cst and equal in mass to A, what is the 
velocity after the impingement of A a;7id B ? 

Ans, u — 0 , and — v, 

71 . If a cannon ball weighing 25 lbs, penetrating a balistic 
pendulum weighing 7475 lbs, gives it a velocity of 2 feet per 
second, what was the initial velocity of the cannon iall? 

Ans, 1500 feel, 

72 . The force of gravity is in the latitude of I^ondon 
= ^^2^1 908 fect.> what must be the lenytli of a pendulum there 
to vibrate seconds ? 

Ans. 39,13929. 

73. At what angle must a plane he inclined so as to counter- 
balance a weight a, resting on an inclined plaiie connected by a 
string over a pulley with another weight b hanging freely over 
the perpendicular ^ 

Ans, i^XH^jof inclined plane = 

74. If a man can draw a weight of 1 00 lbs. up the side of 
a perpendicular wall IS feet high, what weight will he be able 
to raise on an inclined plane 36 feel long laid aslope from the 
top of the wall, the resistance from friction on the inclined 

htiinn f*n9inl f.n 4 /)/ thp Hipi.nht SO miscd P 


plane being equal to \ of the weight so raised ? 


240 lbs. 
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75 . Two bodies weighing M and m lbs, are suspended over 
a pully by means of a string ; ascertain how far the greater 
will descend in t seconds of time. 


Ans, 


Space ==? 


g m t* 

2 (AI ?»)* 


76. a inches from one end of a cylindrical pole is suspended 
a weight of b lbs. ; the pole is c feet long, weighing d lbs. How 
far from that end is the centre of gravity ? 


Ans. 


dc'\‘^ab 


77 . If a sphere 9 inches in diameter., sinks 6 inches in 
pure water, what is its specific gravity and weight? 

Ans. Specific gravity 14f01 ; weight lbs. 


78. A beam of wood when supported horizontally, can at 
a certain point just bear a lbs. without breaking ; how much 
will it be able to support at the same point, when inclined 
at an angle with the horizon of iV ? 

Ans. ~ — . 
cos. d 


The difference between the equatorial and polar weights 
of the same mass being : : SS9 : and the rate of increase 

of weight from the equator to the pole being as the square of 
the sine of latitude : 

79. What 7nu8t be the length of the pendulum vibrating 
seconds in Calcutta, latitude that of London, {Latitude 

51 " SO') being S9.\ fmO inches ? 

Afis. S9. 06003 inches. 


80. If a pendulum vibrating in an arc of 13® 37' 30" be 
39.06003 inches Unig^ what is its velocity at the lowest point, 
taking the force of gravity 3^^ ? 

Ans. 14f,nS5 inches. 


81. If the distance from the point of suspension to the 
centre of oscillation of a pendulum be 3 inches, how mafiy 
vibrations will it perform in'a minute ? [g — 

Ans. 287,3. 


82. What must be the length of a pendul .m, in Calcutta, 
to vibrate only 25 times in a minute f 

Ans. 6,7813 inches. 


3 N 
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83. In what latitude will a pendulum 39,12 inchea long 
vibrate seconds^ and what is the force of gvamfy at that place P 

Ana, Latitude 4i® 56' 35". 
g = myVibfeeU 

84. Required to find the length of a half second pendu- 
lum^ that is^ a pendulum vibrating twice in a second at Cal- 
cutta. 

Ana. 9,675 inches, 

85. Two weights are maintained in equilihrio on two 
differently inclined planes A B and C B, by rneans of a string 
passing over a pulley at B, where the two planes^ each being 
39,6J inches high^ meet. The pressure on C B caused by a 
weight of 36 lbs. being 1, what is the pressure on A B a 
weight of 50 lbs. ? 

Ans. 2,37717. 

86. 7\vo planes E M and M N, having the same height,, 
whose length are in the ratio of 7 : S,, meet at M above the 
horizontal line E N ; and two weights A and B, connected 
by a string passing over a pulley at M, are in equilibria on the 
planes,^ now the pressure upon E M is treble the pressure of B 
against M N. Required the height of these inclined playies, 

Ans. 2. 

87. A colossal statue 1 8,08 feet high, erected on the top 
of a column,, subtends to an observer^ whose eye is 5,1 feet^ 
above the level of the foot of the column^ standing at a 
horizontal distance of 125 feet from it„ the same angle^ as a 
man of 6 feet standing at the foot of the column. What is 
the height of the column ? 

Ans, 173,75. 

88. If a commo7i glass bottle he corked and sunk in the 
sea 400 feet deep., what is the pressure upon the cork., if the 
mouth of the bottle be I of an inch diameter ? 

Ans, tt).107i. 

89. A cylindrical vessel whose depth is three feet., was 
sunk into the ocean with the open end downwards^ till the 
water rose 31,5 inches within the vessel. Determine how 
many feet under water the vessel was sunky supposing the 
pressui^e of the atmosphere to be 14J lbs. on a square inchy and 
the compressibility of air to be unijorm. 

Ans. 3262,5. 

90. If the specific gravity of mercury be 14, determine 
what ought to he the length of a water barometer inclined to 
the horizon at an angle of 35“ 45' 30", the mercury standing 
at 29,8 inches in the tube. 

Ans. 59 feet 4r 5,4943 inches. 
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91. Two spheres having Rand t as radii^ are just immers^ 
ed in a Jlaid^ what is the relative pressure on them f 

Ans. The pressures ate as R* : r*. 

92, Two ships being in the same degree of latitude hut 
differing in longitudinal dutance l^O nautical miles ; after 
each had sailed 2060 sea miles due souths they are 1,2681 
distance. From what latitude did the ships depart^ supposing 
the earth to be a perfect sphere ? 

Ans, Latitude north 66®, 

By the third law of Kepler, that ; The squares of the peri- 
odic times of any two planets are to each other, in the same 
proportion as the cubes of their mean distances from the sun : 

98. Find the distance of Mars frooi the the time of 

a revolution of the Earth being 865,2568612 and that 
of Mars 686,9796458 days^ the distance of the Earth from the 
Suti — J . 

Afis. 1,5236928. 

94. If a man weigh 150 lbs, on the earthy what would be 
his weight on the surface of the sun f 

Ans, 4185 tb. 

95. If the true anamoly be 80® 8^ 40'^, what are the exeen- 
trie and mean anamolies ? 

Ans, Excentric 32^ 56' 16'; Mean 85° 50' 6". 

96. Express the greatest equation of a planet a, b, and c 
being known. (See Ex, page 412.^ 


Ans. 


Tan. 


n 

J 



\/ a b 
a + e 


^ a b 


a — e 


97 . From what height A above a given point P, must ^ 
an elastic ball be let fall, so that after striking the 
plane at B, it may be reflected back again to P in the 
least time possible from the instants of dropping it? 

Ans. A P a B 

8 


98. Determine the length x of an inclined plaiSte whose 
height h is given^ so that a known power acting by means of a 
thread passing over a fixed pulley y on a given weighty in a 
direction parallel to the plane, may draw it up in the least 
possible time. 

Ans. 0? =» 2 A. 

99. To divide a triangle ABC into two such parts that 
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the one be to the whole triangle : : m : 1, by means of a 
minimum straight line M N == *r. 


Ans. a 


sin. B / a c 

Bu rn 
cos.-^ 


100. If the angle B be bisected into two equal parts by a 
line B E then the required line M N cuts it vertically^ therefore 
B M = B N. Determine also the position of M N. 

Ans. B Af= /-li; and B E ^ cos. ~ E 

V ^ "isjn 

being a point in M N. 

101. One extremity C of a beam B C = tifeet long^ is move- 
able about a fixed point in a vertical plane, and to the other 
extremity B a cord is fastened passing over a pulley A in a 
horizontal line with C, supporting a weight P equal to half the 
weight of the beam : required the position in which the beam 
will rest. Draw B F perpendicular to A C. Put A C = b 
and A F — X. 


Ans. 


X — 0 and a? == 6 — 


a 


{« ± 8 6* + a\ 


102. Determine the length of a plane whose inclination 
is 28^ 40' 55", so that a body let go at the^dop, may acquire 
a velocity of 555 J feet when it reaches the bottom. 

Ans. 10000 feet. 

103. A cylindrical lever A C B bent and suspended at 
C, making an angle rf), about which point it is free to move in 
a verticle plane, and vmghts P and P' are attached to its 
extremities, and p, are the weights of the arms A C = 2 a 
andC B == 2 b: to find the position in which it will rest. Let 
X denote the angle the arm A C makes with a horizontal line. 

^ Tnn T — ( ~ P + p) «■ + (g -P^ + V ) b COS. » 

^ (2 P' + p') h sin. ^ 

If the extremities of the lever carry no weights 


tan. X 


_ p a+p'b cos. <t> 
p' h sin. 0 


104. ^An oblique cylinder stands on a horizontal plane to 
which it is inclined at an angle of 60®, its perpendicular 
height 4 feet, and diameter of the base 3 feet. Required the 
diameter of ike greatest sphere, of the same material as the 
cylinder, that will hang suspended from its upper edge with-- 
out upsetting the cylinder. 

, , Ans. 2,006 feet. 
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105. Given the posi- 
Hon of the inclined plane 
A and of the pulley 
M, as also the weights of 
W and P, to d^erinine 
whereabouts W must 
be placed that the equili- 
brium may be possible. 

Call the perpendicular 
M N a, which is given^ 

because the position of M and of is given. 



Ans, W M 


a a P 

sifi. B fV M sin, A ^ — \V^ shi? A. 


106, Two weights W, w, attached to the extremity of a 
string, which passes over a fixed pulley M, mutually support 
each other on two 
planes AB and 
A'B, their inclhia- 
Hon to the H ori- 
son being A and 
A' degrees ; to de- 
termine the rela- 
tions between 
and w, the fensi(m 
of the string^ and 
the pressures on 
the planes ; let e and e'' denote the angles M W B andL 
M w B of the inclined planes with the directions of the 
power, R and the resistances on the planes A B and A'B ; 
T the tension. 



Ans, 


R 

\V 


cos. {A ^e) R‘ VOS. {A' -f- e') T sin, A 

cos, e w cos, e ’ W cos, e 


T 

w 


S 17 L, sin. A' cos, e 

cos. e' sin, A cos, e 


1 07. From a given pohit 
P without a known triangle 
ABC, to draw a straight 
line P p through the tri- 
angle, so that the perpendi- 
culars C d and A d' drawn 
on it Jr om two of its angles, 
shall he equal to the per- 
pendicular B I) drawn in 
the opposite direction from 
the third angle. Finding 
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first the distances P B, P C, P A, and denoting them by 
m. n, 1, determining also the angles B P C = a, a7id APB 
= p, and B P D = X, we have 


Ans. Tan. oc 


n sin « 4- ^ sin p 
m + 7i cos. a -f- / cos. P' 


108. Suppose a colossal statue of 80 feet 8 inches were 
to he erected on the Ochterlo7ty monument whose height is 155 
feet., at what distance on the horizontal plane of the foot of 
the monument^ must I statioji my theodolite ( ^ jeet 8 inches) 
in order that the statue should subtend the same angle as 
would a man of 5 feet 11 inches at the distance from the 
theodolite of half the height of the monument ? 

Ans. Either 86 feet 6 inches nearly ^ or 813 feet 9 inches * 
nearly. 


109. Four persons A, B, C, and D have a number of 
rupees to divide. At firsts A a fter making four equal divisi^ 
07iSj finds one rupee over^ which he gives to the poor and 
car 7 'tes off 07ie of the four parts. Then comes B, who also 
divides what A had left., mto fo%r equal parts, gives one rupee 
which he Jmds over;, to the poor., arid carries off one of the 
parts. After 1^ conies C and after C. 1), each acting the same 
way as A or B had done before. After whii% there remained 
a number of rupees which they divide equally anumgst 
selves without leaving aiiy remainder. How much did each 
receive ? 

Ans* h received R^. 251 ; B, Rs. 203; Rs. 167, and 
D, Rs. 140. 


110. Let A a7id B, he two signals observed from a station 
O, and situate in the plane O A B which is 7iot horizontal. 
Let O Z be the vertical to the point 0. () a 1> the horizontal 

plane to which the angle A O B is required to be reduced. 
Put i for Z A and S" for Z B, the zenith distances of A and 
forming thus a spherical triangle Z A H, m which the three 
observed sides are k7iown. Demoting the angle A Z B, by 
Z and by S the sum of the three sides A B, S, S'. 


Ans. 





sm. s sin. 


S 


) 


o = 62* 4' 28" 

S ca 86“ 48' 40" the reduced angle Z 62* 11' 10",4. 
4 = 86* 89' 64" 
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111 The edges of a rectangular paralletopiped are E A, 
E B, E C, and the diagonal EM; shew that the sum of the 
squares of the cosines of the diagonal with eoch of the three 
sides IS equal to unity ; viz» cos.* M E A 4. cos.* MEB + 
cos.*MEC=l. ^ 

IIQ. Express the volume of a spherical sector; denoting 
hy h the heiqht of the segment on which it stands^ and by r 
the radius of the sphere 

• Ans. f IT r* A 

113 Express the volume of a spherical segment* 

Arm. IT A’ ( r — g ). 


114. Deynonstrate that the aiea of a cycloid is equal to 
thiee times the geneiating cvcle. 


115. Let A and B he two bodies of unequal weighty whose 
centres of gravity are united hy the inflexible line A B = « 
RequDcd the distame of G their common centie of gravity y 
fiotn A. 


Ans* A G 


a B 

A + B' 


116 To finifO the centre of gravity of a plane triangle, 

Ans § of the line diawn fiom any angle to the middle of 
the opposite side counted from that angle. 


117. If the distances A G, B G, C G, from the three an-- 
gles oj a triangle kH C be denoted hy in, n, p, shew that a* 

4- -|- c* = 3 (m* + 0*4"?) ^ — — 2 a* 

11 Tr/'f 2 c^ — 2 b*T p == J f~^ b- — 29 *. 

118 To find the centre of gravity of a pyramid or cone* 
Let g denote the centre of gravity of the base , S the angle 
at the vertex , G the centie of gravity required, 

Ans. g G = 


119. If the pyramid is triangular y A, B, C denoting the 
angles of the base^ and S that of the vertexy G its centre of 
gravity y demonstrate that 

SG^+AG*+BG*+CG*= \ (SA‘+SB^+SC*+AB*+AC*+BC*) 
If the sides of the base are equal ; S G* «=» (S A* + 8 B* + 
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120. If dll the edges of the triangular pyramid are equal, 
shew that in the regular tetrahedron* (G denoting the centre 
of gravity^ and A an angle at the base) 

S G 6. 

4 


121. Find the centre of gravity of a frustrum of a cone 
or pyramid. Put R and v the radii of the greater and less 
end, and h for the height of the frustrum. 

A ns. The distance on the aons from the centre of the lesser 


base 




n ^ IV -r 

T’ ir + Rr h r^ 


122. Shew that the centre of gravity of a paraboloid from 
the vertex is § of the axis, 

123. Shew that the centre of gravity of the frustrum of a 
paraboloid, is at the tV stance on the axis from the centre of 


the lesser base = 


h 2ir-|-r* 
3* * 


124. To find the centre of gravity of a circular segment 
A N B ; Let N be the middle point of the arc A N B ; C Me 
centre and N P C the radius = r o/‘ the circle, G the centre of 
gravity, and put C P = a. 


Ans. C G 


2 ~ a yl 

3 area segment 


125. Inscribe the greatest ellipse in a given isosceles tri-- 
angle. Put h for the height B D, and 2 b for A C the base 
of the triangle ; 2 x the greater axis of the ellipse D a. 

Ans, X z=z , 

3 


126. Inscribe the greatest parabola in a given isosceles trU 


angle^ x d^^ting the abscissa. 


Ans. 


X 


h 

2 


127- Required the least triangle ABC which can he describ- 
ed abotut a given quadrant of which the radius is = r. 

Ans, A right angled isosceles triangle. 


.128. Within a given parabola, inscribe the greatest para- 
bola, the vertex of the latter being at the bisection of the base 
of the former* Put a /or the abscissa of the given parabola, 
and p far its pmometer. 

Ans. X = 

u 
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]!29. The corner of a leaf is turned hack, so as Just to 
reach the other ed(je of the page : find when the length of the 
crease is a minimum. Let A C = b he the base of the leaf; 
V, a point in A C, P B = u ^ the crease, A P = x. 


Ans. ii 



X — 


3h 

4 ' 


130. Let u = (ill X -f- «)• y “i*” 1^0 ^ maximum, and 

lei a”"', = c ; find x. 


7.V. 



log, 


131. Inscribe the greatest rectangle in a given Iriangle. Put 
L the height, and 1) the base of the friantfe ; M N for the base 
of the rectangle, x Jor its height. 


A?is. 



b X 
h 


132. Inscribe the greatest rectangle in a semicircle 
radius of the cirde; 2 x the base of the rectangle, s 
the maximum rectangle, 

Ans, s 2, x 


Jk V =--= 
area of 


r 


v/2‘ 


133. Inscribe the greatest rectangle in a given parabola. 
Put a the axis, x = the part of the avis counted from the vertex 
of the parabola to the point tvhere it is cut bg the rectangle. 


Ans, 


; height of the rectangle ~ 

3 3 


134. Inscribe in a given segment of a circle the greatest 
rectangle. Put i* — ^ r'adias of the cii cle, a the height of the 

segment, its base will thevi be expressed bg 2 

^ 3 r — « -H 9 7'" — 2 a 7-^ 

• Area = — — 


135. Inscribe the greatest parallelopipedon within a given 
ellipsoid. Let 2 x^ 2 y, 2 z be the edges u == the maximuin 
paralleloplpedon ; 2 a, 2 b, 2 c the principal dia7neters of the 
ellipsoid; m==8xy z is a tnaxmum. 


Ans, X = 

3 p 


^3 


y = 


^3^ 


z = 


c 

73 


u = 


8 a b c 
; 3 ^ 3 - 
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136. Express x the radius of a ball, which^ heinp^ placed in 
a conical (jlass full of water ^ shall expel the most water possible 
from the glass ; the depth being b, 2 a the diameter of the glass, 
and for \/a“ -j- li^ put c. 


Ans. X 


a b c 

{c — a) (2 a “I" c)* 


137 . A homogerieovs lever h. B of the second kind is equally 
thick throughout, the fulcrum being at A ; it is required to 
determine irhat must be the length of the arm A that a 
given weight \V, suspended at Qj at a distance of p inches from 
A, may he supported by the least power P possible acting at 
the extremity B, taking into account the weight of the lever 
itself ; the lever being homogeneous and equally thick through- 
out, any portion of its length may be taken to represent the 
weight of that portion; hence, calling the length A B 0 / the 
lever x, Us weight will be acting at G, its middle point . 

Ans, X — 2 W p. 


138. Cut the greatest ellipse from a given cone. ABC the 
cone, A P the elliptic section ; B D — a the axis of the cone ; 
A 1) — p ; P N = y the perpendicular on the diameter A. C of 
the base of the cone ; D N — x. A P = 2 a the axis major of 
the cone, and the axis minor =■ 2 b. 


Ans, X 


_ P (« P^) ± P x/ g* — 14 p^ -f P" 


3 (a" H- P") 

The limit of possibiUty is when the radical disappears. 


139. Cut the greatest parabola from a given cone. Let 

A C — b denote the diameter of the base of the cone; P G the 

axis of the parabola ; 2 y its base, and C G — x. 

A S h ^ > O 

Ans, x = — ;y ^3. 


140. ’yA/ the greatest cylinder out of a given cone. Let b 
be the dimeter of the base of the cone, h the height, 

. ^2 h 

Ans. Diameter of the base of the max. cylinder ~ ; height 

o 

of cylinder = . 

o 


141. The volume, of a cone being given, find its form when 
its total surface ii is a maximum. Let x denote the height, and 
y the radius of the base. 


a? = 2«; y = 


£- 

y* 


= 8 ; 


Ans. « = 2 ir o’. 
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142. Divide a line into two such parts ^ that their product 
multiplied hy the difference of their squares shall be a maxi’^ 
mum. Put 2 a for the line a x and a — x the two parts* 


Ans. X = 

^3 


143. u = ^^—^find X that u may be a maximum. 


Alts, u = 

e 


144. Find that fraction which exceeds its second power by 
the greatest possible number. Be x the fraction. 


145. Determine the distance 
of B from A, that ^ D B C 
may be a Maximum. Put A U 
= a, A C = b;AB^x;^ 
DBG 


Ans. X z=z 



Ans. X = yf ab = a tan, to a circle circumscribing the A BC 1). 

146. Determine x that u may he a {n the 

^ [_ minimum J 

equation u® — 3 a u x -f- x^ = 0. 

X — a ^ 2, gives ti = a 4 a maximum. 

X = 0, gives u == 0 a minimmh. 

147 . Bisect a triangle A B C the short N. 

Call C C N ^ y ; M N = x. 

Am. yj* -« + «)(* + « 


148. Describe about a given circle whose radius O D =• r, 
the least isosceles triangle. A B C Me ±^rigle ; A B touch- 
ing the circle af D ; O the centre circle) B O *=» x ; 


B D = V r'. 

8r2 



r* 3 v' 



MISC K r, 1. A N KOUS I* K 0 1? L E M5?, 


1 W, Find the greatest area that can be included by four 
given straight lines^ a, 1), d. 

Ans, The fjuadrilatera! inscribable in a circle 

= V [F — a) {F ~~bj~(iy— r) \F — d)\ 

150. Demonstrate that the ma.elminn area of a triangle of 
an equal perimeter^ is that ichick is eqnitaf^eral. 

151. Demonstrate that of all parattch'inpeds of the same 
sinface and height^ the cube has the greatest volume. 

152. It is reij aired to find a point P on the prolong- A 

(ilion of the given line A J3 = a, so that ll,e square of j 

the distance A P (x), being divided by B P^ the quo- I 

.... f maximum. 

tient be a > : 

[ minimum. : 

Ans. For the max. x = a : for the min. x — 2 a. P 


15*3. Through a. given point P irilhin an angle A 13 C\ to 
(I vatu a straight line M so that it niay form irith the two sides 
of the angle A 13 C' the least possible triangle. From P draw 
a line parallel to one of the sides of the angle till it meets the 
other sidcy at D ; call 13 L) = a ; and \ the base 13 L) M. 

A ns. X ~ 2 a. 

1 51. To divide a quantity a into three parts x, y. a — x — y 
.such that the product x'“ y“ (a — x — yj*" be a niaximam. 


ni a 

-- — y 

'm n * 1 “ 'p 


m n p 


p a 

in + n + p 


155. A^^e7i weight W', is to- draw another given weight 
Vs upon j^Kf^ined plane (fa given heig/iQ} ; required the length 
I of thltffS^^' lime of asC^V'hlay be ali^nimum. 

The mcUnation (f the qitane being represented by 


1 5G. To de, 
the saih of a 
a maximum. 


Aus. I 


itfle the wind m. 
to put it J 


^ 2 If 'h 

W ' 

pike ar/ai?i.s't 
pio/i, mdi/ he 


Aus. 54" 44' 8 .2. 
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13/. ^ Given A B — . C D — b, ////> Jcn()t]i of a oians footn 
and A C = ti, the distance of his hcefs ; to find the posit inn of 
his feet when he stands finnesl. Draw A K pvrpendiruiiir 
from A, one of his heeds on. I’> L) the Ptne ioiniiv} the front 
part of the feet. Call B K == \. 

Ans, ,r ~ '' V'" 

-J 

Jf the heels touchy viz, a 0, then the feet are at riijht 
angles to each other. 


J58. A wheedi'i connected with a cifnder tw indp, hirrj.cf 
its centre in the axis of the ct/linder atwh^ trtdih fftr irholc 
turns. From the circumference of the wheel whose radnm ^.-.z U, 
is suspended a weight l^, and from the (txle irhose rad] ns -==: i*, 
* Is* snspetHled a freight W. U 'hat mttst he the compa ralire lenif h. 
of and r, that the ejfect mag he the (/rattestj riz, in u'hieh 
case fcitt the velocity of \X he the greatest ^ 


A ns. 



r 


If life moving force P — 10; the weight 


=r R 



10 

lOOOOO 


R^ 

Too 


that the 


I0S‘0:)0 tbs. then, 
radius of the cylin- 


der 7 nnst he the 10(7/^ part of that oj the v'heeJ, 


159. J)(t ermine the length of the .shortest Hue M X to 
through a given point P within a right angle A 0 (\ Put 'dj'ur 
the perpendicular distance from the given point to the tine C’ ; 


and b for .f do. , 


A ns, M N - 


do. 


A C. 


«y i +^+ 


y 


1 + 


](')() 

the 

'muni, c 


red^^dtvfi^q, giv^c 
sine ofoh 


br> 


It is reyuired^ 

11 /A 

of tUftKIKI^the other jHirt, shall 
and Y denote the two partly x and y tUe^ 


a giv^j^irc A ini 
ne pdCf't 


Ans. Sin, [X 

IGl. To ^ermine the situation x- 
to the Earth, when she has tha^ 
in the distana/ffM/l^Earih 4 
do. 





Elation 
f Put 
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If the Earth is in her ] C 

apogee and Venus in 

her perigee^ 39 ® 6 ^ 

If the Earth and Ve- 

mean dislanres Jrom of elongation of Fenu6 < 

the sun^ 39 ® 43 ^ 

If the Earth n tn her 
periqee and Venan 

in her apogee^ • • • • J 22'. 

1(52. It IS 1 eqvired to divide a given number into two 
su(h 2 iarts, that the \\\th power of one part multiplied by the 
nlh power of the other he a maiununi Let one part be de^ 
noted by x, and )" = mav. 


40® 22'. 


m n 


m -f // 


1 03. Gii en A. a parabolic curve whose vertex is A, and 
a us A 7j parallel to the horizon\ to find that point P in the 
curve, where a body fall in q along the (urve from A would strike 
an horiumtal jdane with the areatest force. Draw the tangent 
T P meeting the axis produced fi om any point in the curie P, 
draw the otdinate P N = }^ call A N =• x ; and the parame- 
ter = p. 

Ans. X — 5 therefore N is the focus of the parabola. 

4 

164. Let A be the vertex of a parabola A D.D'j, whose axis 
A Z IS perpendicular to C am givt n point in AZ\ 

to find D C the line of ^3/^Kmesctm from the cuive to C ; 
and C D' the li h^ C to ike curve. 

Put A C = p a th^ corr^pdHdmgj>rdinat€, p = 

parameter^ A B — x, and correspond- 

hinUn tk&laaeMnates D BT to the 




MTSCKT.T. AKROUS PllOJLEMS. 

V and u must he so limited that 

V d ^ V d 

\/V — «■ 
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^ or ^ a. 


166. Let there he two lights at M and N, in the ratio ni : 
1 ; a being the distance between them to find the jioint C be- 
tween them where the least light is received; also the locus 
of all the points where a proportional quantity is received. 

Ans. N C = — Having determined C take C O : 

T A 

MC::NC:MC — NC: then with the centre O and 
radius O C describe a circle^ and its circumference will be the 
• docas required. 

167- Given the base A C = b to find the perpendicular 
B A — X such that a body falling from B to A, and then de- 
scribing A C with the velocity acquired^ the time through B A 
and A C may be the least possible. 

A ns. X — 


168. Given the base A C = h of an inclined plane B C, to 
find the altitude A B == such that the horizontal velocity of 
a body at C after descending down B C, may be the greatest 
possible. 

Ans. X = 4. 


169. Given tj 
tween y the^ 
of its vib\ 
suspension 




ortion be- 
the time 



! 


456 TABLE FOB TI^E (fcoLUTIOS OF A PLANE TRIANGLE. 

T^e^for the R^^mn of (t Plane Triangle ABC, 
three given Parts. 


N. B. The sides are denoted hy corresponding Italic small characters. 


P h fin. A 

I bin. li 


r j ^ it — ft- sin. C 


a/ i;i. — ai sjo. ]j 


cos. C *1“ sill, C cot. A 


3, — cos. (B + C) 

4, Sin. B sin. C — cos. B cos. C 

^ h — a cm. C . , * 


’ cos. B + sin.B cot. A ! ■>! - y ^ , . - “ 

a = ■< I . \ — lab cos. C 

' Cos. A~ . 

/y cos. C + sin.C cot.B e — rreo'?. B 

fi, c cos. B + c sin. H cot. C A ’ “ 



7, V -2 be cos. A ^ ~ - 


8, b cos. C + biu.'O 

ccos. Bi s/ 
r a sin. C 

j , — 


3, Sin. 


y /ysin.'-^Cipcoa.Cy' r-— 
c 

Q, csin.-Btipcos. Bv^Z*‘--c‘*’siD,^ 

, L 

« a sin. C 

.-^yrf«-.j„vrc 
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Table of the princApal for muliB of a spheric irianpi 
, + A-\- B + C 

2 ’ ■ 2 ' 

hn — = / 

2 V sin, s sin. (s — a) 

^ co^ Ui^ -c ) J ^ C). 

COA*. 5 (w 4“ <^) 

^shj{h-c) 

SJW. HA t c) ' 

c. A I sin. (.1 — d) sin. (s — c) 

Sin, . / : ; ' ” — 9 

2 ^ stn. b sin, c 

jA j shu s sin. {s — f) H 

2 ^ sin. h sin. c 

rn a ! COS, S cos. (S 


a j — cos, S cos. (S — A) 

‘ T V cosTiS — B) cos. {S — C) 

COS. h iB + C) H* + c) 

cos. H« — 

= tan. ha - 

sin.. k{B—C) 


a __ J ^ 

V sin. B sill C 

a /cos.{S — B)cos.J^- 
Y ~ V diiTS sinjl 


W' 


Sin. A = 



458 TABLK FOE THE RESOLUTION OF A SPHERIC TRIAN^tE, 
JMjl c os, a + c on, h + cos. c -f- 1 


Tan.^ 

4 


A a b c 
4 cos. - - cos. — cos. — 
g ^ 2 

sfli 9 b • 9 0 ■« 

COS. — . 4- cos. — + cos. — — 1 

n a b c 
2 cos. ~ cos. cos. — 


N. B. These formulae are much simplified when the pro* 
posed triandc has one of its angles a right angle. Supposing 
C ^ 90®, then sin. C « 1, cos. C = 0. 






